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Abstract

In this thesis, we investigate zigzags in triangulations of surfaces. We introduce the
concept of z-monodromy and show that there are precisely 7 types (M1)-(M7) of
z-monodromies of faces in triangulations. We provide examples for all these types.

A triangulation is z-knotted (i.e. it contains a single zigzag up to reversing) if
and only if the z-monodromy of each face is of one of the type (M1)-(M4). Using
this fact we show that each triangulation admits a z-knotted shredding. The proof
is constructive.

Another result related to z-monodromies which we prove states that the z-
monodromies (M1) and (M2) are exceptional. For each i > 3 there is a triangulation
with the z-monodromy of type (Mi) for all faces. For (M1) and (M2) this fails: all
faces with the z-monodromy of one of these types form a forest in the dual graph.

We investigate z-oriented triangulations, i.e. triangulations with a direction cho-
sen on each zigzag. There are precisely two types of faces in such triangulations.
We show that each z-oriented triangulation admits a z-oriented shredding with all
faces of the first type. We will focus only on such triangulations. An important sub-
class is formed by so called z-homogeneous triangulations. We describe a one-to-one
correspondence between z-homogeneous triangulations and embeddings of Eulerian
digraphs in surfaces. We show that a z-oriented triangulation (with all faces of the
first type) provide a decomposition of the surface into connected components of the
following three types: open discs, open cylinders and open Mobius strips. The tri-
angulation is z-homogeneous if and only if all connected components are open discs.

Since z-knotted triangulations have a single z-orientation (up to reversing), we
can say on z-homogeneity of z-knotted triangulations without fixing a z-orientation.
We propose an algorithm of constructing of such a triangulation from an arbitrary
z-homogeneous triangulation. This construction is based on the z-monodromies of
pairs of edges.

Keywords: embedded graph, triangulation, zigzag, z-monodromy, z-knotted trian-
gulation, z-orientation, z-homogeneous triangulation.



Streszczenie

W niniejszej rozprawie doktorskiej badam zygzaki w triangulacjach powierzchni.
Wprowadzam pojecie z-monodromii i pokazuje, ze istnieje dokladnie 7 typow z-
monodromii §cian w triangulacjach. Podaje przyktady dla kazdego z tych typow.

Triangulacja jest z-zawiazana (tzn. zawiera doktadnie jeden zygzak z doklad-
noscig do odwrotnosci) wtedy i tylko wtedy, gdy z-monodromia kazdej Sciany jest
jednego z typow (M1)—(M4). Wykorzystujac ten fakt wykazuje, ze kazda triangulacja
ma z-zawiazane rozdrobnienie. Dowdd tego twierdzenia jest konstruktywny.

Inny wynik zwigzany z z-monodromiami ktoéry dowodze, stwierdza, ze z-monodro-
mie (M1) i (M2) sa wyjatkowe. Dla kazdego i > 3 istnieje triangulacja z z-monodro-
miami typu (Mi) dla kazdej $ciany. Dla (M1) oraz (M2) nie jest to prawda: wszystkie
Sciany z z-monodromig jednego z tych dwoch typow tworza las w dualnym grafie.

Badam z-zorientowane triangulacje, tzn. triangulacje z kierunkiem wybranym
na kazdym z zygzakéw. Istniejg dokladnie dwa typy $cian w takich triangulacjach.
Wykazuje, ze kazda z-zorientowana triangulacja ma z-zorientowane rozdrobnienie, w
ktorym wszystkie $ciany sa pierwszego typu. Bede sie koncentrowat tylko na takich
triangulacjach. Wazng podklase stanowig tzw. z-jednorodne triangulacje. Opisuje
wzajemnie jednoznaczng odpowiednios¢ pomiedzy z-jednorodnymi triangulacjami i
zanurzeniami digraféw eulerowskich w powierzchnie. Pokazuje, ze z-zorientowana
triangulacja (ze wszystkimi Scianami typu pierwszego) wyznacza rozktad powierzchni
na sktadowe spodjnosci trzech typoéw: otwarte dyski, otwarte cylindry oraz otwarte
wstegi Mobiusa. Triangulacja jest z-jednorodna wtedy i tylko wtedy, gdy wszystkie
sktadowe spojnosci sa otwartymi dyskami.

Poniewaz z-zawiazane triangulacje posiadaja doktadnie jedna z-orientacje (z do-
ktadnoscia do odwrotnosei), mozemy mowié o z-jednorodnosci bez przywiazania do
z-orientacji. Proponuje algorytm konstruowania takiej triangulacji z dowolnej z-
jednorodnej triangulacji. Ta konstrukcja opiera sie na z-monodromiach par krawedzi.

Stowa kluczowe: zanurzenie grafu, triangulacja, zygzak, z-monodromia, z-zawiazana
triangulacja, z-orientacja, z-jednorodna triangulacja.



1 Introduction

In this thesis, we investigate zigzags in graphs embedded in surfaces, in particular,
zigzags in triangulations. Zigzags generalize the classical concept of Petrie polygons
in regular polyhedra. A Petrie polygon is a skew polygon formed by sides of a regular
polyhedron such that two consecutive sides, but no three, belong to a face [5, p. 24].
It was a useful tool to study regular polyhedra (see [5] for the details).

In a similar way, we can define sequences of edges in graphs embedded in surfaces.
They are called zigzags |7, 17| or closed left-right paths [11, 29]. In contrast to regular
polyhedra, zigzags of embedded graphs can be self-intersected in vertices and edges.
Various kinds of results concerning zigzags in planar graphs, i.e. graphs embedded
in a sphere, are presented in |7] and [11, Chapter 17]. The case when a graph is
embedded in an arbitrary surface is not well-studied.

Analogs of zigzags in objects of dimension greater than 3 are investigated in
[5, 7, 8, 32].

Zigzags are important for many reasons. Now, we provide some of them.

(1). Zigzags are used in computer graphics [13| and mathematical chemistry
|7, Chapter 2|. For example, zigzags were successfully exploited to enumerating all
combinatorial possibilities for fullerenes [3] (fullerenes are considered as spherical
embeddings of 3-regular graphs whose faces are 5- and 6-gons).

(2). Z-knotted embedded graphs, i.e. embedded graphs containing a single zigzag
(up to reversing), are closely connected to the Gauss code problem. Recall that
a Gauss code is a word (a sequence of symbols) where each symbol occurs pre-
cisely twice. A closed curve with simple self-intersections embedded in a closed
2-dimensional surface can be identified with the Gauss code whose symbols are the
intersection points. The problem is to characterize all Gauss codes that realize as
curves. In the spherical case the solution is well-known, see [10, 19, 20, 26, 27, 28]
and [11, Section 17.7|. For other surfaces the problem is partially solved |6, 18].
The z-knottedness of an embedded graph I' is equivalent to an existence of a zigzag
which passes through each edge precisely twice, i.e. this zigzag is a Gauss code whose
symbols are edges of I'. The medial graph M(T") is the graph (embedded in the same
surface) whose vertices are edges of I' and two edges are adjacent in M(I") if they
have a common vertex and belong to the same face of I'. The unique zigzag of I'
corresponds to a closed walk in M(I") which is a curve representing a certain Gauss
code.

(3). The classical duality interchanges vertices and faces of graphs embedded in
surfaces and preserves edges (zigzag also are preserved). Using vertices, faces and
zigzags, Lins [17] described another two dualities and two trialities (some of them



were previously found by Wilson [34]). For example, Petrie duality preserves vertices
and interchanges zigzags and faces. It was proved in [14] that there is no other “good”
notion of a duality /triality (for graphs embedded in surfaces) than the ones described
in [17]. In [12], zigzags together with Petrie duality were used to distinguishing all
14 types of locally finite, planar, 3-connected edge-transitive graphs.

(4). A cycle (in a graph embedded in a surface) is called a bicycle if edges of this
cycle form a cycle in the dual graph. All bicycles generate a vector space over Zs,.
In a planar graph the dimension of this vector space is equal to n — 1, where n is
the number of zigzags (up to reversing); in particular, a planar graph is z-knotted if
and only if it does not contain non-trivial bicycles [29], see also [11, Theorem 17.3.5].
In addition, Shank [29] obtained the following characterization of z-knottedness: a
planar graph is z-knotted if and ony if its number of spanning trees is odd. For
non-planar case the dimension of the vector space formed by bicycles depends on the
number of zigzags and the Euler characteristic [6].

It was noted above that zigzags are detailed investigated in [7, 11]. A large portion
of results concerns zigzags in planar graphs. We investigate zigzags in triangulations
of surfaces (not necessarily orientable). These objects are dual to 3-regular graphs
considered in [7]. Since the duality preserves all zigzags, our research continues
[7]. We prefer triangulations instead of 3-regular graphs for some technical reasons.
Other our reason is that zigzags of triangulations are used in computer graphics.

The thesis is organised as follows.

In Section 2, we describe briefly all basic concepts: graphs embedded in surfaces,
triangulations, zigzags and z-orientations.

In Section 3, we consider the z-monodromy of a face (a map of the first return of a
zigzag to a face). We present a classification of z-monodromies and provide examples
showing that all possibilities from this classification are realized. By the classification,
there are precisely 7 types of z-monodromies (Theorem 2). Four of these types
occur in z-knotted triangulations. Conversely, a triangulation is z-knotted if the
z-monodromy of each face is of one of the four types (Theorem 3).

In Section 4, we show that every triangulation admits a z-knotted shredding
(Theorem 4). A large class of examples of z-knotted 3-regular planar graphs (equiv-
alently, z-knotted triangulations of a sphere) were obtained using computer [7]. The
main result of this section gives a purely mathematical construction of z-knotted tri-
angulations of an arbitrary surface. The concept of z-monodromy plays an important
role in this construction. As another application of the z-monodromy, we present
a shorter proof of the main result of [23] which describes all possibilities when the
connected sum of two z-knotted triangulations is z-knotted (Theorem 5).

In Section 5, we investigate z-oriented triangulations where directions of all



zigzags are distinguished. In such a triangulation there are two types of edges:
type I (zigzags pass through an edge in two different directions) and type II (zigzags
pass through an edge in the same direction). It is not difficult to prove that there are
two types of faces: type I (precisely two edges are of type I and the remaining edge is
of type II) and type II (all edges are of type II). We restrict ourself to the case when
all faces are of type I for the reason that any z-oriented triangulation admits such
a shredding. We are especially interested in z-homogeneous triangulations (in each
zigzag after every edge of type II there are precisely two edges of type I). These trian-
gulations are closely connected to embeddings of Eulerian digraphs (see |2, 9, 21| for
embeddings in a sphere and |1, 4] for embeddings in an arbitrary surface). There is
a one-to-one correspondence between z-homogeneous triangulations and embeddings
of Eulerian digraphs (Theorem 6). We remove all edges of type II from a surface. In
the general case, after this operation the surface is decomposed in open discs, open
cylinders and open Mébius strips (Theorem 7). Our triangulation is z-homogeneous
if and only if the surface is decomposed in open discs only (Theorem 6).

The construction described above depends on a z-orientation. On the other
hand, z-knotted triangulations have precisely one z-orientation up to reversing (the
reversing of z-orientation does not change the types of edges and faces). For this
reason, we can say on z-homogeneity of z-knotted triangulations without fixing a
z-orientation. In Section 6, we describe an algorithm which produces a z-knotted
and z-homogeneous triangulation from an arbitrary z-homogeneous triangulation
(Theorem 8). Our construction will be based on a modification of the concept of
z-monodromy to a pair of edges. Such z-monodromies are more complicated than
the z-monodromies of faces: there are precisely 13 classes of z-monodromies.

In Section 7, we return to z-monodromies of faces. We mentioned that there
are 7 types of z-monodromies of faces (M1)—-(MT7). For every i = 3,...,7 there is a
triangulation where the z-monodromy of each face is of type (Mi). The types (M1)
and (M2) are exceptional: in the dual graph all faces with one of these types of
z-monodromies form a forest (Theorem 9). Consequently, for i = 1,2 there exist no
triangulation where the z-monodromies of all faces are of type (Mzi).

In conclusion, the main contributions of the thesis are the following:

e the concept of z-monodromy;
e cvery triangulation admits a z-knotted shredding;
e z-homogeneous triangulations related to embeddings of Eulerian digraphs;

e an algorithm of constructing of z-knotted and z-homogeneous triangulations
on an arbitrary surface.



All author’s results presented in this thesis were obtained in the following papers:
[24, 25, 30, 31].



2 Basic concepts and constructions

2.1 Surfaces and connected sums

A closed surface (or simply a surface) is a connected compact Hausdorff topological
space which is locally homeomorphic to an open 2-dimensional disc. Each surface
can be constructed in the following way. We take a fundamental polygon, i.e. a
polygon with even number of oriented sides. Next, we split the set of sides into pairs
and identify sides from the same pair according to their orientations.

Example 1. Examples of elementary surfaces obtained from fundamental squares
are presented below.

Y

Y

Y

Sphere Torus
A Y Y Y
Real projective Klein bottle
plane

Figure 1

Following [22], we introduce the concept of graphs embedded into surfaces. Let us
take a finite family of pairwise disjoint polygons such that all of them together have
an even number of sides. Each side can be identified with a pair of its endpoints. We
order each of these pairs of endpoints in an arbitrary way and choose any partition
of the family of all sides into pairs. We identify each two edges from the same pair
according to their orientations and obtain a certain topological space S. If § is
connected, then it is a surface. In this case, the set of (non-oriented) sides and the
set of their endpoints can be considered as the set of edges and the set of vertices of a
connected multigraph I' contained in S. This construction is known as an embedding
of I' in S. The family of polygons is called the set of faces of I'. The interior of each
face is homeomorphic to an open 2-dimensional disc. In the case when each face is
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homeomorphic to a closed 2-dimensional disc, we say that the embedding is a closed
2-cell embedding. If S is obtained from family of triangles and I is a simple graph,
then I' is said to be a triangulation of S. Any surface admits a triangulation (see
22]).

Let I' be a graph embedded in a surface S. The dual graph I'* is a graph whose
vertices are faces of I' and whose edges are formed by pairs of distinct faces whose
intersection contains an edge from I". Such pairs of faces will be called adjacent. The
graph I'* is embeddable in S in the following way: we take a point in the interior
of each face, two such points are connected by a simple curve if and only if the
corresponding faces are adjacent. The duality provides a one-to-one correspondence
between the faces of I and the vertices of I'* and a one-to-one correspondence between
the vertices of I and the faces of I'*. Note that ['** = I". In particular, triangulations
are dual to cubic graphs and vice versa. A special class of embedded cubic graphs is
formed by fullerenes, i.e. embeddings of 3-regular simple graphs in a sphere whose
faces are pentagons and hexagons, see [7|. Thus, fullerenes are dual to triangulations
of a sphere whose vertex degrees are 5 or 6.

Example 2. The basic examples of graphs embedded in a sphere are graphs of
Platonic solids, see Fig. 2. We see that a tetrahedron, a octahedron and a icosahedron
are triangulations. A tetrahedron, a cube and a dodecahedron are cubic graphs and
a dodecahedron is a fullerene. A cube and a icosahedron are dual to a octahedron
and a dodecahedron, respectively. A tetrahedron is self-dual.

Ty OO

Sat R iV

Figure 2

Consider the topological space obtained from a square by gluing two opposite
sides together, see Fig. 3. This topological space is called a Mdbius strip. This is an
example of a surface with boundary, i.e. a Hausdorff topological space whose each
point has a neighbourhood homeomorphic to some open subset of a closed half-plane.

11



Figure 3

A closed surface is said to be non-orientable if it contains a subset homeomorphic to
a Mobius strip; otherwise, we call it an orientable surface (see, for example, [15]).

Now, we describe a method of constructing new surfaces from a pair of surfaces.
Let S and S’ be surfaces. We remove open discs D, D" from each of them (re-
spectively). We take any homeomorphism ¢ : 9D — 9D’ and identify boundaries
according to it. As a result, we get a new surface denoted by S#S’ and called the
connected sum of surfaces S and S” (for another homeomorphism ¢’ : 0D — 9D’ we
obtain a homeomorphic surface). A sphere S is an identity element of the connected
sum operation, i.e. S#S ~ S for any surface S.

Example 3. Consider a torus T. The connected sum of two tori is called a double
torus and denoted by Ty (see Fig. 4).

Figure 4

Similarly, the surface obtained by consecutive connected sums of n tori is called an
n-torus and denoted by T, (where Ty = T). This is orientable surface for any n.
Consider examples of surfaces that are non-orientable. Let P be a real projective
plane. Then the connected sum P#P is a Klein bottle K. As above, we can glue
2n copies of P and obtain the surface denoted by K,, (where K; = K) which is also
homeomorphic to the connected sum of n copies of K. The connected sum K#P is
homeomorphic to the connected sum T#P, see [15].

The following theorem gives a classification of closed surfaces (see, for example,
[15] for more details).

Theorem 1. Every closed surface is homeomorphic to one of the following:

12



(1) a sphere,
(2) the connected sum of tori,
(3) the connected sum of real projective planes.

Let I' and I be triangulations of surfaces S and S” (respectively) and D and
D’ be faces of these triangulations. Let g : 0D — 9D’ be a homeomorphism which
transfers each vertex to a vertex. Such homeomorphisms will be called special. The
gluing by this homeomorphism gives a triangulation of S#5’ called the connected
sum of triangulations I' and I'" which will be denoted by I'#,I". In contrast to the
connected sum of surfaces, the result depends on a choice of homeomorphism.

Example 4. The n-bipyramid BPF, is a triangulation of a sphere consisting of an
n-cycle (called the base of the n-bipyramid) whose vertices are denoted by 1,...,n,
and the remaining two vertices a, b connected by edges with all vertices of the base.
The bipyramid BPj is the connected sum of two tetrahedra for every special home-
omorphism, see Fig. 5.

a

32

b

Figure 5

On the other hand, the connected sum of two n-bipyramids is one of three different
triangulations of a sphere (see Fig. 6 for the case n = 3). Note that the last two
triangulations in Fig. 6 are embeddings of the same graph, but in different ways.

Figure 6
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2.2 Zigzags

Let T" be a graph embedded in a surface S. We will always require that the following
assertions are fulfilled:

(1) every edge is contained in precisely two distinct faces,

(2) the intersection of two distinct faces is an edge or a vertex or the empty set.

Remark 1. The both conditions are fulfilled when I' is a triangulation. The fulfill-
ment of the first condition is obvious. If the second condition fails for a triangulation,
then the corresponding embedded graph has a double-edge which contradicts the fact
that the triangulation is a simple graph embedding.

Recall that two distinct faces are adjacent if their intersection is an edge. If two
distinct edges have a common vertex and there is a face containing them, the edges
are called adjacent. A zigzagin T" is a sequence of edges Z = {e; };en where for every
it € N the following two conditions hold:

(Z1) e;,e;41 are adjacent,

(Z2) the faces containing e;, e;11 and e;,1, €;12 are adjacent.

See Fig. 7.

Figure 7

Note that the edges e;,e;1o are disjoint. Furthermore, e;, e;11 uniquely determine
€ir2. S0, the zigzag Z is completely determined by the pair e;, e;41 for every ¢ € N,
i.e. there is a unique zigzag containing the subsequence e;, e;.1. This means that
each such ordered pair defines one of zigzags in I". Since I' has a finite number of
edges and faces, there is a natural number n > 0 such that

eny1 = €1 and e,49 = ey

14



Then we have
ein =e¢; forall ¢ €N.

The smallest such number n is the length of Z. Thus our zigzag Z can be considered
as the cyclic sequence e, eq,. .., e,.

Example 5. Figure 8 shows zigzags in Platonic solids (marked with a bold line).

Figure 8

The zigrag Z = {ey,eq,...,e,} can be written as the cyclic sequence of faces
Fi, by, ... F,, where F; is the face containing e;, e;;; or as the cyclic sequence
of vertices vy, vs,...,v,, where v; is the common vertex of e; and e;; (for every
i€{l,2,...,n} and e,y = e1). Thus, each zigzag from I' can be considered as a
zigzag in ['* and vice versa.

If all edges in the cyclic form of Z are distinct, then Z is said to be edge-simple.
Similarly, if all vertices in the cyclic form of Z are distinct, then Z is vertex-simple.
If Z is vertex-simple, then it is also edge-simple, but the converse is not true. For
example, all zigzags in each of Platonic solids are vertex-simple, see Example 5.
Triangulations with zigzags which are edge-simple but not vertex-simple will be given
in Example 6.

Let X = {e1,...,e,} be a sequence of edges. We denote the reversed sequence
{€n,...,e1} by X~1. In the case when X is a zigzag, the reversed sequence X ! also
is a zigzag.

Proposition 1. Z # Z7! for every zigzag Z.

Proof. Suppose that Z contains a sequence e, ¢’. Then Z~! contains ¢’,e. If Z = Z7 1,
then this zigzag contains the sequence e, €’,..., €' e. Therefore, Z is either the se-
quence

e € e, e, m, Cm, ... €0, €1,€ €, ...

15



or the sequence
/ /
.,€6,€,€1,€2,...,€6n_1,€m,Em—-1,...,€2,€1,€,€,...
Each of these cases is impossible by the definition of zigzag. [

Example 6. We describe zigzags in bipyramids.
(a). Suppose that n = 2k + 1. Then the bipyramid BP, has a single zigzag (up
to reversing). If k is odd, then the zigzag is

al,12,20,03,...,a(n —2),(n —2)(n — 1), (n — 1)b,bn, nl,
la, a2, 23, 3b,...,a(n—1),(n—1)n,nb,

b1,12,2a,a3,...,b(n —2),(n —2)(n — 1), (n — 1)a,an, nl,
16,02,23,3a,...,b(n — 1), (n — 1)n, na.

If k is even, then this zigzag is

al,12,2b,03,...,b(n —2),(n —2)(n — 1), (n — 1)a,an,nl,
16,02,23,3a,...,a(n — 1), (n — 1)n,nb,

b1,12,2a,a3,...,a(n —2),(n —2)(n — 1), (n — 1)b,bn,nl,
la,a2,23,3b,...,b(n — 1), (n — 1)n, na.

It is easy to calculate that the length of each of these zigzags is twice the number of
edges of the bipyramid.
(b). For n = 2k, where k is odd, there are precisely two zigzags (up to reversing):

al,12,2b,03,34,...,a(n — 1), (n — 1)n, nb,
b1,12,2a,a3,34, ... ,b(n —1),(n—1)n,na
and
a2,23,3b,04,45,...,an,nl, 1b,
b2,23, 3a, a4, 45, ... bn,nl, la.

(c). If n = 2k and k is even, then the bipyramid contains precisely four zigzags
(up to reversing):
al,12,2b,...,b(n — 1), (n — 1)n, na;

b1,12,2a,...,a(n — 1), (n — 1)n, nb;
a2,23,3b,...,bn,nl,la;
02,23, 3a,...,an,nl, 1.

In the case (c) all zigzags are edge-simple. For the remaining cases this fails. Note
that all zigzags of 4-bipyramid (the octahedron) are vertex-simple, but (2k)-bipyra-
mids for £ =4,6,8,... are not vertex-simple.
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2.3 Z-oriented triangulations

The concept of z-orientation for embedded graphs is described in [7]. We restrict
ourself to the case of triangulations.

Let T" be a triangulation of a surface S. By Proposition 1, the triangulation
I’ contains even number of zigzags, lets say 2k (or k zigzags up to reversing). A
z-orientation of T' is a collection 7 of k zigzags which does not contain any pair
of mutually reversed zigzags. In other words, Z € 7 or Z~! € 7 for each zigzag
Z. There are 2% z-orientations for I'. If 7 = {Z),...,Z;}, then the z-orientation
Tt ={Z", ..., Z '} is reversed to T. A pair (I',7) consisting of the triangulation
and one of its z-orientations is called a z-oriented triangulation.

Our triangulation will be called z-knotted if k = 1, i.e. it has a single zigzag up to
reversing. Such triangulations have precisely two mutually reversed z-orientations.

Proposition 2. If 7 is a z-orientation of I', then for every edge e one of the following
possibilities is realized:

(1) there is a zigzag Z € T such that e occurs in Z twice and the remaining zigzags
from T do not contain e;

(2) there are two distinct zigzags Z, 7' € T such that e occurs in each of them only
once and the remaining zigzags from T do not contain e.

Proof. There are two distinct faces containing e. Suppose that the remaining edges
of the first face are ey, e5 and of the second face are €, e;,. Without loss of generality,
we may assume that zigzags of I' passes through e in the four following ways

/ /
ce,€1,€,E9, ..., S, €],e,ea, ...,

/ /
ce,€9,€,e1, ..., ce,€2,€,€7, ...

and we see that zigzags in the same column are reversed (see Fig. 9).

€1 €2
/ /

€1 €9
Figure 9



Thus, zigzags from 7 contain only one sequence from each of the above columns.
Denote these zigzags by Z and Z’ for the first and the second column respectively.
The first case from the proposition is satisfied for Z = Z’. Otherwise, we get the
second case. [

Corollary 1. If 7 is a z-orientation of I', then the set of edges is double covered
by the zigzags of T, i.e. every edge is contained in two distinct zigzgas from T or it
occurs in one zigzag of T twice. In particular, I' is z-knotted if and only if it contains
a zigzag passing through every edge twice.

Corollary 2. For any z-orientation T, the sum of lengths of all zigzags from T is
equal to the twice number of edges in I.

Now, we fix a certain z-orientation 7. We say that e is an edge of type I or an edge
of type II if zigzags from 7 passes through e twice in different directions or twice in
the same direction, respectively. We will consider edges of type II together with the
direction induced by 7. The subgraph of I' consisting of all edges of type II and their
vertices will be denoted by I';; and considered as a directed graph embedded in S. A
vertex of I' is of type I if all edges incident to this vertex are of type I. Otherwise,
the vertex is of type II. Thus, the vertex set of I'; is formed by all vertices of type II.

Lemma 1. For each vertex of type II the number of edges of type II which enter to
this vertex is equal to the number of edges of type II which leave it.

Proof. Let v be any vertex of type II. For each zigzag from 7 passing through v, the
number of times that the zigzag enters to v is equal to the number of times that this
zigzag leaves v. ]

Proposition 3. For each face one of the following possibilities is realized:

(1) the face contains two edges of type I and the third edge is of type I, see Fig.
10 (a);

(2) all edges of the face are of type II and form a directed cycle, see Fig. 10 (b).

Figure 10
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The face is of type I in the first case and of type II in the second case.

Proof. Consider a face whose edges are ey, e, e3. We can assume that the zigzag
containing the sequence eq, e; belongs to 7. Let Z, Z' be the zigzags containing the
sequences ey, e3 and eg, ey (respectively). We get four cases depending on whether Z
or Z' belong to 7. It is easy to check that each of them corresponds to (1) or (2). O

Observe that the reversing of a z-orientation (each zigzag from the z-orientation
is replaced by the reversed) does not change types of edges and, consequently, types
of vertices and faces. However, the directions of edges of type II are reversed.

Example 7. We return to the n-bipyramids from Example 6.

(a). Odd-gonal bipyramids are z-knotted and have two mutually reversed z-
orientations. For both these z-orientations the edges ai and bi, i € {1,...,n}, are
of type I. The edges of the base are of type Il and I'y; is a directed cycle. So, the
vertices 1,...,n are of type II and a, b are of type I. All faces are of type I.

(b). Consider the case n = 2k, where k is odd. If the z-orientation consists of
two zigzags presented in Example 6 (b), this is a situation similar to the previous
case: I'y is the base, a and b are of type I and all faces are of type I. However, if we
replace one of these zigzags by its reversion, then all faces, edges and vertices will be
of type IL.

(c). Let n = 2k and k be even. Denote the zigzags presented in Example 6 (c)
by Z1, Zs, Z3, Zy (keeping the order from the example). If the z-orientation consists
of these zigzags, then types of faces, edges and vertices are as in (a) and in the first
case from (b). For the z-orientation

{Zb Z27 Z?,_la Z4_1}
all faces are of type II, but in the z-orientation
{Zla Z?a Z3a Z4_1}

the both types of faces occur.

19



3 Z-monodromy

Let I" be a triangulation of a surface. Now, we investigate the concept of z-monodromy
for faces of I'. In this section, the triangulation I' is considered without any z-
orientation. All results described in this section come from [25|. The z-monodromy
is a crucial tool used to prove the main result of the next section which concerns
the existence of a z-knotted shredding for any triangulation. We return to the face
z-monodromy in Section 7. In Section 6, we will consider z-monodromies for pairs
of edges.

3.1 Definition and basic properties

Let F' be a face of I' whose vertices are a, b, ¢ and let Q(F') be the set of all oriented
edges of F"
Q(F) = {ab, be, ca, ac, cb,ba}.

We write zy for the edge from = € {a,b,c} to y € {a,b,c}. If e is the edge zy, then
the edge yx is denoted by —e.
Define the permutation Dg on the set Q(F') as the following composition of two

commuting 3-cycles
Dp = (ab, be, ca)(ac, cb, ba).

In other words, if x, y, z are three mutually distinct vertices of F', then Dp(zy) = yz.
If Dp(e) =€, then we have the equality Dp(—¢') = —e.

Now, we introduce the notion of z-monodromy of the face F'. Let e € Q(F) and
take eg € Q(F') such that Dg(eg) = e. Since each of zigzags is completely determined
by any pair of consecutive edges, there is precisely one zigzag Z containing ey, e. We
define Mp(e) as the first element of Q(F) contained in Z after the sequence eq, e (see
Fig. 11).

Figure 11
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Denote by Z(F) the set of all zigzags containing the sequence e, Dr(e), where
e € QF).

Lemma 2. Let Z be a zigzag. The following assertions are fulfilled:
(1) Z € Z(F) if and only if Z contains at least one edge of F.
(2) If Z € Z(F), then Z~' € Z(F).
(3) |Z(F)| is equal to 2 or 4 or 6.

Proof. (1). Assume that an edge of F’ consists of vertices z,y € {a, b, c} and Z passes
through this edge from z to y. Then either Z contains the sequence zy, Dp(zy) or
Z contains the sequence e, ry, where Dp(e) = xy. In both cases Z € Z(F).

(2). Let Z belongs to Z(F'). Then Z contains the sequence e, ¢/, where e € Q(F),
¢’ = Dp(e) and Z~! contains the sequence —e’, —e. Since Dp(—¢') = —e, the zigzag
Z~1 belongs to Z(F).

(3). The set Q(F) consists of 6 elements, but for some distinct e, e’ € Q(F) the
zigzags containing the sequences e, Dp(e) and €', Dg(e’) can be coincident. In such
case the reversed zigzags also are coincident. ]

The triangulation I is locally z-knotted for F' if |Z(F')| = 2. Thus, by Lemma 2,
the triangulation I" is locally z-knotted for F'if and only if there is a single zigzag,
up to reversing, containing edges of F'. The following lemma can be proved in the
similar way as Proposition 2.

Lemma 3. IfT is locally z-knotted for F, then every zigzag from Z(F') passes through
each edge of F twice. Conversely, if there is a zigzag passing through each edge of F
twice, then I" is locally z-knotted for F.

3.2 Classification of z-monodromies
Now, we present the classification of z-monodromies of faces in triangulations.
Theorem 2. For the z-monodromy Mg one of the following possibilities is realized:

M1) Mfp is the identity,

(M1)

(M2) Mg = Dp,
(M3) Mp = (—e1,eq,e3)(—es, —e2,€1),

(M4) Mp = (e1,—ez)(ea, —e1), where e3 and —es are fixved points,
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(M5) Mp = (D)™,

(M6) MF == (_ela €3, 62)(_627 —€3, 61)7
(M7) Mp = (e1,e2)(—eq, —e1), where e3 and —eg are fized points

where (e, e, e3) is one of the cycles in Dp. The triangulation T is locally z-knotted
for F if and only if one of the cases (M1)—(M4) is realized.

Later we give an example for every possibility presented in Theorem 2. Before
we prove this theorem, we need the following two lemmas.

Lemma 4. The following assertions are fulfilled:
(1) The equality Mp(e) = €' implies that Mp(—e') = —e.
(2) Mp is bijective.
(3) Mp(e) # —e for every e € Q(F).
(4) The length of every cycle in the permutation My is not greater than 3.

Proof. (1). Let e € Q(F) and ey € Q(F) be such that Dp(ey) = e. Let Z be the
zigzag containing the sequence ey, e. Thus

¢’ = Mp(e) and ey = DpMrp(e)

are the next two elements of Q(F') in Z. Note that Dp(—ey) = —e€’. The reversed
zigzag Z ! contains the sequence —e), —¢’ and —e is the first element of Q(F) con-
tained in Z~1 after —e’. Therefore, Mp(—¢') = —e.

(2). It is sufficient to show that Mg is injective. If Mp(e) = Mp(e’) = €”, then,
by (1), we have —e = Mp(—e€”) = —¢’. This means that e = €.

(3). Let e and eg be as in the proof of (1). Suppose that Mp(e) = —e. Then the
zigzag containing the sequence eg, e contains also the sequence —e, Dp(—e). Since
Dp(—e) = —eq, this zigzag contains the sequence —e, —e, reversed to e, e, which is
impossible.

(4). Suppose that the permutation M contains a cycle of the length greater than
3. Let eq,e9,e3 € Q(F) be consecutive elements in this cycle. Then

MF(€1) = €3, MF(GQ) = €3, MF(€3) 7é €1

and the statement (3) implies Mp(e3) # —e3. Therefore, Mp(e3) is equal to —e;
or —es. By (1), the equality Mp(e3) = —ey implies that Mp(ey) = —es. This is
impossible, so Mp(e3) = —e;. Then Mp(e;) = —es. The latter means that e; = —ej
which contradicts Mp(ez) = ez by (3). O
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Lemma 5. The triangulation T is locally z-knotted for F if and only if DpMp is
the composition of two distinct commuting 3-cycles.

Proof. Let e ey € Q(F) satisfy Dp(eg) = e. We take the zigzag Z containing the
sequence eg, e. If Z contains the sequence ef, €', where €', e € Q(F') and Dp(ep) = €/,
then we denote by [¢/, Mr(e’)] the part of Z between ¢’ and Mpg(e’). The zigrag Z is
the cyclic sequence

le, Me(e)], [DrMr(e), Mp DpMr(e)], ..., [(DrMp)™ " (e), Mp(DpMp)™ ™ (e)],
where m is the smallest non-zero number such that (DpMpg)™(e) = e. Since
e, DpMgp(e), ..., (DpMp)" (e)
are mutually distinct, the same holds for
Mp(e), MpDpMp(e), ..., Mp(DpMp)""(e).
Consider the following two sets:
X = {e,DpMp(e),...,(DpMgp)™ ()},

y = {—MF<€>, _MFDFMF<€>7 N —MF<DFMF)m_1(6)}

If €' is an element of X NY and Dp(e”) = ¢, then Dp(—¢€') = —¢” and Z is a cyclic
sequence of type
e e K] [ =€ =€ A

Thus, Z is self-reversed, which is impossible, and X N} = (). This implies that
m < 3 because otherwise X and ) both contain more that three elements and have
a non-empty intersection. The zigzag

7 = [er, Mp(e1)], ..., [em, Mp(en)], where e; = (DpMp)~'(e),
corresponds to the m-cycle C' = (eq, ..., e,,) in the permutation DpMp. The reversed
zigzag

Z_1 = [_MF(em)7 _em]7 SRR [_MF(€1)7 _61]

corresponds to the m-cycle
C, = (—Mp(em), ey —MF(€1>>

If m =1, then e; and —MFpg(eq) are fixed points of DpMp.
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Now, consider the case for m = 3. Then DpMp is the composition of the com-
muting 3-cycles C' and C’. Moreover Q(F) = X U Y and every element of Q(F) is
contained in X or ). Therefore, Z(F) = {Z,Z7'}.

For m < 3 there are elements of (F) which are not contained in X U ). Such
elements define zigzags distinct from Z and Z~!. In this case Dp My does not contain
3-cycles. ]

Proof of Theorem 2. We use Lemma 4 to show that My is one of the permutations
(M1)—(MT7). Assume that Mp is not identity.

Consider the case when Mp contains a 3-cycle C. The statement (3) from Lemma
4 guarantees that this cycle does not contain pairs of type e, —e. So, there exist
ey, ez, e3 € QU(F) such that (e, eq,€3) is a cycle in Dp and

C = (e1,e9,e3) or C = (—ej,eg,e3) or C = (ey,e3,e2) or C = (—ey,e3,62).
Using (1) from Lemma 4 we establish that
Mp = (e1,e2,e3)(—e3, —€2, —e1) or Mp = (—ey, ez, e3)(—e3, —€2,€1)

or
Mp = (61,63, 62)(—62, —€3, —61) or Mp = (—61763762)(—62, —63,61)-
Therefore, we get permutations (M2), (M3), (M5) and (M6), respectively.
If Mg does not contain a 3-cycle, then it contains a transposition 7. By the

statement (3) from Lemma 4, the transposition 7" is not of type (e, —e). Then there
exist ey, eg, €3 € Q(F') such that (e, e, €3) is one of the cycles in Dp and

T = (e1,e0) or T = (e1,—e3).
So, by (1) from Lemma 4,

Mp = (61762)(—62, —6’1) or Mp = (61, —62)(62, —61)-

Then the statement (3) from Lemma 4 implies that e3 and —e3 are fixed points of
Mp. Thus, we get (M7) or (M4), respectively.

A direct verification with the use of Lemma 5 shows that DpMp is the composi-
tion of two distinct commuting 3-cycles if and only if Mg is one of (M1)—-(M4). O

Remark 2. There is a one-to-one correspondence between cycles of the permutation
DpMp and zigzags belonging to Z(F') (see the proof of Lemma 5). It is easy to verify
that if Mp is (M5), then |Z(F)| =6 and if Mp is (M6) or (M7), then |Z(F)| = 4.

24



3.3 A characterization of z-knotted triangulations

As a consequence of Theorem 2, we obtain the following characterization of z-knotted
triangulations.

Theorem 3. I is z-knotted if and only if for every face F the z-monodromy Mg is
one of (M1)—(M4).

Proof. 1f T' is z-knotted, then it is locally z-knotted for each face F' and, by Theorem
2, every z-monodromy Mp is one of (M1)—(M4).

Conversely, suppose that for every face F' of I the z-monodromy Mg is one of
(M1)—(M4). By Theorem 2, the triangulation I' is locally z-knotted for all faces. If
Z(F) ={Z,Z '}, then Z passes through each edge of F. Therefore, if F” is a face
adjacent to F', then they have a common edge and Z also belongs to Z(F") by (1)
from Lemma 2. We have Z(F') = {Z,Z~'} because T is locally z-knotted for F.
The same holds for all faces of I' by connectedness. ]

3.4 Examples of z-monodromies

We give an example for each of types of z-monodromy from Theorem 2. For simplic-
ity, all zigzags are written as sequences of vertices. The first four examples describe
the z-monodromies (M3)—(M5) and (M7). Each of these z-monodromies is realized in
a bipyramid. Since for any two faces in a bipyramid there is an automorphism trans-
ferring one of them to the other, the z-monodromies of all faces in each bipyramid
are of the same type.

Example 8 (the z-monodromy of type (M3)). Suppose that n = 2k + 1 and k is
odd. If £ =1, then one of the zigzags is

a,1,2,b,3,1,a,2,3,b,1,2,a,3,1,b,2, 3.
For k > 3 this zigzag is
a,1,2,b,3,4,...,a,n—2,n—1,b,n,1,a,2,3,b,...,a,n— 1,n,

b,1,2,a,3,4,....,.b,bn—2,n—1,a,n,1,b,2,3,a,...,b,n —1,n.

The zigzag passes through every edge twice, thus the bipyramid is z-knotted. The
face I’ appears in the zigzag as follows

La, 1,200 1a,2,...,1,2a,...
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and it determines Mp for three elements of Q(F')
12 — la, a2 — 12, 2a — al.

By (1) from Lemma 4, we have
al =21, 21 — 2a, la — a2.

Let e; = 12, e; = 2a, e3 = al. Then (e, €2, e3) is one of the 3-cycles in Dp and
Mp = (—eq, e, e3)(—e3, —€a,€1)

is of type (M3).

Example 9 (the z-monodromy of type (M4)). Suppose that n = 2k + 1 and k is
even. If k = 2, then one of the zigzags is

a,1,2,b,3,4,a,5,1,0,2,3,a,4,5,0,1,2,a,3,4,b,5,1,a,2,3,b,4,5
and for k > 4 the zigzag is
a,1,2,0,3,4,a,...,bbn—2,n—1,a,n,1,b,2,3,a,...,a,n— 1,n,

b,1,2,a,3,4,b,...,a,n—2,n—1,b,n,1,a,2,3,b,...,b,n — 1, n.

As in the previous example, this zigzag passes through every edge twice and the
bipyramid is z-knotted. Let e; = 2a, e5 = al, e3 = 12. Then (e, e, e3) is one of the
3-cycles in D and the face I’ appears in the zigzag as follows

a2 0001, 20a,..0,1,a,2, .0

which implies that M leaves fixed e3 and transfers e; to —e, and —e; to es. By the
statement (1) from Lemma 4, we establish that

Mp = (61, —62)(62, —61)
is of type (M4).

Example 10 (the z-monodromy of type (M5)). Suppose that n = 2k and k is even.
In the case when k = 2, we get the octahedron whose zigzags are vertex-simple.
Assume that k£ > 4. The set Z(F') contains precisely 8 zigzags:

e a,1,2,b,3,4,....b,n—1,n
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e b,1,2,a,3,4,...,a,n—1,n
e 1.a,2,3,b0,...,a,n—2n—1,b,n
e 1.0,2,3,a,...,.bbn—2n—1,a,n

and their reverses. These zigzags are not vertex-simple, but they are edge-simple. It
means that Mp(e) = (Dp)~! for any face F' in the bipyramid and for any e € Q(F).
Therefore, the z-monodromy of every face is of type (M5).

Example 11 (the z-monodromy of type (M7)). Suppose that n = 2k and k is an
odd number greater than 1. The set Z(F") consists of the following two zigzags

a,1,2,b,3,4,....,a,n—1,n,0,1,2,a,3,4,...,b,n—1,n
and
1,a,2,3,....bbn—2,n—1,a,n,1,0,2,3,...,a,n—2,n—1,b,n

and their reverses. We take e; = 2a, ey = al, e3 = 12 and then (e, e, e3) is one of
the 3-cycles in Dp. The face F' appears in the zigzags as follows

a,1,2,....1,2,a,... and ...,1,a,2,...

which implies that Mp leaves fixed e3 and transfers e; to e; and —e; to —ey. By (1)
from Lemma 4

Mp = (e1,e2)(—e€2, —€1)
is of type (M7) and z-monodromies of all faces in the bipyramid are of this type.
The next three examples are connected sums of bipyramids with z-monodromies
(M1), (M2) and (M6). Let BP, be as previous and, similarly, let BP,, be bipyramid
with the base whose vertices are 1’,...,n’ and two remaining vertices denoted by

a’,b'. Let F and F, be the faces of the bipyramids containing the vertices a, 1,2 and
a', 1’2 respectively, and g : OF) — OF5, be a special homeomorphism.

Example 12 (the z-monodromy of type (M2)). Suppose that n = 2k + 1 and
n’ = 2k" + 1, where k and k' are odd. Denote by I' the connected sum BP,#,BP,,
where g : 0F; — OF), satisfies

gla)=d' g(1)=1, g(2)=2.

The zigzag of BP, considered in Example 8 can be presented as the cyclic sequence
A, B,C, where

A={1,2,b,...,1,a}, B=Ha,2,...,b,1,2}, C={2,a,...,1,0,2,...,a,1}
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are parts of the zigzag between two edges of the face F;. Note that any two consec-
utive parts have the same vertex (for example, the parts A and B are joined in the
vertex a). Similarly, one of the two zigzags of BP,/ is the cyclic sequence A, B’ C",
where

A={172,...14d}, B={d?2,. .12}, C={2d...4d7"}.
Consider the cyclic sequence
AC B A CT B,

where for any two consecutive parts X, Y the last edge from X is identified with the
first edge from Y. A direct verification shows that this is a zigzag in I". This zigzag
passes through each edge of I' twice (since it is obtained from a zigzag of BP, passing
through all edges of BP, twice and a zigzag of BPF,  satisfying the same condition).
Therefore, I" is z-knotted. Let F' be the face of I' containing the vertices b, 1,2 and
let ey = 12, e; = 2b, e3 = bl. Since this face appears in the zigzag as follows

1,26, b, 1,2, 0,20,

the z-monodromy Mp contains the 3-cycle (eq,es, e3). By the statement (1) from
Lemma 4,
Mp = (e1, ez, e3)(—e3, —e2, —e1) = Dp

is of type (M2).

Example 13 (the z-monodromy of type (M1)). Suppose that n = 2k and n’ = 2k,
where k and k' are odd numbers greater than 1. Denote by I' the connected sum
BP,#,BP,, where g : 0F, — OF, satisfies

gla) =2, g(1)=d’, g(2)=1"
By Example 11, the set Z(F}) is formed by the zigzags
a,1,2,b,3,4,...,a,n—1,n,0,1,2,a,3,4,...,b,n—1,n

and
1,a,2,3,....bbn—2,n—1,a,n,1,0,2,3,...,a,n—2,n—1,b,n

and their reverses. The first zigzag is the cyclic sequence A, B, where

A={1,2,...,1,2} and B=1{2,a,3,...,n,a,1}
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are parts of the zigzag between two edges of the face F (A is joined with B in the
vertex 2 and B is joined with A in the vertex 1). The second zigzag passes once
through the edges al and a2, and it does not contain the edge 12. We rewrite this
zigzag as

C={a,2,3,...,2,3,a,...,n,1,a}.
Similarly, Z(F,) consists of four zigzags: one of them is A’, B’, the second is (",
where

A ={1,2,...,12%, B ={2.d, ...,d 1}, C={d2 . 1.4d},
and the remaining two zigzags are their reverses. Then
AC L CcL A B, B

(as in the previous example, for any two consecutive parts X, Y the last edge from X
is identified with the first edge from Y) is a zigzag in I". This zigzag passes through
all edges of T" twice (indeed, the sequence A, B, C' contains every edge of BP, twice
and A’, B', C' contains every edge of BF,  twice). Therefore, I" is z-knotted. Let F'
be the face of I containing the vertices a,2,3. This face appears in the zigzag as

follows
e ,3,2,...,3,2,a,...,2,a,3, ...

which implies that Mg is identity.

Example 14 (the z-monodromy of type (M6)). As in Example 12, we suppose that
n =2k +1and n’ = 2k’ + 1, where k and k' are odd. Consider the connected sum
BP,#,BPF,, where g : 0F, — OF} satisfies

gla) =1, g(1) =2/, g(2) =d".

Recall that the single zigzags (up to reversing) in BP, and BP, are the cyclic
sequences A, B,C and A’, B', C" (respectively), where

A={1,2,b,...,1,a}, B=H{a,2,...,b,1,2}, C={2,a,...,1,0,2,...,a,1},

A={12,...14d}, B={d2,. .12} C={2.4d.. . ,d1}.

The cyclic sequences

A, B! and B,C',C, A

define zigzags in BP,#,BP, (the corresponding edges in consecutive parts are iden-
tified). Let F be the face of the connected sum which contains the vertices b, 1,2
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and let e; = bl, e5 = 12, e3 = 2b. Then (ey, €9, €3) is one of the 3-cycles in Dp. The
face F' appears in the zigzags as follows

C1,2.b, . and .0 1,2 16,2,
which determines My on three elements of Q(F)
e3 — €2, €y —> —ey, —ez —> ey.
The statement (1) from Lemma 4 implies that
—eg —> —e3, € —> —€y, —e] —> €3.

Therefore,
Mp = (—61,63, 62)(—62, —€3, 61)

is of type (M6).
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4 Zigzags in connected sums of triangulations

4.1 Z-knotted shreddings

As before, we suppose that I is a triangulation of a surface S. Assume that Fi, ..., F}
are mutually distinct faces of I'. Let I'y,..., Iy be triangulations of a sphere S.
We take a face F/ in I'; and a special homeomorphism g; : 0F; — OF for every
i€{1,...,k}. Then the connected sum

(TH#a L) #gl2) - - )#g Tk (1)

is a triangulation of S. In other words, the connected sum (1) is obtained from I" by
replacing every F; by a triangulation of a 2-dimensional disc. Every triangulation of
S obtained from I' in such a way is called a shredding of T'.

The main result of this section is the following theorem.

Theorem 4 ([25]). Every triangulation I' of any connected closed 2-dimensional
surface admits a z-knotted shredding. Suppose that I' contains precisely 2m zigzags,
i.e. m zigzags up to reversing, and m > 1. Then there are z-knotted triangulations
Iy,..., Tk of a sphere S such that k < m —1 and the connected sum (1) is z-knotted.

4.2 Proof of Theorem 4

The crucial tools used to prove Theorem 4 are our classification of z-monodromies
(Theorem 2) and the gluing lemma (Lemma 6).

Let I and F’ be faces in triangulations I' and I'" (respectively). Let g : 0F — OF"
be a special homeomorphism. It induces a bijection between Q(F') and Q(F’) which
transfers each oriented edge xy to the oriented edge g(z)g(y). We will denote this
bijection also by g. Observe that the bijection g : Q(F) — Q(F”) has the following
two properties:

e g(—e) = —g(e) for every e € Q(F),
® gDrg~' = Dp.

A face D in a triangulation is said to be essential if every zigzag of this triangula-
tion contains an edge from this face (in other words, every zigzag belongs to Z(D)).
For example, all faces of z-knotted triangulations and all faces of a tetrahedron are
essential.

Lemma 6 (Gluing lemma). The following assertions are fulfilled:
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(1) Suppose that F' and F' are essential faces. Then the connected sum T'#,I" is
z-knotted if and only if gMpg= Mg is the composition of two distinct commut-
ing 3-cycles.

(2) Suppose that T" is z-knotted and gMpg~ Mg is the composition of two distinct
commuting 3-cycles. Then T'#,I" contains a zigzag Z such that Z(D)={Z,Z "'}
for every face D in T#,I" corresponding to a face of I distinct from F'.

Proof. There exists a zigzag of I containing the sequence (Dr)~(e), e and Mp(e) for
every e € Q(F), see the definition of z-monodromy. We write [e, Mp(e)] for the part
of this zigzag between e and Mp(e) (as in the proof of Lemma 5) and denote by X
the set of all such parts for e € Q(F"). Note that for X = [e, Mr(e)] contained in X
its reversed path X! = [¢/, Mp(€')] (where ¢/ = —Mp(e)) also belongs to X and X
contains 6 elements. In the similar way, we introduce X’ as the set of all [e, Mp(e)]
for F' in IV, where e € Q(F").
Consider the following cyclic sequence for e € Q(F”)

[6, MF’(B)]’ [g_lMF’(e)v MFg_lMF’(e)]’ [gMFg_lMF’(e)v MF’(gMFg_lMF’)(e)]a

g™ M (gMpg™ Mp)™ " (e), Mpg™ Mp (gMpg™' Mpr)" " (e)],
where m is the smallest positive number such that
(gMpg~ ' Mp)"(e) = e.
So, this is a cyclic sequence
X, X1, 00X X,

where X; € X and X/ € A’ for all i € {1,...,m}. For any two consecutive parts
A, B € X UX' from the above sequence we identify the last edge from A with the
first edge from B. As the result, we get a zigzag in the connected sum I'#,I" and
denote it by Z(e). Zigzags are not self-reversed (by Proposition 1), thus

X;# X" and X]# X/

for any pair i,7 € {1,...,m} and, as consequence, m < 3.
The zigzag Z(e) is related to a cycle of length m in the permutation gMpg=t M.
The reversed zigzag Z(e)™! is the cyclic sequence

—1 -1 —1 1
XX, XXy
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corresponding to another cycle of length m in this permutation. Observe that
Z(e)™' = Z(€) for a certain ¢’ € Q(F’). As in the proof of Lemma 5, we estab-
lish that the following conditions are equivalent:

(A) the permutation gMpg~'Mp is the composition of two distinct commuting
3-cycles,

(B) for any e, e’ € Q(F") the zigzag Z(€') coincides with Z(e) or Z(e)™ .

It remains to prove the statements (1) and (2).

(1). If the faces F' and F’ are essential, then every zigzag of I" or I'” contains an
edge from F' or F’, respectively. Therefore, each of zigzags in I'#,I" is of type Z(e),
where e € Q(F”). In such case, the condition (B) is equivalent to the z-knottedness
of I'#,I".

(2). Assume that I is z-knotted and the condition (A) is fulfilled. Then (B)
is also fulfilled and we establish that the zigzag Z = Z(e) (where e € Q(F")) is as
required.

Let Z',Z'~! be a single pair of zigzags in I". As in the proof of Lemma 5, we
have

7' =X, X5, X5 and 72"t = X5 XU X

where X, X5 X3, X771, X5, X5 are all mutually distinct elements of X”. By the
condition (B) every X’ € X’ is contained in Z or Z~!.

Corollary 1 guarantees that Z’ and Z'~! passes through each of edges of I twice.
Thus the zigzags Z and Z~! also passes through each of edges of I twice and there
is no other zigzags in I'#,I"” containing edges from I". Therefore, Z(D) ={Z,Z"'}
for every face D # F” of I considered as a face of the connected sum I'#,I". O

From this moment, we will suppose that I' is a triangulation which is not locally
z-knotted for a certain face F'.

Lemma 7. There is a z-knotted triangulation I of a sphere S and a face F' in this
triangulation such that gMpg=*Mp is the composition of two distinct commuting
3-cycles for a certain special homeomorphism g : OF — OF".

Proof. 1t follows from Theorem 2 that the z-monodromy Mg is one of (M5)-(M7).

Consider the case when Mp is (M5) or (M6). So, it is the composition of two
distinct commuting 3-cycles. We take a z-knotted triangulation I of a sphere con-
taining a face F’ such that Mg is identity (for example, the triangulation from
Example 13). Then, the permutation

gMpg ' Mp = gMpg™"

33



is the composition of two distinct commuting 3-cycles for every special homeomor-
phism g : OF — OF".
Now, let Mp be of type (M7), i.e.

Mp = (61, 62)(—61, —62),

where (eq, €9, €3) is one of the cycles in Dp and e, —e3 are fixed points. Suppose that
[ is the bipyramid B Py, 1, where k is odd. For every face F’ of I' its z-monodromy
is

Mp = (_6,17 6,27 6%)(—6%, _6,27 6/1)’

where (€], €}, €4) is one of the cycles in the permutation Dps (see Example 8). It is
casy to verify that gMpg~tMp is the composition of two distinct commuting 3-cycles
for a special homeomorphism ¢ : OF — JF’ such that g(e;) = e} for every i. ]

Let F’ be a face in a z-knotted triangulation I'” of a sphere and g : 9F — OF' be
a special homeomorphism such that gMpg~! M is the composition of two distinct
commuting 3-cycles (as in Lemma 7). By the statement (2) from Lemma 6, the
connected sum I'#,I" contains a zigzag Z such that Z(D) = {Z, Z~'} for every face
D in I'#,I" corresponding to a face of I distinct from F”. In other words, I'#,1" is
locally z-knotted for all faces of IV distinct from F”.

Lemma 8. Suppose that D is a face of I' distinct from F. If I" is locally z-knotted
for D, then I'#,I" also is locally z-knotted for D.

Proof. There is a unique pair of zigzags in I' containing edges of D. Denote these
zigzags by Zp and (Zp)~!. Each of them passes through every edge of D twice (by
Lemma 3).

If Zp and (Zp)~! do not contain any edge from F, then they are also zigzags in
I'#,I" and the connected sum is locally z-knotted for D.

If there are edges of F' contained in Zp or (Zp)~!, then these zigzags belong to
Z(F). As in the proof of Lemma 6, we introduce the set X consisting of all parts of
the zigzags from Z(F') between e € Q(F') and Mp(e). We remind that every X € X
is contained in Z or Z~!. The zigzags Zp and (Zp)~! belong to Z(F), so they are
cyclic sequences formed by at most three elements of X'. Each of these zigzags passes
through every edge of D twice and the same holds for Z and Z~!. Lemma 3 implies
that I'#,1" is locally z-knotted for D. ]

Now, we complete the proof of Theorem 4. It was noted before Lemma 8 that

(1) T'#,I" is locally z-knotted for all faces of I" distinct from F”.
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By Lemma 8, we have that

(2) if ' is locally z-knotted for a face D # F', then I'#,I" is locally z-knotted for
D.

It follows from (1) that if the connected sum I'#,I" is not locally z-knotted for a
face T', then T is a face of I'. We apply the above arguments to the face 7" in I'#,1".
By (2), we can construct recursively a shredding of I" that is locally z-knotted for
each face. This shredding is z-knotted by Theorem 3.

Assume that I' contains precisely 2m zigzags, i.e. m zigzags up to reversing. If I'
is not locally z-knotted for a face F', then Z(F’) includes 4 or 6 zigzags (see Remark
2). We replace these zigzags with one zigzag using the corresponding connected sum
and come to a triangulation with m — 1 or m — 2 zigzags up to reversing. So, to
produce a z-knotted shredding of I' we need at most m — 1 times. This completes
the proof of Theorem 4.

4.3 Application to connected sums of z-knotted triangula-
tions

According to Theorem 2, there are precisely four types of faces in z-knotted trian-
gulations and their z-monodromies are (M1)—(M4). These four types were described
without z-monodromies in [23|. The main result of [23| presents all cases when the
connected sum of two z-knotted triangulations is z-knotted. The proof given in [23]
is a long case-by-case analysis. Following [25] we obtain this result as a consequence
of the statement (1) from Lemma 6.

Theorem 5 (|23, 25]). Let I' and I be z-knotted triangulations. Then the following
assertions are fulfilled:

(1) If F is a face in T such that Mp = D (type (M2)), then for every face F' in
I'" and every special homeomorphism g : OF — OF' the connected sum I'#,1"
1S z-knotted.

(2) Suppose that F is a face in " and Mg is identity (type (M1)). If F' is a face in
I'" such that the connected sum I'# /1" is z-knotted for a certain special home-
omorphism g : OF — OF", then Mp: is Dg or (M3). In these cases, the con-
nected sum I'#,1" is z-knotted for every special homeomorphism g : OF — OF".

(3) If F is a face in I, F' is a face in I and Mp, Mp: are (M3) or (M4), then
there is a special homeomorphism g : OF — OF' such that the connected sum
L#,I7 is z-knotted.
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Proof. Remind that any special homeomorphism ¢ : F — OF’ gives a bijection
Q(F) to Q(F"), which is also denoted by g.
(1). Tt is clear that gDpg™" = Dpr. So, Mp = Dy implies

gMpg ' Mp = Dpr Mg

for each special homeomorphism ¢g : OF — OF’. Using z-knottedness of I and
Lemma 5, we conclude that Dg Mg is the composition of two distinct commuting
3-cycles. Thus, the connected sum I'#,I" is z-knotted by the statement (1) from
Lemma 6.

(2). Consider the case when M is identity, i.e. Mp is of type (M1). Then

gMFg_lMF/ = MF/

for every special homeomorphism ¢ : 0F — OF’. The above is the composition of
two distinct commuting 3-cycles precisely when Mg is Dp or of type (M3). The
statement (1) from Lemma 6 gives the claim.

(3). Let Mp and Mg be of type (M3), i.e.

Mp = (—e1,e9,6e3)(—e3, —ea,e1) and Mp = (—e€], €5, e5)(—e5, —€h, €}),

where (eq, e, e3) and (€], ), €4) are 3-cycles in Dp and Dpr, respectively. We take
a special homeomorphism ¢ : 0F — OF" sending ey, 9, €3 to €}, ), €4, respectively.
Then gMpg~' = Mg and

gMFg_lMF/ = (MF’)2 = (MF/)_l

is the composition of two distinct commuting 3-cycles.
Assume that F' and F’ are of type (M4), i.e.

Mp = (e1, —e3)(e2, —e1) and Mg = (e}, —€))(ey, —€}),

where (e1,eq,e3) and (€], €, €}) are 3-cycles in Dp and Dpr, respectively. Using a
special homeomorphism ¢ : OF — OF’, which transfers ey, e, e3 to €}, €], €5 (respec-
tively), we obtain

1

gMpg™ = (e}, —¢5)(e5, —€)).

Then
gMFg_lMF/ = (_6/17 6,27 62’,)(6/1a _6/27 —6%)

is the composition of two distinct commuting 3-cycles.
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Let F be of type (M4) and F” be of type (M3), i.e.
MF = (61; _62)(627 _61) and MF/ = (—6/176/276,3)(_6/37 _6/276,1)7

where (e, eq,e3) and (€], €5, e5) are 3-cycles in Dp and Dy, respectively. We take
a special homeomorphism g : OF — OF’ transferring e, e, €3 to €}, €5, €} (respec-
tively). Then, we obtain

1

gMpg— = (6/27 _eé)(egn _6/2)

and
gMnglMF/ = (6/17 6/27 _6/2)<_6/17 _eév 63)

is the composition of two distinct commuting 3-cycles.
The connected sum I'#,I" is z-knotted by the statement (1) from Lemma 6 in
all of the above three cases. [
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5 Z-oriented triangulations

In this section we work with z-oriented triangulations. In Subsection 2.3 we proved
that there are two types of edges and faces in such triangulations. We recall that
the choose of a z-orientation determines the directions on edges of type II and the
subgraph I';; formed by these edges is considered as a digraph. At the beginning,
we show that the general case of z-oriented triangulations can be reduced to the case
where all faces are of type I. All results of this section come from [31].

5.1 Reduction to the case when all faces of type 1

Proposition 4. Any z-oriented triangulation (I',T) admits a z-oriented shredding
(I, 7") where all faces are of type I and Iy =T7;.

Proof. Suppose that F is a face of type Il in (I', 7). Assume ey, ey, €3 are edges of F’
and they are oriented as in Fig. 12. Let o be the permutation (1,2, 3).

€3

A
7

Figure 12

Zigzags from 7 pass through F' three times, thus the face F' splits them into three
segments of type

€o=1(i); €is Xijs €5 €o(j).
where 4,7 € {1,2,3}, and the sequence X;; is a maximal component of a zigzag
consisting of edges occurring between e; and e;. Let & be the set of all such sequences
X; obtained for the face F' and the z-orientation 7. Observe that for each pair e;, ¢;,
there exists a unique sequence X;; such that e; is directly before X;; and e; is directly
after X;; in one of zigzags. Now, we triangulate the face F' by attaching a vertex in
its interior and three edges joining this vertex with the vertices of F', see Fig. 12.
Let this new triangulation be denoted by I and let e, be the one of the new edges
which does not has a common vertex with e;. Note that for any 7 € {1,2,3} there
exists a zigzag in I containing a subsequence of the following form
ei,e;,l(i) €}, €o—1(i), Xo=1(3);

P )
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for certain j € {1,2,3} and X,-1;); € X'. Since the edges of F' are not included
in X,-1(;);, the edge e; occurring in the zigzag directly after this subsequence is the
same as the edge after X,-1(;); in (I',7). Thus, zigzags of I" crossing any of the
three new faces pass through the edges coming from I' in the same way as zigzags
from 7. So, there exists a z-orientation of I" which does not change types of edges
from I'. The three new faces of I/, obtained by partition of F', are of type I for this
z-orientation. Step by step, we replace all faces of type II from (I", 7) by faces of type
I and get a z-oriented shredding of I' with all faces of type I and unchanged types of
edges coming from (I, 7). O

5.2 Homogeneous zigzags in triangulations with faces of type
I

Let I be a triangulation of a surface S. Suppose that there is a z-orientation 7 of I"
such that all faces are of type L.

If m is the number of faces, then there are precisely m edges of type I and m/2

edges of type II, i.e. the number of edges of type I is twice the number of edges
of type II. We say that a zigzag of (I',7) is homogeneous if it is a cyclic sequence
{e;, el e}, where each e; is an edge of type II and all €}, e/ are edges of type I.
If Z is a homogeneous zigzag, then Z~! also is homogeneous. We say that (T, 7) is
z-homogeneous if all its zigzags are homogeneous.
Example 15. Let us return to Example 7 and suppose that [' = BP,,. If n is odd,
then I' is a z-knotted bipyramid and it is z-homogeneous for both z-orientations. If
n is even, then I' is z-homogeneous for the z-orientation consisting of the two zigzags
from Example 6 (b) or the four zigzags from Example 6 (c). The vertices a and b are
of type I and the remaining are of type II. The subgraph I'j; is the base of BP, and
it is the directed cycle. Conversely, if a triangulation is z-homogeneous for a certain
z-orientation and there are precisely two vertices of type I, then this triangulation is
a bipyramid. This fact is a direct consequence of Theorem 6 which will be presented
later.

Example 16. Let IV be a triangulation with a z-orientation such that all faces are of
type II. We consider I which is the shredding of I'" constructed by adding a vertex
in the interior of each face and three edges joining this vertex with the vertices of
the face (as in the proof of Proposition 4). We obtain a z-orientation 7" of I such
that all its faces are of type I and each zigzag ..., e, e9,e3,... in I is extended to
a zigzag

61,6, €] ea,eh, 5 €3, ...
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in I'”. Observe that both these zigzags pass through edges of I in different directions.
All e; are of type II and all €} and ¢ are of type I. Thus, I'” is z-homogeneous for
this z-orientation.

An FEulerian digraph is a connected digraph such that there exists a closed trail
containing all directed edges of the digraph (see, for example, [33, p. 105]).

Theorem 6. The following three conditions are equivalent:
(1) (I, 7) is z-homogeneous.

(2) Ty is a closed 2-cell embedding of a simple Eulerian digraph such that the edges
of every face form a directed cycle.

(3) FEach connected component of S\T'y is homeomorphic to an open 2-dimensional
disc.

The implication (2) = (3) is clear. In the next two subsections we will prove the
implications (1) = (2) and (3) = (1).

5.3 Proof of the implication (1) = (2) in Theorem 6

As in the previous subsection, (I', 7) is a z-oriented triangulation where all faces are
of type L.

The construction from Proposition 4 and Example 16 can be generalized as fol-
lows. Let I be a closed 2-cell embedding of a connected finite simple graph in S.
Thus, all faces of IV are homeomorphic to a closed 2-dimensional disc. For each face
F, we take a point vp from the interior of F' and we add vr to the vertex set of I".
Then we join each vy with each vertex of F' by an edge. This new triangulation of
S is denoted by T(IV).

Note that if a certain face F' of I is not homeomorphic to a closed 2-dimensional
disc, then vp and one of vertices of F' are connected by a double edge in T(I"”). It

does not meet our definition of triangulation, so we need to assume that I is a closed
2-cell embedding.

Proposition 5. The following assertions are fulfilled:

() If (', 1) is z-homogeneous, then T'y is a closed 2-cell embedding of a simple
Fulerian digraph such that the edges of every face form a directed cycle and
'=T{y).
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(IT) Conversely, if T is a closed 2-cell embedding of a simple Eulerian digraph and
the edges of every face form a directed cycle, then there is a unique z-orientation
of T(I") such that it is z-homogeneous triangulation and I is the subgraph of
T(I") formed by all vertices and edges of type II.

Proof. (I). Assume v is a vertex of I'. Consider all faces that contain v and take the
edge from each of these faces that does not contain v. We denote a cycle formed by
these edges by C(v).

Suppose that (I', 7) is z-homogeneous. Consider any edge e; of type II and denote
by v; and vy the vertices of this edge so that e; is directed from v; to v,. We choose
one of the two faces which contain e; and we denote by v the third vertex of this
face (this vertex does not belong to e;). Let €| and € be the edges containing v and
which are immediately after e; in a certain zigzag Z from 7 (see Fig. 13). The third
edge of the face containing €} and € will be denoted by es. The edge es consists of
ve and another vertex, say vs. The edges €| and €] are of type I by homogeneity of
the zigzag Z, so ey is of type II. Since Z goes through €} from vy to v and €] is an
edge of type I, the zigzag going through e} in the opposite direction belongs to 7.
Thus, the edge es is directed from vy to v3. The edge ez occurring in Z immediately
after €} and e is of type II and it is directed from v to a certain vertex vy. So,
the edges e, €9, e3 are consecutive in the cycle C(v) and each e; is directed from v;
to v;41. Consider the zigzag from 7 which contains the sequence es, €]. This zigzag
passes through the next edge from v to vy. Let e4 be the edge which occurs in the
zigzag after it. By the assumption, e, is of type II. This is an edge of C'(v) which
leaves the vertex vy. Recursively, we establish that C(v) is a directed cycle formed
by edges of type II and v is a vertex of type I.

Now, we take the other face which contains e;. Let v' be the vertex from this
face other than v; and v,. We repeat the above arguments and we establish that ¢’
is of type I and C'(¢') is a directed cycle whose all edges are of type II.

Figure 13

For every vertex v of type I there can be taken a face which contains v and the edge
of this face which not containing v. Since the remaining two edges of the face are of
type 1, this edge is of type II. Using the above arguments, we establish that:
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(1) there exist vertices of type I and the cycle C'(v) is a directed cycle formed by
edges of type II for every vertex v of type I;

(2) for every edge of type II there are precisely two vertices v and v’ of type I such
that this edge is contained in C'(v) and C(v').

In a similar way, for every edge e of type I we can take a face whose one of edges is
e. Since this face contains an edge of type II, the vertices of e are of different types.

Since for any two vertices of type Il in I' we can find a path formed by edges
of type II, the digraph I'j; is connected. Otherwise, i.e. when a path between two
vertices of type II goes through a vertex v of type I, the edge which enters to v and
the edge which leaves v contain vertices of the same cycle C'(v). Thus, the edges
incident to v in that part of the path can be replaced with edges from C(v). It
guarantees that I';; is a 2-cell embedding of a simple digraph such that each face is
uniquely determined by a certain vertex v of type I and the boundary of this face
is the directed cycle C'(v). So, this 2-cell embedding is closed. The digraph I'y is
Eulerian by Lemma 1 and it is clear that T' = T(I'y;).

We make the following observation, which will be used in the proof of the second
part of the theorem. By (1) and (2) each zigzag of I' which contains an edge of
type II is homogeneous. The number of edges of type I is twice the number of edges
of type II, so there is no zigzag passing through edges of type I only (since every
edge is passed twice by a unique zigzag from 7 or it is passed once by precisely two
distinet zigzags from 7). Thus, if (1) and (2) are fulfilled, then all zigzags of T' are
homogeneous.

(IT). Assume that I is a closed 2-cell embedding of a simple Eulerian digraph
such that edges of every face form a directed cycle.

Consider any face F' of " and let all edges of F' form the directed cycle eq, ..., e,.
For every i € {1,...,n}, we define j(i) = i + 2 (modn) and denote by ¢, and e/
the edges containing the vertex vp in T(I") such that each of these two edges has
a common vertex with the edges e; and e;;) (respectively). We take the zigzag of
T(I") containing the sequence e;, €}, €7, e;;). This zigzag goes through e; and e;(;) in
the directions of these edges. This is also true for every edge of IV occurring in this
zigzag. Such a zigzag can be found for any pair consisting of a face of I'" and one
of edges of this face. The family of all such zigzags forms a z-orientation of T(T").
All edges of I are of type II and every v is a vertex of type I for this z-orientation.
This implies that T(I") satisfies the conditions (1) and (2) which gives the claim. [

The second part of Proposition 5 will be used to prove the implication (3) = (1)
in Theorem 6.
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5.4 Structure of triangulations with faces of type I

Z-homogeneous triangulations form a subclass of z-oriented triangulations whose all
faces are of type I. The main result of this subsection (Theorem 7) provides a topo-
logical description of such triangulations. One of its consequences is the implication
(3) = (1) in Theorem 6.

Recall that (I',7) is a z-oriented triangulation of a surface S with all faces are
of type I. The subgraph of I' consisting of all vertices and all edges of type II will
be denoted by I'7, as before. In the previous subsection we proved that if (I',7) is
z-homogeneous, then connected components of S\ I';; are homeomorphic to open 2-
dimensional discs. The following theorem describes connected components of S\ T';
when I is not necessarily z-homogeneous.

Theorem 7. The following assertions are fullfiled:

(1) Ewvery connected components of S\I'y is homeomorphic to an open 2-dimensio-
nal disc or an open Mdbius strip or an open cylinder.

(2) A connected component of S\ I'yy contains a vertex of type I if and only if it is
an open 2-dimensional disc; such a vertex of type I is unique.

Proof. Let Fi be a face and let ey and e; be two distinct edges of type I belonging to
F. Denote by F; the face which is distinct from F3 and contains e; (there is precisely
one such face). We write eq for the other edge of type I from F». By continuing this
procedure, we get a sequence of edges {e;};enuo} and a sequence of faces {Fj}ien
such that e; i is the common edge of F;_; and F; for every i € N. The faces in each
pair F;_1, F; can be adjacent in one of the two ways, as in Fig. 14. In the first case
(Fig. 14 (a)), their edges of type II have a common vertex and in the second case
(Fig. 14 (b)), the edges of type II are disjoint.

I.\ 4
1 1
ei72 , AN 6Z72 , \
I', : \\?i I', : ’
PR A ey By
. ! N . 1 v
F'—l , E * ’ F'—l ! g

! i %
1 : e €i
1 1,7

() (b)

Figure 14
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We take the smallest natural number n such that e,, = ey (the number of edges of I is
finite, so we can find such a number). Then, the sequence of edges and the sequence
of faces can be considered as cyclic sequences {e;}, and {F;},, respectively. The
union of all faces from {F;}!" , is said to be a component of (I', 7) and denoted by F,
ie.

The boundary of F consists of edges of type II from faces Fj;, but not necessarily all
of them are contained in the boundary.

We write e for the edge of type II from F;. Let Ty, Ts,...,T, be n disjoint
closed triangles. For any ¢ = 1,2,...,n there is a homeomorphism h; : F; — T;
which transfers every vertex and every edge of F; to a vertex and an edge of T;
(respectively). Now, for any ¢, we identify the edges h;(e;) and h;1(e;) such that
for every vertex v of e; the vertices h;(v) and h;y1(v) are identified. In this way, we
obtain a 2-dimensional surface 7 with boundary. The boundary of 7 is the union of
the images of all edges of type II, i.e.

n

oT = Jhilel").

i=1

On the other hand, it is possible for distinct 4, j that the edges e/, el have a common
vertex, so JF is not necessarily a surface. The interior of surface 7 is homeomorphic
to one of the connected components of S\ T';, thus, F can be obtained from 7 by
gluing of some parts of the boundary.

Assume that we identified h;(e;) and h;q(e;) for i = 1,2,...,n — 1, but hy(ep)
and h,(e,) from T and T,, (respectively) are not identified yet. Our space is home-
omorphic to a closed 2-dimensional disc. Its boundary contains hq(eq), hy(e,) and if
we glue them, then we get 7. Therefore, we have two possibilities:

e A union of hy(eg) and h,(e,) is connected and if we glue them, then we obtain
7 homeomorphic to a closed 2-dimensional disc (Fig. 15 (1)).

e The edges hi(eg) and hy,(e,) are disjoint and if we glue them, then we obtain
T homeomorphic to a closed Mobius strip (Fig. 15 (2)) or a closed cylinder
(Fig. 15 (3)).
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Figure 15

Denote by v; the vertex of T; which corresponds to the vertex of F; not contained in
the edge e, In the first case, all h;(v;) are the same vertex in 7 and this vertex is
the common vertex of the images of edges of type I. So, this vertex corresponds to
the vertex of type I from F, see Fig. 15 (1). In the remaining two cases, all vertices
hi(v;) belong to the boundary of T and correspond to certain vertices of Iy, see Fig.
15 (2) and Fig. 15 (3). The proof is completed. O

Remark 3. If a connected component of S\ I';; is homeomorphic to an open 2-di-
mensional disc, then the corresponding component of (I', 7) is homeomorphic to a
closed 2-dimensional disc. Indeed, if some parts of the boundary of this component
are identified, then the vertex of type I contained in the component and a certain
vertex at the boundary are connected by a double edge. This is impossible, since I'
is a simple graph.

Proof of (3)= (1) in Theorem 6. Suppose that all connected components of S\I';
are discs. By Remark 3, ['; is a closed 2-cell embedding and Lemma 1 guarantees
that it is an embedding of simple Eulerian digraph. The statement (2) from Theorem
7 shows that each disc contains a unique vertex of type I. Repeating arguments from
the proof of this theorem we establish that the boundary of each disc is an oriented
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cycle. Since I' = T([y), the required statement follows from the second part of
Proposition 5. [

5.5 Examples

We present three examples of z-oriented triangulations with all faces of type I and
consider the corresponding connected components of S \ I';;. These examples show
that each type of components (an open disc, an open Mé&bius strip and an open
cylinder) mentioned in Theorem 7 is realized.

Example 17. Let I" be a z-oriented triangulation of a torus T presented in Fig. 16
(there is a z-orientation such that types of edges are as below). Thus, all faces are of
type I. The subgraph I';; consists of two connected components which are 6-cycles.
There are two connected components of T \ I';; and each of them is homeomorphic
to an open cylinder.

Figure 16

Example 18. Let n € N. Consider a triangulation I' of a real projective plane P
obtained by gluing of boundaries of a Mobius strip and a closed 2-dimensional disc,
see Fig. 17. We take a z-orientation of I' such that types of edges are as in Fig. 17.
Thus, all faces are of type I and the subgraph I'; is a directed 2n-cycle. Then P has
two connected components: one of them is homeomorphic to an open 2-dimensional
disc and the remaining is homeomorphic to an open Mobius strip.
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Figure 17

Example 19. Let I' be a triangulation of a sphere presented in Fig. 18. This
triangulation is obtained by the gluing of the two discs whose boundaries are cycles
e1,6a,...,66. Let 7 be a z-orientation such that types of all edges are as below. Thus
all faces are of type I. Then S\ I'y consists of four connected components. Three of
these connected components are homeomorphic to an open 2-dimensional disc and
the remaining to an open cylinder. The components of (I', 7) corresponding to the
open discs are closed 2-dimensional discs. The component of (I', 7) corresponding to
the open cylinder is homeomorphic to a closed cylinder with two points from one of
the connected components of its boundary identified.
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6 Z-knotted and z-homogeneous triangulations

In the previous two sections we investigated z-knotted triangulations and z-homoge-
neous triangulations of surfaces. By Theorem 4, for any triangulation there is a
z-knotted shredding. There is a one-to-one correspondence between z-homogeneous
triangulations and embeddings of Eulerian digraphs (Theorem 6). In the present
section, following [30], we describe an algorithm which transforms any z-homogeneous
triangulation into a z-homogeneous and z-knotted triangulation and does not change
the surface type.

6.1 Main result

We describe a special type of the connected sum of triangulated surfaces different
from the sum used in Section 4.

Let T" be a triangulation of a surface S. Suppose that 7 is a z-orientation of I'
such that (I', 7) is z-homogeneous.

Let P be a path in I'; formed by oriented edges e; = v1v9 and ey = vov3, where
v1, Vg, vg are certain vertices of Iy (see Fig. 19). Such pairs are said to be special.
For i = 1,2, the both faces whose one of edges is ¢; will be denoted by F;" and F .
For each § € {+, —}, we suppose that the faces F?, Fy are on the same side of the
path P. We split up both edges e; in two oriented edges e;” and e; whose directions
are induced by the direction of e; and such that €9 is an edge of the face F?. Also, we
split up the vertex v, in two vertices v and v, such that €0 = vyv9 and e = vjvs.
As a result, we get a new graph Np(I') embedded in S. The set of faces of Np(I') is
the set of faces of I' extended by a new 4-gonal face Fp, see Fig. 19.
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We take another z-homogeneous triangulation (I, 7) of a surface S’. Denote by I'};
the subgraph of IV whose the set of edges and the set of vertices consist of all edges
of type II and all vertices of type II, respectively. Let P’ be a special pair in I';;. We
construct the graph Np/(I') for this special pair. Moreover, we assume the following:

(x) for at least one of the pairs P, P’, the endpoints of this pair are not connected
by an edge in I" or I", respectively.

In other words, there is no cycle of length 3 containing edges of at least one of the
pairs P, P'.

The orientations of edges of Fp and Fp: are determined by the z-orientations 7
and 7', respectively. The sets of all such oriented edges of Fp and Fp: will be denoted
by w(Fp) and w(Fp/) (respectively). The notion of special homeomorphism defined
in Section 2 can be generalized on homeomorphisms of 4-gonal faces preserving the
orientations of edges, i.e. a homeomorphism ¢ : 0Fp — O0Fp/ is said to be special
if it transfers the vertices of Fp to the vertices of Fp/ and the edges from w(Fp) to
the edges from w(Fp/). We glue Np(I') and Np/(I”) by the special homeomorphism
g and obtain a triangulation of S#S’ which will be denoted by I'#,I". Since we
assume (x), the triangulation I'#,I" does not contain multiple edges. The special
homeomorphism g preserves the orientations of edges, so, there exists a z-orientation
of I'#,I" such that the type of every edge is the same as in (I',7) or (I, 7"). Thus,
I'#,1" is z-homogeneous for this z-orientation.

Let Py,..., P, be special pairs in (I',7) and let P],..., P be special pairs in
z-homogeneous triangulations (I';,71),...,(I'y, 7,) of a sphere S. We take special
homeomorphisms g; : 0Fp, — OFp, fori € {1,...,n}. We apply the above operation
of connected sum several times and obtain a triangulation of S

(T, T #g L) - )7, T (2)
which is z-homogeneous for a certain z-orientation.

Theorem 8 ([30]). For any z-homogeneous triangulation (I';T) with |7| > 1 there
exist z-homogeneous triangulations (I'v,11), ..., (Ty, 7a) of a sphere S such that

n < |r| — 1 and the z-homogeneous connected sum (2) is z-knotted for some spe-
cial pairs P; in T', P in Ty and special homeomorphisms g; : OFp, — OFp with
ie{l,...,n}.

6.2 Z-monodromy of special pairs

The z-monodromy of faces was investigated in Section 3. Now, we consider a similar
concept for special pairs in z-homogeneous triangulations.
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Let (I',7) be a z-homogeneous triangulation and let P be a special pair in I';.
Consider the set of all oriented edges of 4-gonal face Fp in Np(I'):

Q<FP) = {61’—, 6;—’ 1,6y, _ei_v _63_7 —ep, _62_}'

The edges e} and —e! comes from the same non-oriented edge, but they are considered
with opposite orientations. Denote by Dp, the permutation on Q(Fp) transferring
ab to be for any three consecutive vertices a, b, ¢ belonging to Fp. Thus, Dp, is the
composition of two distinct commuting 4-cycles

Dr,

= (ef,ef T, —et).

€1,€2, _62_a _61_)<61_7 62_7 —€9, 7€
Each of these cycles gives one of the orientations on the boundary of Flp.

For any pair ey, e € Q(Fp) such that Dp,(eg) = e there exists the zigzag contain-
ing the sequence ey, e. Let the first element of (Fp) contained in this zigzag after e
be denoted by Mg, (e). The proof that Mg, : Q(Fp) — Q(Fp) is bijective is similar
to the proofs of the statements (1) and (2) from Lemma 4. The restriction of Mp,
to the set

W(FP) - {ei_veg_vel_veg}

is said to be the z-monodromy of P and denoted by Mp.
We show that Mp is a permutation on w(Fp). For each e} € w(Fp) we take the
following part of a zigzag in Np(I'")

[6?, DF§(€?)> SR MP<€;;)}
It corresponds to a part of a zigzag from I' contained in 7 which is
[ei, DFZ_a(ei), ey ej],

where j € {1,2}. Thus, Mp(e)) = €], where v € {+,—}, and Mp(e)) € w(Fp).
Therefore, Mp can be identified with a certain permutation from the symmetric
group Sy.

For simplicity of notation, from this moment we write 1,2 instead of e, e5 and
3,4 instead of e, e; (respectively). The symmetric group Sy consists of 24 permu-
tations, so there are 24 possibilities for Mp. Their realization will be investigated
later. We split all these possibilities into the following 13 classes:

(Ko) id,
(Ky) (1234),
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Ks) (23),(14),

Ko) (1324), (1423),
(K1) (1243),(1342),
(K11) (234),(123), (124), (134),
(K12) (243),(132), (142), (143).

We explain why permutations from S; were decomposed as above. Define the fol-
lowing two commuting involutions:

s = (13)(24), t=(12)(34).

Two permutations py, py are elements of the same class K; if one of the following two
possibilities is realized:

Py =sp1s O Py =up; u,
where u € {t,st}, see Tab. 1 in Appendix (Subsection 6.5). The permutation s
corresponds to the interchanging of + and — for the edges e}. The changing of the

z-orientation 7 to 77! replaces a permutation p corresponding to the z-monodromy
by tp~'t.

6.3 Examples

In this subsection we present examples which show that the z-monodromy from each
of the classes mentioned in the previous subsection is realized.
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Example 20. Let I be the bipyramid B P, with the z-orientation such that BP, is
z-homogeneous, see Example 15. Denote by P a special pair in BP,. In contrast to
our previous notation, we denote the consecutive vertices of the base by vy,...,v,
to avoid notational conflicts with elements of w(Fp). Note that any special pair of
BP, can be transferred to any another special pair by an automorphism, so, for
all special pairs in BP, the z-monodromies belong to the same class. Thus, we can
assume that the directed edges of P are viv, and vovs. In z-monodromies, these edges
will be represented by 1 and 2, respectively, if they are contained in the faces with
the vertex a in Np(BP,). If these edges are contained in the faces with the vertex b
in Np(BP,), then we write for them 3 and 4 in z-monodromies (respectively).

The case when n = 2k + 1 and k is odd. The zigzag passes through edges of P
as follows

..., QU1, V109, Ugb, ..., avy, Va3, U3b, ... bui, V1Vg, Vaa, . .., buy, Va3, U3, . . .
and the corresponding union of parts of zigzags in Np(BP,) is
13,204,003, 00,42,

and the z-monodromy is
Mp = (1432)

from the class Kj.
The case when n = 2k + 1 and k is even. The zigzag passing through the edges
of Pin BP, is

.., QU1, V1V, Ugb, ..., bUg, Va3, V3@, . .., bU1, V1V, Vaa, . . ., AV, Va3, U3, . ..
and the corresponding union of parts of zigzags in Np(BP,) is
L3420 31,24,
which means that the z-monodromy is
Mp = (1234)

from the class K.
The case when n = 2k and k is odd. The edges of P occur in zigzags of BP, as
follows:
e, QU1 V1V, Vb, ... bV, V1V, Ve, . ..
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and
.., QU2, UoV3, U3b, . .. bug, VoUs3, V3a, . . . ;

the corresponding unions of parts of zigzags in Np(BP,) are
13,031, and  ...,2.4,...,4,2,...

which implies that Mp is the identity (class Kj).
The case when n = 2k and k is even. The four zigzags of BP, pass through the
edges of P as follows
...,QU1, V109, Uab, . ..,

oo bu,vive, vean .
c ,CLUQ,UQUg,Ugb, cey
.o, bug, vovs, v3a, ..

and the corresponding parts of zigzags in Np(BP,) are
L3, a3 2040 420

and the z-monodromy
Mp = (13)(24)

is from the class K.

We give a construction of an infinite series of z-homogeneous triangulations of
S that are not bipyramids. Let I be a graph embedded in S which consists of two
vertices a, b and four paths Py, P», P3, P;. We assume that at most one of these paths
is an edge and any two of these paths intersect precisely in a and b, see Fig. 20.
Thus, I is a connected finite simple graph and S is decomposed into four discs whose
boundaries are P U P, P, U P3, P;U P, and P; U P,. These discs are faces of our
embedding. We apply the operation described at the beginning of Subsection 5.3 to
the embedding of IV in S and obtain a triangulation T(I") of S. If p; is the number
of edges in the path P;, then the triangulation T(I'") will be denoted by L', 1, ps.pa-
For example, see Fig. 20 for I'y 3 3 3. Note that any cyclic permutation of py, ps, ps, ps
does not change the triangulation. We appoint an orientation on each edge of all P,
such that the boundary of every disc is formed by a path from a to b and a path
from b to a. By Proposition 5 the triangulation Iy, ,, p, p, is 2-homogeneous for a
certain z-orientation such that the subgraph IV consists of all edges of type II and
their vertices.
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Figure 20

Example 21. Consider the z-homogeneous triangulation I's 5,45 (with the corre-
sponding z-orientation) containing the paths

Pl = {G,Uo,b},

P2 = {b7 Ula”?va}7
P3 = {CL,Ug,U4,U5,b},
P4 = {b7 Vg, U7, Ug, Vg, CL}.

Let v;; be the vertex in the interior of a disc whose boundary is P, U P; (for
i,j €{1,2,3,4} and i < j). The z-orientation of I'y 3 4 5 contains precisely two zigzags
presented below as cyclic sequences of vertices:

V14, @, Vg, V12, b, V1, Va3, V2, @, V12, Vo, b, V14, Vs, V7, V34, Vg, Vg
and
V14, Vo, b, V12, U1, V2, V23, @, U3, V34, Vs, Us, V23, b, V1, V12, V2, @, Va3, V3, V4,
V34, Vs, b, Va3, V1, V2, V12, @, Vo, V14, b, U, V34, U7, Vg, V14, Vg, @, V34, U3, Vg,
V93, Us, b, Us4, Vs, U7, V14, Vg, Vg, V34, @, U3, V23, V4, Us, U34, b, Vg, V14, U7, Us, V34, Vg, Q.

(1). If P is the special pair vgb, bvy, then the zigzags which pass through the edges
of P are
Ce ,Ulgb, b’Ul, V1V23, ...,01200, U()b, bU14, e
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and
..., V1409, Uob, bUlg, c. ,’Uggb, bUl, V1V12, . ..

We denote by 1,2 the edges from Np(I'y345) which correspond to vgb, bvy (respec-
tively) and belong to the faces containing vi5. We write 3,4 for the edges from
Np(T'a345) corresponding to vob, bvy which belong to the faces whose vertices are vy4
and wvo3, respectively. The above zigzags gives the following unions of parts of zigzags

in Np(I'a345)

,2,4,...,1,3,... and  ....3,1,...,4,2,...

Thus, the z-monodromy is
Mp = (14)(23)

and it belongs to the class Kjy.
(2). If P is the special pair avg, vob, then the zigzags

..., V1ua, avy, VgU12, ..., V1200, Uob, bU14, PN

and
..., U140, ’Uob, bUlg, ..., U120, AV, VoU14, - - -

pass through the edges of P. We denote by 1,2 the edges from Np(I'a345) corre-
sponding to avg, vob (respectively) which are in the faces containing vis. We write
3,4 for the edges related to avy, vob which are in the faces containing vy4, respectively.
The above zigzags gives the following unions of parts of zigzags in Np(I'a545)

3,102,400 and L0420, 1,3, .
Thus, the z-monodromy is
Mp = (12)(34)

and it belongs to the class K.
(3). If P is the special pair vsvy, v4vs, then the zigzag

-0y U34Vyg, VgUs, U5V23,..., U23V3, U3Vy4, V4U34,..., U34V3, U3V4, V4V23,..., V23V4, V4Us, UsU34,...

passes through the edges of P. We denote by 1,2 the edges from Np(I's345) which
correspond to w3y, v4vs (respectively) and belong to the faces containing ves. We
write 3,4 for the edges from Np(I'y345) associated to vsvy, v4v5 which belong to the
faces whose vertex is w3y, respectively. The corresponding union of parts of zigzags
n NP(F273,475) 18

c4,2,00.0,1,3,0.0.,3,1,...,2,4, ...
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and the z-monodromy
Mp = (12)

belongs to the class K.
(4). If P is the special pair avs, v3v4, then the zigzag

..., U234, AV3, U3V34, - - - , UV23V3, U3Vy4, U4U34, . . . , U343, U3Vy, U4V23, . . . , U34G, AV3, V3V23, . . .

passes through the edges of P. In Np(I'y345), we denote by 1,2 the edges corre-
sponding to avs, v3vy (respectively) which are in the faces containing ve3. We write
3,4 for the edges from Np(I'y345) corresponding to avs, vsv, which are in the faces
containing wvsy, respectively. The associated union of parts of zigzags in Np(I'y345)
is

13000204, 0.0.0,4,2,0.0.,3,1 ..

and the z-monodromy
Mp = (23)

is from the class Kj.
(5). If P is the special pair bug, vgv7, then the zigzags

... ,V1406, VU7, U7VU34 . . .

and
s 7vl4b7 b/067 VgUV34, . . -, U34Vg, VU7, U7V14, - . . 7U34b7 b/U6> VgU14, - - -

pass through the edges of P. We denote by 1,2 the edges from Np(I'y345) which
correspond to bug, vgv; (respectively) and belong to the faces containing vyy. We
write 3,4 for the edges from Np(I'y345) related to bvg, vgv; which belong to the faces
whose vertex is vz4, respectively. The corresponding unions of parts of zigzags in

Np(Ta345) are
52,4, and ..., 1,3,...,4,2,...,3,1,...
which implies that the z-monodromy
Mp = (234)

is from the class K.
(6). If P is the special pair bvy, v1vy, then the zigzags

c. ,'Ulgb, bvl, V1V23, . . .
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and
..., V1201, V1V2, UaV23, . . . , Uagb, buy, V1012, . . ., Vag¥1, U1 V2, Val12, . . .

pass through the edges of P. In Np(I'9345), we denote by 1,2 the edges correspond-
ing to bvy, v1vy (respectively) which are in the faces containing vis. We write 3,4 for
the edges from Np(I'y345) corresponding to bvy, v1v, which are in the faces contain-
ing v93, respectively. The above zigzags gives the following unions of parts of zigzags
in Np(I'2345)

L1300 and  ...2,40....3,1,...,4,2, ...
and this implies that the z-monodromy
Mp = (143)
belongs to the class Kis.

Example 22. Consider the z-homogeneous triangulation I's 434 (with the corre-
sponding z-orientation) with the following four paths

Pl = {a7UOJ b}7

P2 = {ba U17U27U37a}7
PS - {CL,’U47U5,b},
P4 = {b7 U67U77U87a’}'

As previous, we denote by v;; the vertex in the interior of a disc whose boundary is
P, U P; (for i,5 € {1,2,3,4} and i < j). The z-orientation of I'y 454 consists of the
following three zigzags:

V14, @, Vg, V12, b7 U1, V23, V2, U3, V12, A, Vo, V14, b7 Vg, V34, U7, Ug

and
V14, Vo, b, V12, V1, V2, Va3, U3, G, V12, Vg, b, V14, Vs, U7, V34, Vg, G

and
Va3, b7 V1, V12, VU2, U3, V23, A, U4, V34, Us, b7 Va3, V1, V2, V12, U3, G, V23, V4, Us,

V34, b, Vs, V14, U7, Us, V34, G, V4, V23, Us, b, Us4, Vs, V7, V14, Ug, @, V34, Vs, Us.

(1). If P is the special pair vgb, by, then the zigzags

cee ,Ulzb, bUl, V1V23, . . .
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and
..., V1409, Uob, bUlg, ..., V1200, U()b, bU14, e

and
N ,Uggb, bUl, V1V12, - ..

pass through the edges of P. We denote by 1,2 the edges from Np(I'y434) which
correspond to vpb, buy (respectively) and belong to the faces containing vi,. We write
3,4 for the edges from Np(I'y434) corresponding to vob, bv; which are in the faces
containing vy4 and wve3, respectively. The associated unions of parts of zigzags in

NP(F274,374) are
24, 3B, A2

and the z-monodromy
Mp = (24)
is from the class K.
(2). If P is the special pair buy, v1vy then the zigzags
. ,Ulgb, bUl, V1V23, - . .
and
-+ -5 V1201, U1U2, UgV23, . . .

and
- Ua3b, UL, V1U12, .- Ua3U1, V102, V212, - -

pass through the edges of P. In Np(I's434), we denote by 1,2 the edges correspond-
ing to buy, v1vy (respectively) which are in the faces containing vy,. We write 3,4 for
the edges related to bvy, v1vy which are in the faces containing vs3, respectively. The
corresponding unions of parts of zigzags in Np(I'y434) are

L3, 204, 34,2,
which implies that the z-monodromy
Mp = (1423)

belongs to the class K.
(3). If P is the special pair vjvq, vov3 then the zigzags

...,V23092,V2V3, U3V12, ...
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and
...,VU1201,V1V2,U3V23, . . .

and
-« ., V12V2, UV2V3, U3V23, . . . , U23V1, U1V2, U2V12, . . .

pass through the edges of P. We denote by 1,2 the edges from Np(I's 4 3.4) associated
to v1ve, vou3 (respectively) which belong to the faces containing v15. We write 3,4
for the edges from Np(I'y43.4) related to v1vy, v9v3 which are in the faces containing
g3, respectively. The related unions of parts of zigzags in Np(I'y434) are

A2 L3 204,31,

and the z-monodromy
Mp = (1243)

is from the class Kig.

6.4 Proof of Theorem 8

Let I' and I be triangulations and suppose that there are z-orientations such that I
and I are z-homogeneous. Let P and P’ be special pairs in I and I'" (respectively).
As in the previous subsection, the faces in Np(I') and Np/(I") obtained from P and
P’ are denoted by Fp and Fpr, respectively.

Lemma 9. The number of zigzags from the z-orientation of T' passing through
the edges of P is equal to the number of cycles in the permutation sMp where
s = (13)(24).

Proof. Let e € w(Fp) = {1,2,3,4} and let [e, Mp(e)] be the part of a zigzag in
Np(I') such that e is its the first element, Mp(e) is its the last element and any other
element from w(Fp) is not contained in this path. Consider the cyclic sequence

le, Mp(e)], [sMp(e), MpsMp(e)],..., [(sMp)™ ' (e), Mp(sMp)" " H(e)],  (3)

where m is the smallest positive number such that (sMp)™(e) = e. Since the edges
¢/, se’ € w(Fp) correspond to the same edge of I', by identifying the last edge of
every part of (3) with the first edge of the next part we get a zigzag in I'. Thus, for
every cycle in sMp there is a zigzag which pass through the edges of P. Note that
other cycle of sMp defines a different zigzag. On the other hand, by the definition
of z-monodromy, each zigzag of I' passing through the edges of P induces a cycle
in sMp. Therefore, there is a one-to-one correspondence between zigzags passing
through the edges of P and cycles in the permutation sMp. O]
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Lemma 10. If k is the number of zigzags from the z-orientation passing through the
edges of P, then the following assertions are fulfilled:

k =1 if the z-monodromy of P is from the class K; with i € {1,3,7,8};

k = 2 if the z-monodromy of P is from the class K; with i € {0,4,5,11,12};

k = 3 if the z-monodromy of P is from the class K; with i € {6,9,10};

k =4 if the z-monodromy of P is from the class K.

Proof. All permutations from the class K; contain the same number of cycles since
q is conjugate to p or p~! for any two different permutation p,q € K;. We apply
Lemma 9 to an element from every of the 13 classes (recall that each fixed point is
a l-cycle):

(Ko) slid) = s = (13)(24),
(K1) s(1234) = (1432),
(K) s(13)(24) = 2 = id,
(Ks) $(1432) = (1234),
(Ky) s(14)(23) = (12)(34),
(K) s(12)(34) = (14)(23),
(Ko) s(24) = (13),

(K7) s(34) = (1324),

(Ks) (23) = (1342),

(Ky) 5(1324) = (34),
(Ko) 5(1243) = (14),
(K1) s(234) = (132),
(K1) 5(243) = (134)
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We say that a special pair P is essential if each zigzag belonging to the z-orien-
tation passes through the edges of P.

Example 23. We give examples of essential pairs:

(1) Any special pair in the bipyramid BP, is essential (see Example 20) and the
z-monodromies of such pairs are from the class K; for i € {0,1,2,3}.

(2) The following special pairs in the triangulation I's 545 (see Example 21) are
essential: wvgb, bvy (the class Kjy), avg,vob (the class Kj), bug, vgvr (the class
Ki1), buy, vive (the class Ki3).

(3) The following special pairs in the triangulation I's 434 (see Example 22) are
essential: vob, buy (the class Kg), buy, v1v9 (the class Ky), v1vq, vovs (the class
Kip).

Lemma 11. Let g : OFp — OFp be a special homeomorphism. The number of
zigzags (up to reversing) in I'#,I" passing through the edges of

9(w(Fp)) = w(Fp)
is equal to the number of cycles in g~ MpgMp.

Proof. The proof is similar to the proofs of Lemma 5 and Lemma 9. We consider
the following cyclic sequence

[67 Mp(e)], [gMP<€>7 MP’gMP<€)]7 [gilMP’gMPOa)? MP<971MP’9MP>(6)]7

[gMp(g~ " MpgMp)™ ' (e), MprgMp(g~" MpgMp)™*(e)],

where m is the smallest positive number such that (¢-'MpgMp)™(e) = e. By
identifying the last edge of any part with the first edge of the next part we get a
zigzag in I'#,I". Thus, there is a one-to-one correspondence between zigzags passing
through edges g(w(Fp)) = w(Fp/) and cycles in the permutation g~ ' MpgMp. [

We prove Theorem 8. Suppose that I' is not z-knotted, i.e. the z-orientation of
I' consists of more than one zigzag. Then I' contains a face F' such that there are
at least two zigzags in the z-orientation which pass through the edges of F'. One of
these zigzags pass through the edge of type II from F. We denote this edge by e.
There are two possibilities:

e ¢ occurs in two distinct zigzags;
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e ¢ occurs twice in one zigzag Z.

It is obvious that in the first case there is a special pair P whose edges are contained
in more than one zigzag from the z-orientation. We show that the same is true in
the second case. A zigzag from the z-orientation and distinct from Z passes through
the edges of type I belonging to F. So, the next edge €’ in this zigzag belongs to a
face adjacent to F' and it is easy to see that ¢’ has a common vertex with e. Since
this zigzag is homogeneous, €’ is of type II. Thus, the edges e and ¢’ form a special
pair.

Since there are at least two zigzags from the z-orientation passing through the
edges of P, then Mp belongs to K; where i € {0,2,4,5,6,9,10,11, 12}. Recall that "
is a z-homogeneous triangulation containing a special pair P’. From this moment, we
suppose that [ is a triangulation of S and P’ is an essential pair. Using Lemma 11 we
establish that if g : 0Fp — OFp: is a special homeomorphism such that g~ Mp gMp
is a 4-cycle, then the number of zigzags in I'#,I" is less than the number of zigzags
in I'. Now, we show that there are suitable I"” and P’ in all nine possibilities of Mp.

As previous, let w(F) = {1,2,3,4}. Suppose that w(F’") = {1',2/,3/,4'}. In
the proof we will exploit the z-monodromies of essential pairs in triangulations of a
sphere from Example 23. Each gluing will be made using the special homeomorphism
g : OFp — OFp transferring every k € w(Fp) to k'.

If there is more than one permutation in the class K;, then for any two distinct
p,q € K; the permutation p can be obtained from ¢ by the renumerations of the
edges in the 4-gonal face Fp and the change of the z-orientation by the opposite.
Thus, it is sufficient to find suitable IV and P’ only for one permutation from such
K;.

(Ko). If Mp = id, then we define Mp: as the permutation from Kg or K7, see
Example 23 (3). The permutations from Ky and K;q are 4-cycles, so the composition

9 '\ MpgMp = g~ Mprg

also is a 4-cycle.

(Ky). If Mp = (13)(24), then we take Mp, = (1'2'3'4") € K, see Example 23 (1).
The composition

g "MpgMp = (1234)(13)(24) = (1432)

is a 4-cycle.

(K4). If Mp = (14)(23), then we take Mp = (2'4") € K, see Example 23 (3).
The composition

g MprgMp = (24)(14)(23) = (1234)

is a 4-cycle.
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(K5). If Mp = (12)(34), then we take Mp = (2'4") € Kg, see Example 23 (3).
The composition
g ' MpigMp = (24)(12)(34) = (1432)

is a 4-cycle.

(Kg). If Mp belongs to Kg, then we define Mp: as the permutation from K, or
K3 (see Example 23 (2)) and come to the cases (K,) and (Kj5).

(Ky). If Mp belongs to Ky, then we define Mp: as the permutation from Kj (see
Example 23 (1)) and come to the case (K)).

(K19). If Mp belongs to Kjg, then we define Mp: as the permutation from K
(see Example 23 (1)) and come to the case (Kj).

(K11). If Mp = (234), then we take Mp = (1'2'3'4") € K, see Example 23 (1).
The composition

g 'MpgMp = (1234)(234) = (1243)

is a 4-cycle.

(K12). If Mp = (143), then we take Mp = (2'4") € K, see Example 23 (3). The
composition

g ' MprgMp = (24)(143) = (1243)

is a 4-cycle.

Therefore, any z-homogeneous triangulation I' of the surface S can be modified
to other z-homogeneous triangulation of S containing less number of zigzags than I'.
Step by step, we come to a z-homogeneous and z-knotted triangulation of S. Since

each single gluing reduce the number of zigzags in a z-orientation by at least one, we
need at most |7| — 1 steps.

6.5 Appendix

Table 1 contains all calculations for elements of S; used in Subsection 6.2.
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Mp M;! sMp tMp? stMp? sMps tMp't | stMp'st
od id (13)(24) | (12)(34) | (14)(23) id id id
(34) (34) (1324) (12) (1423) (12) (34) (12)
(23) (23) (1342) (1243) (14) (14) (14) (23)
(234) (243) (132) (123) (142) (124) (134) (123)
(243) (234) (134) (124) (143) (142) (143) (132)
(24) (24) (13) (1234) (1432) (24) (13) (13)
(12) (12) (1423) (34) (1324) (34) (12) (34)
(12)(34) | (12)(34) | (14)(23) id (13)(24) | (12)(34) | (12)(34) | (12)(34)
(123) (132) (142) (143) (124) (134) (124) (234)
(1234) (1432) (1432) (13) (24) (1234) (1234) (1234)
(1243) (1342) (14) (14) (1243) (1342) (1243) (1342)
(124) (142) (143) (134) (243) (234) (123) (134)
(132) (123) (234) (243) (134) (143) (142) (243)
(1342) (1243) (23) (23) (1342) (1243) (1342) (1243)
(13) (13) (24) (1432) (1234) (13) (24) (24)
(134) (143) (243) (132) (234) (123) (234) (124)
(13)(24) | (13)(24) id (14)(23) | (12)(34) | (13)(24) | (13)(24) | (13)(24)
(1324) (1423) (34) (1324) (34) (1423) (1423) (1324)
(1432) (1234) (1234) (24) (13) (1432) (1432) (1432)
(142) (124) (123) (234) (132) (243) (132) (143)
(143) (134) (124) (142) (123) (132) (243) (142)
(14) (14) (1243) (1342) (23) (23) (23) (14)
(1423) (1324) (12) (1423) (12) (1324) (1324) (1423)
(14)(23) | (14)(23) | (12)(34) | (13)(24) id (14)(23) | (14)(23) | (14)(23)
Table 1
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7 Triangulations with a z-monodromy of the same
type for all faces

In this section, we return to z-monodromies of faces. We want to examine the
existence of triangulations with the same type of z-monodromy for all faces.

For the z-monodromies (M3), (M4), (M5) and (M7) the situation is clear: the
required triangulations are bipyramids, see Subsection 3.4. More precisely, the z-
monodromy of every face in the bipyramid BPF, is of type

e (M3)if n=2k+1 and k is odd,
e (M4)if n =2k + 1 and k is even,
e (M7) if n =2k and k is odd,
e (M5) if n = 2k and k is even.

An example of a triangulation where all faces have the z-monodromy of type (M6)
was constructed in [31] in connection with studying z-oriented triangulations with
all faces of type I (Subsection 7.1).

For (M1) and (M2) this problem was investigated in [24] and the answer is nega-
tive: for these z-monodromies such triangulations does not exist. This follows from
the more general result which states that for ¢ = 1,2 faces with the z-monodromy
of type (Mi) form a forest (Subsections 7.2 — 7.4). However, there is a z-knotted
triangulation (the connected sum of bipyramids) where the z-monodromy of each
face is of type (M1) or (M2).

7.1 A triangulation where all faces have the z-monodromy of
type (M6)

Our construction will be based on the following technical facts.

Proposition 6. Let I be a triangulation and let F' be a face of T'. If Mg is (M6),
then F' 1s of type I for any z-orientation of I

Proof. Let ey, es, e3 be consecutive oriented edges of the face F. If the z-monodromy
of Fis (M6), i.e.
Mp = (—ey, e3,e2)(—e2, —€3, 1)

then there are precisely two zigzags (up to reversing) containing F’

c..,€1,€9,...,—€1,—e3,... and ...,eg, €3,...
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The non-oriented edge corresponding to the oriented edges e; and —e; is passed in
two different directions by the same zigzag. Thus, this edge is of type I for any
orientation of the zigzag and F is of type I for any z-orientation. ]

Lemma 12. Suppose that T is a z-orientation of a triangulation I'. Let F' be a face
in (I',7) such that there are precisely two zigzags from T which contain edges from
FE. Then the following assertions are fulfilled:

(1) There is a unique edge e belonging to F' which occurs in one of these zigzags
twice,

(2) The type of e does not depend on the choice of z-orientation,
(3) If e is of type I, then Mg is (M6). If e is of type II, then Mg is (MT).

Proof. (1). Each face occurs precisely thrice (as a pair of its adjacent edges) in
zigzags from 7. Since there are precisely two zigzags from 7 passing through F', one
of these zigzags passes through it once and the second twice.

(2). A zigzag can pass through the edge e twice either in two different directions
(type I) or in the same direction (type II). The reversing of zigzag does not change
the type of e, so the type of this edge is the same for any z-orientation of I'.

(3). The z-monodromy of F'is (M6) or (M7) by Remark 2. If the z-monodromy
is (M6), then Proposition 6 gives the claim. Consider the case when Mg is of type
(MT7). Let e, €9, e3 be consecutive edges of F' such that

Mp = (e1,e2)(—e1, —e2).
Thus, the face F' occurs twice in the zigzag
...,€69,€3,...,€3,€1,...

and the edge e3 is of type II for any z-orientation. ]

Using Lemma 12 we construct a class of toric triangulations, where the z-mono-
dromy is of type (M6) for all faces.

Example 24. Let n, m be odd numbers not less than 3. Denote by ['y a n x m grid
with the opposite sides identified. Then I'y is naturally embedded in a torus. Let
I'=T(Iy), see Fig. 21 for the case n =m = 3.
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€4 €5 (&

€3 €3
€9 €2
e1 €1
€4 €5 €6
Figure 21

Every zigzag of I' gives a band formed by n or m squares from the grid, see Fig. 22
for a band consisting of 5 squares.

Figure 22

Note that the edges common for two consecutive squares from the grid are passed
twice and they are of type I for any z-orientation (these edges are marked by the
bold line in Fig. 22). Thus, each edge of the subgraph Iy is of type I and all faces of
" are of type I (for any z-orientation). The remaining edges from the interior of the
band are passed by the zigzag once, so each edge incident to a vertex in the interior
of a square occurs once in two different zigzags. Therefore, any face of I' is passed
by precisely two zigzags up to reversing. By Lemma 12, z-monodromies of all faces
of I" are of type (M6).

7.2 The z-monodromies (M1) and (M2)

Let T" be a triangulation of a surface S. Recall that the dual graph I'* is a graph
whose vertices are faces of I' and whose edges are formed by pairs of distinct faces
intersecting in an edge.

Let G; be the subgraph of I'* such that the set of vertices of G; consists of all faces
of I" whose z-monodromies are of type (Mi) and two vertices of G; are adjacent if they
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are adjacent in I'*. Theorem 9 describe the subgraphs G; and G, i.e. the subgraphs
determined by all faces with z-monodromy of type (M1) and (M2), respectively. This
result does not require z-knottedness and it concerns to an arbitrary triangulation.

Theorem 9 (|24]). The graphs Gy and Go are forests.

A direct consequence of the theorem is that triangulations with z-monodromy of
type (Mi) for all faces do not exist for i = 1, 2.

Let I" and I be z-knotted triangulations containing faces F' and F’ (respectively)
such that their z-monodromies are not identity, i.e. the z-monodromies of F' and F’
are not of type (M1). By Theorem 5, there is a special homeomorphism g : 0F — OF’
such that the connected sum I'#/I" is z-knotted. It follows from Theorem 9 that
each triangulation contains a face whose z-monodromy is not of type (M1). Thus,
we get the following corollary.

Corollary 3. For any z-knotted triangulations I' and I there are faces F' and F’
in T and T (respectively) and a special homeomorphism g : OF — OF' such that the
connected sum U'#,1" is a z-knotted triangulation.

7.3 Proof: the graph G; is a forest

The face shadow of a zigzag Z = {ey,...,e,} is a cyclic sequence of faces Fi, ..., F,
where F; is the face containing the edges e; and e; ;.

Lemma 13. Let F be a face belonging to the face shadow Fi,...,F, of a certain
zigzag. Then there are at most three distinct indices i such that F;, = F. If our
triangulation is locally z-knotted for F', then there are precisely three such 1.

Proof. For every edge e € Q(F') we denote by Z(e) the zigzag containing the sequence
e, Dr(e). Observe that Z(e') = Z(e)™! if ¢ = —Dp(e). Also, it can be happened
that Z(e) = Z(€') for some distinct e, €’ € Q(F). This means that Z(F') contains at
most three pairs of zigzags Z, Z~. Therefore, if F, ..., F, is the shadow of a zigzag
from Z(F') and F; = F for four distinct indices i, then this zigzag is self-reversed
which is impossible. In the case when the triangulation is locally z-knotted in F',
for any two e, € Q(F) we have Z(e) = Z(¢') or Z(e) = Z(€/)~" which implies the
second statement. [

Lemma 14. Let F' and F' be adjacent faces whose z-monodromies both are of type
(M1). Then there is a unique (up to reversing) zigzag whose face shadow contains F
and F'. This face shadow is a cyclic sequence of type
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(see Fig. 23). The reversed sequence
L FF .. F,.. . FF, ... F, . ..
15 the face shadow of the reversed zigzag.

FF’

FF’
Figure 23
Proof. Let x,y, z and t,y, z be the vertices of F' and F” (respectively) and let
/

/
€1 =Yz, €y =2zT, e3 =1TY, €y =zt, €3 =1y,

see Fig. 24. The intersection of Q(F) and Q(F”) is {e1, —e1 }.

x
es €2
) z
€3 €
t
Figure 24

The z-monodromies Mg and Mg both are of type (M1), so I' is locally z-knotted

for F' and F’. Since the faces F, F’ are adjacent, we have
Z(F)=Z(F\={z,Z27"}.

Suppose that Z is the zigzag containing the sequence es, ey, €.

Let e be the first edge from Q(F) UQ(F"’) occurring in Z after this sequence. If e
is an element from €(F'), then it coincides with Mpg(e;) = e;. This is impossible since
we can come to e; by a zigzag only through an element of Q(F') or Q(F”) different
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from e;. Thus, e is an element from Q(F’) and e = My (e}) = €. The next edge of
Z is Dpi(ey) = €5 and Z is a cyclic sequence

/ / /
...,€3,61,69, X, €y, €5,. ..,

where X is a sequence of edges which does not contain elements from Q(F) U Q(F").
Similarly, we establish that e} is the first edge from Q(F) U Q(F”) occurring in Z
after the sequence €}, e5. The next two edges of Z are D (e}) = e; and Dp(e1) = es.
Therefore, Z is a cyclic sequence

/ / / /
"'7637617627X7627637Y7637617627'"7
—_—— —~—~ —_——

F.F' F F'.F

where Y is a sequence of edges which does not contains elements of Q(F) U Q(F").
Since the next two edges from Q(F)UQ(F”) contained in the zigzag Z are Mp(es) = €9
and Dp(eg) = es, the second part of Lemma 13 gives the claim. O

Now, we can show that G is a forest. Suppose that n > 4 and Fi, F>, ..., F, = I}
is a simple cycle in Gy. Since for each ¢ = 1,...,n — 1 the triangulation is locally
z-knotted for F; and faces F;, F;y; are adjacent, we have Z(F;) = Z(F;;1). Thus,

Z(F)=---=Z(F,..)=1{2Z,7"}.
By Lemma 14, the faces F} and F, occur in the face shadow of Z or Z~! as follows
...,FQ,Fl,...,Fl,...7F1,F27...,F2,...;

without loss of generality we assume that this is the face shadow of Z. The faces F;
and Fj are adjacent and there are four possibilities for F3 to occur in Z, see Fig. 25.

FyFy
Fy F
FyFy

Figure 25
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By Lemma 14, one of the following possibilities is realized for Fj:
o By By By B R By Fy Fy L Fy

or
B F, .. F,..  F,Fo ... Fy, ... F3F,...

(see Fig. 26 (a) and Fig. 26 (b), respectively).

F3F2F1 FyFy
3
F3 Fy
F2 Fl F3 Fl
Fy
F2F1 F3F2F1

(a) (b)

Figure 26

The faces F3 and F, are adjacent and (by Lemma 14) there are three occurrences
of Fy in the face shadow of Z after the three occurrences of F;. Recursively, we
establish that the same holds for each F; where 3 < i <n, i.e.

If F; = F,, = Fj, then the above contradicts the fact that the face shadow of Z
contains precisely three occurrences of Fj. Therefore, G; does not contain cycles.

7.4 Proof: the graph G, is a forest

Lemma 15. Let F' and F' be adjacent faces whose z-monodromies are of type (M2).
Then there is a unique (up to reversing) zigzag whose face shadow contains F and
F'. This face shadow is a cyclic sequence of type

G FF L F . F F . F
(see Fig. 27). The reversed sequence

3 g ey

F

P

15 the face shadow of the reversed zigzag.
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FF’

F’ F

FF’
Figure 27

Proof. Suppose that F' and F’ are as in the proof of Lemma 14 (see Fig. 24). Since
My = Dr and Mg = D, the triangulation is locally z-knotted for F' and F’. As
in the proof of Lemma 14, we establish that

Z(F)=2(F)={Zz.27"}

and assume that Z contains the sequence e, ey, €.
Let e be the first edge from Q(F) U Q(F’) occurring in Z after this sequence. If
e is an element from Q(F”), then

e = Mp/(e}) = Dp(e) = €

and the next edge in the zigzag is Dp(e}) = e;. Hence Mp(e;) = e;. This is
impossible, since
MF(€1> = DF<€1) = €9.

Thus, e belongs to Q(F') and we have e = Mp(e1) = e5. The next edge in the zigzag
Z is Dp(es) = e3 and Z is a cyclic sequence

/
"'7637617627X7€27€37"'7

where X is a sequence of edges which does not contain elements of Q(F") U Q(F”).
Let €’ be the first edge from Q(F)UQ(F") occurring in Z after the sequence eq, 3.
If ¢ € Q(F), then
¢’ = Mp(e3) = Dr(es) = e;.

This is impossible, since we can come to e; by a zigzag only through an element of
Q(F) or Q(F") different from e;. Thus, ¢’ € Q(F’) and

6/ = Mpl(elz) = DF’(€,2) = 6%.
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The next two edges in Z are Dpr(e}) = e; and Dp(ey) = es. Therefore, Z is a cyclic
sequence
coye3,e1, 6y X e, e3,Y €5 €1, €9, ...,
—— —~ N
FF F FIF
where Y is a sequence of edges which does not contains elements of Q(F) U Q(F").

Since the next two edges from Q(F)UQ(F”) contained in the zigzag Z are Mp/(e1) = €}
and Dp(€}) = e}, the second part of Lemma 13 gives the claim. O

Now, we establish that G, is a forest (in this case we use more complicated
arguments then for Gy). Suppose that n > 4 and Fy, Fs, ..., F, = F} is a simple
cycle in Ga. As in the previous subsection, the triangulation is locally z-knotted for
each F; and

Z<F1) == Z(Fn—l) - {sz_l}'

By Lemma 15, the faces F} and F, occur in the face shadow of Z or Z~! as follows
...,Fl,FQ,...,Fl,...,FQ,Fl,...,FQ,...;

without loss of generality we suppose that this is the face shadow of Z.
(1). Let ..., Fy, Fy, ..., F, be consecutive faces in the face shadow of Z. The
faces Fy, F3 are adjacent and, by Lemma 15, the face shadow of Z is

R FF,.. B, .. FF, ... FFy ... F ...,

see Fig. 28 (a). For n > 4 we apply Lemma 15 to the adjacent faces F;_1, F;, where
4 < i <n-—1. Recursively, we establish that F,_; occurs in the face shadow of Z as

follows
LB BBy F L F . B,

see Fig. 28 (b).

F1F2F3 Fn—l F
Fn—l

BF, F
(a) (0)

Figure 28
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On the other hand, F;,_; is adjacent to F;,, = F} and Lemma 15 guarantees that the
face shadow of Z is as follows

"7F17---7Fn717F1>--'7Fn717---aFlaanla-"'

?

we get a contradiction.

(2). Suppose that Fy, F, ..., F, are not consecutive faces in the face shadow of
Z. Let k be the greatest number such that Fi,..., Fj are consecutive faces in the
face shadow of Z. Since the sequence F}, F5 is contained in the face shadow, we have
k> 2. If k =2, then (by Lemma 15) the face shadow of Z is a cyclic sequence

o FLFoy..  F\,... B FyFy,... Fa... . Fy F, ...,

see Fig. 29. Then F}, Fy, F3 are consecutive faces in the face shadow of the reversed
zigzag Z ', which is impossible. Thus, k& > 3.

F\Fy
F3
F2 Fl
F3
F1F2F3
Figure 29

We apply Lemma 15 to the faces Fj_1, Fy and to the faces Fj, Fj,1. The face Fjq
does not occur in the face shadow of Z immediately after Fj,..., Fj, so the face
shadow of Z is as follows

"'7F17 FQa"'a Fk’—la Fka"'a Fla"'7F27F17"'7 Fk-i—laFk7Fk—l?"'?Fk+17"'7Fk7Fk+1a"'7
see Fig. 30.

[ Fy

Figure 30
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Finally, for each ¢ such that k < i < n the face F; occurs in the face shadow of Z in
the following way

...,Fl,FQ,...,Fl,...,Fz,Fl,...,E,...,E,...,E,...;

if F; = F,, = Fi, then it means that F} occurs in the face shadow of Z more than
three times. This is impossible.

We come to a contradiction in both these cases. Therefore, G, does not contain
cycles.

7.5 Two examples

In this subsection, we present two examples of graphs G; and G, in connected sums
of bipyramids. The first example is simple. The second is interesting for the following
reason: there is a z-knotted triangulation where the z-monodromy of each face is of
type (M1) or (M2).

Before we give these examples, let us observe the following fact. Let I' be locally
z-knotted for a face F'. Then the z-monodromy M is one of the types (M1)-(M4).
If Mp is of type (M3) or (M4), then each zigzag from Z(F') passes through one of
edges twice in the same direction and it passes twice through the remaining two
edges in different directions, see Fig. 31 (a). Thus, the face F' is of type 1.

(a) (b)

Figure 31

If Mg is of type (M1) or (M2), then each zigzag from Z(F) passes through each edge
of F' twice in the same direction, i.e. this zigzag passes twice through three elements
from Q(F) forming a cycle in D, see Fig. 31 (b). Thus, the face F' is of type II.

As in the previous sections, let the consecutive vertices of the base of BP, be
denoted by 1,...,n and the two remaining vertices by a and b. Similarly, let BP,
be the n-gonal bipyramid whose consecutive vertices of the base are 1’,...,n’ and
let a’, b’ be the remaining two vertices.

1)



Example 25. Consider the z-knotted bipyramids PB; and PBj. Their zigzags are
the cyclic sequences of edges

12,2, 3,31, 1a, a2, 23,3b, b1, 12, 2a, a3, 31, 1b, b2, 23, 3a, al
A B Pt

and

1/2/’ 2,b/, b/3/7 3/1/’ ]_/a}/7 a/2/’ 2/3/7 3/b/7 blll, 1/2/’ 2/a/’ a/3/’ 3/1/’ ]‘/b/7 b/2/’ 2/3/’ 3/0/7 alll,

A’ B’ E'r’

respectively. Denote by D and D’ the faces of BP; and B P; whose vertices are a, 1, 2
and o/, 1',2" (respectively). We glue these bipyramids using a special homeomorphism
g : 0D — 0D’ such that

gla) =d', g(1) =1, g(2) =2

and we obtain the connected sum BPs;#,BP} (see Fig. 32 and Example 12).

A

Figure 32

Y

The connected sum is z-knotted and it has the unique zigzag (up to reversing)
Z={AC' B A C" B},

where C~1 and C'~! are the sequences reversed to C' and C” (respectively) and for
any two consecutive parts X,Y in Z the last edge from X is identified with the first
edge from Y. Let F' and F’ be the faces of BPs#,BP; which contain b,1,2 and
b', 1,2, respectively. Example 12 shows that the z-monodromies of these faces are of
type (M2). Each of the remaining eight faces contains one of the edges 23, 31,23’ 3'1.
The zigzag Z passes through each of these edges twice in different directions Thus,
the faces containing one of these edges are of type I and their z-monodromies are of
type (M3) or (M4). The subgraph G, in BP;#,BP; is a linear graph P,. The same
is true for the connected sum of (2k+1)-gonal and (2k’ + 1)-gonal bipyramids, where
k and k" are odd (see the details in Example 12).
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Example 26. Consider 6-gonal bipyramids BFPs and BPF}, Each of them contains
precisely two zigzags (up to reversing). The cyclic sequences

12,2b, b3, 34, 4a, ab, 56, 6b, b1, 12, 2a, a3, 34, 4b, b5, 56, 6a, al
A B

and
a2,23,3b,b4,45, 5a,a6,61, 1b, b2, 23, 3a, a4, 45, 5b, b6, 61, 1a
bed

are zigzags in BF;. Similarly, the cyclic sequences

1/2/’ 2/b/, b/3/, 3/4/’ 4/a/’ a/5/’ 5/6/, 6/b/, blll, 1/2/’ 2’@’, a/3/’ 3/4/’ 4/b/’ b/5/7 5/6/, 6’&’, alll

A’ B’

and

a/2/ 2/3/ 3/b/ b/4l 4/5/ 5/@/ CL/6/ 6/1/ 1lb/ b/2/ 2/3/ 3/a/ a/4/ 4/5/ 5/bl b/6/ 6/1/ 1/a/

C/

are zigzags in BP}. Denote by D and D’ the faces of BF; and BP} which contain
the vertices a,1,2 and d’,1’,2', respectively. Let g : 0D — 0D’ be the special
homeomorphism such that

gla) =2, g(1) =d’, g(2) =1,

see Example 13. The connected sum BFPs#,BF; is z-knotted and the unique zigzag
(up to reversing) is
Z={AC' C ' A B,BY;

as in Example 25, for any two consecutive parts X,Y in Z the last edge from X is
identified with the first edge from Y. We need the following observations about the
edges of BPF;:

e Each of the edges 12, 34,56 occurs twice in the sequence A, B and each of the
edges 23,45, 61 occurs twice in the sequence C.

e An edge e which contains a or b occurs in the sequence A, B if and only if —e
occurs in C.

The same statements are true for the edges of BFP;. Thus, Z passes through every
edge of BFs#,BPF twice in the same direction. Then each face of the connected

7



sum BPs#,BPF/ is of type II and its z-monodromy is of type (M1) or (M2). It is
easy to check that the z-monodromies of the faces

423, a34, abl, a1, ba5, b56, 15'6', 126", b'3'4’, b/ 4’5’
and the faces
ad5. a56, 134, 14'5' 661, b12, b23, b34, ab'3', ab'2, b'26', b'5'6’
are of types (M1) and (M2), respectively. Therefore, the graph Gy is a linear forest

consisting of five P, and the graph Gs is a linear forest consisting of two P, and two
Py.
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