Singular limits and rough behavior in evolutionary
equations arising in physics and biology

JAKUB SKRZECZKOWSKI

Supervisor: Prof. dr. hab. Piotr Gwiazda

INSTITUTE OF MATHEMATICS
POLISH ACADEMY OF SCIENCES







I hereby declare that this thesis is my own work.

Jakub Skrzeczkowski

L: Podpisany elekironicznie przez
o [-k Lrvg Jakub Skrz¢ i; Uniwersytet

27.02.2023
18:27:06 +01'00

(date and signature)

The disertation is ready to be reviewed.

prof. dr hab. Piotr Gwiazda

. Elektronicznie

P I Ot r podpisany przez
Piotr Gwiazda

GWl a Zd g Data: 2023.02.27

21:33:04 +01'00'

(date and signature)

il



v



Acknowledgements

First of all, I would like to thank my supervisor Piotr Gwiazda who introduced me to
mathematical research. Beyond being an exceptional scientist, always-available and
supporting supervisor, he became my friend. He taught me that doing mathematics
is a social activity: to succeed in mathematics, one has to collaborate with other
researchers, share ideas and attend mathematical events. At this point, I would like
also to thank Agnieszka Swierczewska-Gwiazda. Together with Piotr, they created
in Warsaw a vibrant scientific environment for carrying out research on PDEs at the
international level. Without Piotr and Agnieszka it is highly possible that I would
pursue a PhD abroad.

The results presented in the first part of my thesis were obtained in collaboration
with the group of Benoit Perthame in Laboratoire Jacques-Louis Lions in Paris.
I thank him for everything: accepting me as a visiting PhD student, a warm wel-
come in his group, providing me with topics for research and numerous discussions.
It was not always easy to follow his ideas but overall, it was always intellectually
rewarding. [ also thank Charles Elbar with whom I collaborated directly in Paris.
Due to his devotion and strong mathematical skills but also a sense of humour,
openness and understanding (when I did not manage to do something on time) my
stay in Paris was much enjoyable and also very productive, resulting in several joint

publications. I could not wish for a better partner to work together.

The second part of the thesis concerning non-standard growth PDEs was carried out
in collaboration with Miroslav Buli¢ek from Charles University in Prague. On sev-
eral occasions during our work together, I felt that there was a problem we couldn’t
deal with, but Miroslav always had an idea of how to overcome the issue. I am deeply
grateful to him: for allowing me to join the team and participate in the project, for

welcoming me warmly every time I visited Prague and for having time for numerous



mathematical discussions.

I would like to thank all the other co-authors of all my papers listed here in al-
phabetical order: Azmy S. Ackleh (Louisiana), José A. Carrillo (Oxford), Christian
Diill (Heidelberg), Charles Elbar (Paris), Alex Kaltenbach (Freiburg), Marco Ma-
son (Milan), Anna Marciniak-Czochra (Heidelberg), Blazej Miasojedow (Warsaw),
Andrea Poiatti (Milan), Nicolas Saintier (Buenos Aires), Zuzanna Szymarnska (War-
saw), Lara Trussardi (Konstanz), Jakub Woznicki (Warsaw). Through numerous
discussions, they shaped my understanding of mathematics and broadened my field

of expertise.

My research was funded by several institutions. I thank the National Science Center
and National Agency of Academic Exchange for funding my two projects: Trans-
port equation in the modern theory of partial differential equations and Singular
limits in parabolic equations. 1 also acknowledge the programme Research Univer-

sity - Excellence Initiative at the University of Warsaw for funding my stays in Paris.

Finally, I wish to thank my family and my closest friends for being with me and

supporting me along this long way.

vi



Abstract

The thesis discusses two topics in the theory of evolutionary equations: analysis of
singular limits in PDEs and analysis of PDEs with non-standard growth where the

growth changes irregularly over time. All are motivated by applications.

In the first part, we study singular limits of several PDEs from mathematical biology
and physics. We begin with the fast reaction limit for a reaction-diffusion-ODE sys-
tem with a nonmonotone fast reaction as motivated by applications in neuroscience.
Conversely to what was observed so far for this type of problem, in the limit, we ob-

serve fast oscillations which we analyse precisely with the theory of Young measures.

Next, we study the hydrodynamic limit of the Vlasov-type equation with the ap-
propriately chosen force so that in the limit we obtain the Cahn-Hilliard equation, a
fourth-order PDE used in materials science and tumor growth. This is the first result
aiming at the rigorous derivation of this macroscopic equation from the microscopic

one, motivated by formal computations of Takata and Noguchi (J. Stat. Phys., 2018).

Subsequently, we prove the convergence of the nonlocal Cahn-Hilliard equation to
the local one. This problem has been extensively studied in recent years. Our work
is the first one to consider degenerate mobilities as motivated by applications to
tumor growth and cell adhesion. It can be viewed as a completion of the Giacomin-
Lebowitz derivation of the Cahn-Hilliard equation from particle processes on the
lattice (J. Stat. Phys., 1997): they derived the nonlocal equation and left it open

to prove its convergence to the local equation. This is the gap we fill with our results.

Finally, we discuss the convergence of the Euler-Korteweg equation to the Cahn-
Hilliard equation in the so-called high-friction limit. This problem was studied re-

cently by Lattanzio and Tzavaras (Comm. PDEs, 2017) who proved, using the rela-
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tive entropy method, the convergence under the assumption that the limiting system
admits a smooth positive solution. However, there is no theory guaranteeing that.
Therefore, we propose to study the nonlocal Euler-Korteweg equation. Then, the lim-
iting system is the nonlocal Cahn-Hilliard equation which has the desired properties
and we can conclude by the relative entropy method. Furthermore, using the result
of nonlocal-to-local convergence for the Cahn-Hilliard equation, we obtain conver-

gence of the nonlocal Euler-Korteweg equation to the local Cahn-Hilliard equation.

The second part of the thesis is concerned with parabolic PDEs of non-standard
growth where the growth is changing discontinuously in time. The classical example
is the p(t, r)-Laplace equation with p strictly separated from 1 and +o0o0. We prove
existence and uniqueness of solutions for p discontinuous in ¢ and log-Holder con-
tinuous in x. This is the first result of this type as all the papers so far assumed
log-Holder continuity in both ¢ and x. The proof is based on a simple observation that

mollification in space of a solution to a parabolic equation is already regular in time.

Subsequently, we extend the existence result to the case of non-Newtonian fluids
with stress tensor which is discontinuous in time. This is well-motivated by behav-
ior of electrorheological fluid (a fluid composed of charged particles) moving in the

electric field which drastically changes in time.

Finally, we briefly report on our result on double phase functionals, that is function-
als switching their growth between p and ¢, depending on the point of the space.
This is a thoroughly studied topic since the groundbreaking work of Mingione and
Colombo (ARMA, 2014). Using methods we developed, we improve so-far known
range of exponents p, ¢ such that the minimizers can be approximated in a nice way
(so-called lack of Lavrentiev phenomenon). In the case p < d (d is the dimension),
we obtain the first sharp result concerning the range of exponents (A. K. Balci et al,
Calc. Var. PDE, 2020). This is important as it is usually the first step to prove the
smoothness of the minimizers. In applications, such minimizers describe the optimal

configuration of a composite material under an external force.
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Streszczenie

Praca dotyczy dwoch zagadnieri z ewolucyjnych réownan czastkowych: analizy sin-
gularnych granic oraz analizy rownan z niestandardowym wzrostem, gdzie wzrost

zmienia si¢ nieregularnie w czasie. Wszystkie sa umotywowane zastosowaniami.

W pierwszej czesci pracy badamy granice osobliwe kilku réwnan z biologii i fizyki
matematycznej. Zaczynamy od granicy szybkiej reakcyi dla uktadu réwnan reakceji-
dyfuzji z niemonotoniczna szybka reakcja, co jest umotywowane zastosowaniami w
neuronauce. Po raz pierwszy dla tego typu problemu, w granicy obserwujemy szy-

bkie oscylacje, ktore doktadnie analizujemy za pomocg teorii miar Younga.

Nastepnie badamy granice hydrodynamiczna rownania Vlasova z odpowiednio do-
brana sila tak, aby w granicy otrzyma¢ réwnanie Cahna-Hilliarda, tzn. réwnanie
czwartego rzedu stosowane w naukach o materialach i modelowaniu nowotworow.
Jest to pierwsze rygorystyczne wyprowadzenie tego réwnania z opisu mikroskopowego,

motywowane formalnymi obliczeniami Takaty i Noguchi (J. Stat. Phys., 2018).

Nastepnie dowodzimy zbieznosci nielokalnego réwnania Cahna-Hilliarda do réwna-
nia lokalnego. Problem ten byt szeroko badany w ostatnich latach. Nasza praca jest
pierwsza, ktora rozwaza przypadek zdegenerowanej mobilnosci, co jest motywowane
przez zastosowania do modelowania wzrostu nowotworéw. Nasze wyniki moga by¢é
postrzegane jako dokoriczenie programu Giacomina-Lebowitza wyprowadzenia réw-
nania Cahna-Hilliarda z uktadow czastek (J. Stat. Phys., 1997), ktorzy wyprowadzili

rOwnanie jedynie w formie nielokalnej.

Na koniec tej czesci omawiamy zbiezno$¢ rownania Eulera-Kortewega do réwnania
Cahna-Hilliarda w tzw. granicy wysokiego tarcia (ang. high-friction limit). Problem

ten byt badany przez Lattanzio i Tzavarasa (Comm. PDEs, 2017), ktorzy udowodnili

X



zbiezno$¢ metoda relatywnej entropii przy zalozeniu, ze uktad graniczny ma gtadkie
i dodatnie rozwiazanie. Nie ma jednak teorii, ktéra by to gwarantowata. Dlatego
proponujemy badanie nielokalnego rownania Eulera-Kortewega. Woéwczas, uktadem
granicznym jest nielokalne réwnanie Cahna-Hilliarda, ktéry ma wymagane wlas-
nosci. Ponadto, uzywajac wyniku z poprzedniego rozdzialu, pokazujemy zbieznosé

nielokalnego réwnania Eulera-Kortewega do lokalnego rownania Cahna-Hilliarda.

Druga cze$¢ rozprawy dotyczy roéwnan parabolicznych o niestandardowym wzros-
cie, gdzie wzrost zmienia si¢ nieregularnie, powiedzmy, nieciagle w czasie. Klasy-
cznym przyktadem jest rownanie p(t, z)-Laplace’a z p Scisle oddzielonym od 11 +oc0.
Dowodzimy istnienia i jednoznacznosci rozwiazan dla p nieciaglych po zmiennej cza-
sowej i log-Holderowsko ciaglych po zmiennej przestrzennej. Jest to pierwszy wynik
tego typu, gdyz wszystkie dotychczasowe prace zakladaly cigglosé wyktadnika p.
Dowod oparty jest na prostej obserwacji, ze wygtadzenie po zmiennej przestrzenne;j

rozwigzania rownania parabolicznego jest juz regularne po zmiennej czasowe;.

Nastepnie uzyskujemy wynik istnienia dla plynéw nienewtonowskich z tensorem
naprezen, ktory jest nieciagly po zmiennej czasowej. Jest to problem motywowany
zachowaniem plynu elektroreologicznego (ztozonego z natadowanych czastek) porusza-

jacego sie w polu elektrycznym, ktore drastycznie zmienia sie w czasie.

Ostatni rozdziatl dotyczy funkcjonatéw dwufazowych, czyli funkcjonalow, ktoérych
wzrost zmienia sie z p na ¢, w zaleznosci od punktu przestrzeni. Sa one doktadnie
badane od czasu przelomowej pracy Mingione i Colombo (ARMA, 2014). Uzywajac
nowych metod aproksymacji, poprawiamy dotychczas znane zakresy wyktadnikow
D, q, ze funkcje minimalizujace moga by¢ aproksymowane w dobry sposob (tzw. brak
zjawiska Lavrentieva). W przypadku p < d (d jest wymiarem przestrzeni), otrzymu-
jemy jako pierwsi optymalny zakres takich wykladnikow (A. K. Balci et al, Calc.
Var. PDE, 2020). Jest to wazne, bo jest to pierwszy krok przy dowodzeniu gtadkosci
tych funkcji. W zastosowaniach opisuja one konfiguracje kompozytow sktadajacych

sie z dwoch materiatow w reakcji na site zewnetrzna.
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Chapter 1

Introduction and notation

1.1 Overview of Part : Singular limits

The first part of the thesis is dedicated to the analysis of singular limits in several
evolutionary PDEs arising in physics and biology. In all of the discussed problems,
we consider a sequence of solutions, say {u.}, to a given PDE which depends on the
parameter € where ¢ — 0. Our goal is to obtain enough compactness of the sequence
{u.} so that, up to a subsequence, u. — u in some topology and we can write a

PDE for the limit w.

Studying such limits have several motivations. First, the singular limits provide a
connection between various PDEs of different natures. The classical example here
is the well-studied incompressible limit [51}|160}|178},229] which links two widely
studied models of tumor growth: cell density models (where the density of tumor
cells solves a porous medium equation) [60,229] and the free boundary models 59|
(where the domain is itself a part of the solution and is interpreted as a tumor).
Another example is a passage from the Boltzmann equation (describing the density
of the gas and taking into account interactions between particles like collisions) to
the Navier-Stokes equation (describing the flow of the fluids in terms of macroscopic
quantities) |158}/194]. The latter is strongly related to Hilbert’s sixth problem. Un-
derstanding connections between equations is important as it assures us that physics

(or mathematical biology) is simply correct.
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Second, the singular limits allow the reduction of the complexity of the system. As a
classical example, we can mention here the mean-field limit. One can view the gas as
a collection of a big number of particles N and model it as a system of ODEs. Nev-
ertheless, the gas is composed of a large number of such particles and in particular,
nobody is interested in the position or velocity of an individual particle. It turns out
that via appropriate limit N — oo, one can derive macroscopic equations which can
be for instance an aggregation equation or Vlasov equation [66,(173|176] which are
much simpler to study and analyze. Similar problems arise in mathematical biology,

for instance in the modelling of cell-cell adhesion [70].

Third, singular limits can be used to regularize systems. Here, a classical example
could be the regularization of hyperbolic conservation laws via the vanishing viscos-
ity method. More precisely, there is currently no theory of global-in-time solutions

for the system of hyperbolic conservation law in several space dimensions
u; + div F(u) = 0,
where w = (uy, ..., uq). However, the following equation
(ue) + div F(u.) = eAu,

is already well-posed as a system of advection-diffusion equations [34]. A similar

regularization is presented in Chapter |5| for the degenerate Cahn-Hilliard equation.

Chapter : Compactness methods

Most of the considered equations are nonlinear and thus, we need strong compact-
ness of the considered sequence {u.} to pass to the limit in the nonlinear terms. This
is the main challenge for us. Chapter [2] contains basic tools that will be used through-
out Part [} This includes the theory of Young measures, the theory of compensated
compactness, velocity averaging lemmas, several variants of the Riesz-Kolmogorov-
Fréchet theorem and its adaptation to the nonlocal problems developed by Bour-

gain, Brézis, Mironescu and Ponce. The chapter is not original at all and all of the



presented results are well-known. For the results that one can find easily in the liter-
ature, we provide precise citations and a sketch of the proofs. If this is not the case,
in particular, it concerns some variants of the Riesz-Kolmogorov-Fréchet theorem

presented in Section 2.5 we provide detailed proofs here.

Chapter : Fast reaction limit with nonmonotone reaction

This chapter follows the articles [230] and [249]. We consider a coupled system of a

reaction-diffusion equation and an ODE:

F(ut) — v
B — (uf) U7
€
€ _ F(us

Such systems can be viewed as a toy model to understand fast reversible reactions
that occur in neurons when the electric signal propagates. Here, u® and v° are con-
centrations of two chemicals undergoing a reaction between themselves. Concerning
nonlinearity F', we assume that it is not monotone (see Assumption as we
want to guarantee that constant steady states are nonstable (lack of stability is a
typical feature of neurons) which is possible only if F' is not monotone [221]. With
these assumptions, our target is to understand the asymptotic behaviour ¢ — 0,
hoping for a simplified system description. Let us remark that in this model only
one component is allowed to diffuse but this is a simplifying mathematical assump-
tion as otherwise, we are not able to prove anything, see Section for the related

open problem.

From the mathematical point of view, the problem of sending ¢ — 0 is called the
fast reaction limit. If F' is strictly increasing, it is fairly classical [40,/171] and one
obtains in the limit porous medium equation, see Example which also illus-
trates why lack of monotonicity creates difficulties. However, up to now, there has
been no result in the literature about the fast reaction limit for nonmonotone F. To
see why it is not easy, let us note that in the limit ¢ — 0, one expects v° ~ F(u®).
Since F' is not invertible, this does not give any information on u°. While we cannot

give any limiting PDE for this problem, we prove that {v°} is strongly compact in

3



L? which easily implies that u® accumulates on the set F'~!(v) where v is the limit
of {v°}. As long as the set F~!(v) has at least two elements, it does not allow for the
strong compactness of {u®}. This is illustrated in Figure and we make it more
precise in terms of the Young measures (see Section .

The method of the proof of strong compactness follows the ideas of Murat and Tartar
on compensated compactness [222,[257] adapted by Plotnikov to the regularization
of ill-posed porous media equation u; = AF(u) [232]. In our first paper [230], we
adjust Plotnikov’s method to our setting. In our second paper [249|, we extend its
applicability to the bigger class of nonlinearities F', allowing for some piecewise affine

nonlinearities which were excluded by the setting of Plotnikov.

Chapter : Kinetic derivation of degenerate Cahn-Hilliard

This chapter is based on [121] and it introduces the topic of degenerate Cahn-Hilliard
equation, a fourth-order PDE of the form

Oyu = div(uVp), (1.1.1)

p=—Au+ F'(u),
that will be continued in Chapters[s]and [6] Here, p is called a chemical potential and

F is called a potential. Equation (1.1.1)) is equipped with an appropriate boundary

condition if considered on a bounded domain.

The adjective degenerate refers to the presence of u under the divergence because
when v is approaching 0, the term div(uV ) vanish. More generally, one can consider

the general equation

O = div(m(u)Vp), (1.1.2)
n= —Au + F’(u),

where m(u) is called mobility. When m(u) > ¢ > 0 for some constant C' we say
that (1.1.2)) is a non-degenerate Cahn-Hilliard equation and otherwise, we call it a
degenerate Cahn-Hilliard equation. Variants of both of them are nowadays widely

studied, see [143}|155] and [87,99|/142] respectively, but let us point out two things.
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First, the non-degenerate equation is easier to study because, by multiplying
with u, one can easily obtain estimates on {Vu} and {Vu} which gives a lot of
information. Therefore, one can establish several properties for the non-degenerate
equation, including the well-posedness in the class of classical solutions, the so-called
separation property and long-time asymptotics [218]. Second, the degenerate equa-
tion, particularly with m(u) = u, seems to be more justified by physics. Indeed, one
can obtain it as a limit of interacting particle systems [151,|152|, as a high-friction
limit of the Euler-Korteweg equation (Chapter @ or from the appropriate Vlasov
equation as described in this chapter. This is the reason why we focus on the degen-

erate equation in Chapters [ [p] and [6]

Equation was introduced by Cahn and Hilliard [64./65] to model the dynamics
of phase separation in binary mixtures (see Section for a sketch of the derivation
in [65]). Currently, it is applied in numerous fields, including mathematical biol-
ogy [147,/148,|198|. For the mathematical theory of the Cahn-Hilliard equation we
refer to [218] and [124].

Our target is to derive (1.1.1)) from PDEs at the microscopic level. Such derivations
have been obtained for several equations of mathematical physics [119(159,234,241].
To this end, following the formal approach of Takata and Noguchi [256|, we consider
the Vlasov-type PDE

528tfa + 5§'vxfa + 5Jra . V§f5 - Qa(ta ZL‘)M(f) - fea

Q€<t7 37) = e f€<t7 T, 5) d£7

(1.1.3)

where f.(t,z,£) denotes the density of particles in time ¢, position z and veloc-
ity £. Furthermore, F. is a suitably chosen force and M is a Maxwellian (centered

Gaussian distribution). We prove that o. converges to a certain nonlocal version of
(1.1.1) which is the first rigorous result aiming at the derivation of (1.1.1) from a

microscopic equation.

To see, why ([1.1.3)) should converge to the Cahn-Hilliard equation, we observe that
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(RHS) of (1.1.3) suggests that in the limit € — 0, we have f(¢,x,&) = o(t, x) M(&).
By integrating ((1.1.3) with respect to &

Do(t.x) +div (t,a) =0,  J(t.e)= | Sf(tz)de.

Rd €

Similarly, integrating (1.1.3]) against £, we obtain the flux equation

20, J.(t, ) + V, - / ERES(t, 2, &) dE — Fop. = —J(t, x),
Rd

which allows identifying the limit of {.J.} and suggests the choice of the force F(p) ~
—V(Ap). Of course, there are many difficulties to overcome; for instance ([1.1.3)) with

such force is not well-posed.

Chapter : Degenerate Cahn-Hilliard: nonlocal to local

This chapter is based on [123| and [69]. We consider the nonlocal regularization of
the Cahn-Hilliard equation:
O = div(u.Vpe), in (0, 400) x T

(1.1.4)
e = Bolug] + F'(u.), in (0, 400) x T

where B.[u] is a nonlocal operator defined with

1
Bulul = 5 [ wlo)ule) — (e - ) dy
g Td
where {w, }. is a usual mollification kernel. When ¢ — 0, B.[u.] = —Awu in the sense
of distributions, so that the sequence of solutions to (|1.1.4]) converge to a solution
of degenerate Cahn-Hilliard equation. The target of this chapter is to prove this

rigorously which is the first such result for the degenerate Cahn-Hilliard equation.

Let us first point out a substantial difficulty related to the degeneracy of the equa-
tion. There are several results [90,091,/92,215| on the nonlocal-to-local convergence
for the non-degenerate system:

Oue = div(Vy), in (0, +00) x T?

(1.1.5)
pte = Befu] + F'(u.), in  (0,400) x T¢,
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where m(u) > ¢ > 0 for some constant C'. If F' € C?, this case is substantially simpler
because the energy estimates (i.e. multiplying by p.) easily imply that {u.}
is strongly compact in L2((0,7T) x T¢) and {B.[u.]} is bounded in L*((0,7T) x T%)
so that, up to a subsequence, it converges to —Aw in L?((0,7") x T%). It follows that
one can pass to the limit in . In our case, we focus on the degenerate problem,

where the estimate on {B.[u.]} is not available.

There are many motivations to study the problem of nonlocal-to-local convergence.
First, as already mentioned, there are several recent results for the non-degenerate
equation [90,91,92,215], but up to now, there was no such result for the degenerate
mobility case. Second, there exists a derivation of the Cahn-Hilliard equation from
interacting particle systems by Giacomin and Lebowitz [151}|152]. However, they
arrived in fact at and did not discuss whether it is possible to rigorously send
e — 0. Third, there are papers on modelling biological phenomena [32}/133| where

such a limit is stated without a rigorous argument.

The main tool we use is the energy and entropy for this system which gives us

uniform (in € > 0) bounds on

SUP//ws—gy)lug(t,x)—ug(t,x—y)dedygC,
1J1d JTd €

telo, T

4 Ws(y> 2
/ / / 5| Vue(t, x) — Vu(t,r — y)["dedy dt < C.
0o JrdJrd €&
Together with information on d;u., they give strong compactness of {u.} and {Vu.}
in L2((0,T) x T?) by the results of Bourgain-Brézis-Mironescu [41] and Ponce [233],
reviewed in Section [2.6] Then, our strategy is to formulate a weak formulation of
(1.1.1) only in terms of u and Vu (that is, not using any higher-order derivatives)

so that strong compactness of {u.} and {Vu.} is sufficient to pass to the limit.

After discussing the result for ([1.1.4)) following [123], we also discuss how to adapt the
result for the following aggregation-diffusion system used to model cell-cell adhesion

as in [69] (a process by which biological cells interact with each other and attach to
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neighbouring cells):

% (09 (sBulp] + aBll —vp— ), i (0,400) x T
-9 (@Bl + Bl — 6o — ). in (0, +o0) x T

In this case, the nonlocal model is motivated by the mean-field limit (derivation
via particles) [70| while the local model allows computing explicitly some stationary

states |133]. Thus, a rigorous convergence result is necessary to link these two models.

This is the first result of the nonlocal-to-local type for degenerate systems.

Chapter @: High friction limit for the Euler-Korteweg equation

This chapter is based on the paper [120]. Our target is to link two PDEs: the Euler-
Korteweg equation and the Cahn-Hilliard equation. The first one describes the flow
of a fluid which is a liquid-vapor mixture (it is composed of one substance having two
different phases). The second models the dynamics of phase separation in such mix-
tures. The idea is that if the fluid experiences sufficient damping, it slows down and

the process that is mostly observed is the phase separation between liquid and vapor.

More rigorously, we consider the nonlocal Euler-Korteweg system re-scaled in time

t— ﬁ and with high friction coefficient

M =

1
Op + B div(pu) = 0,

1 1 1 ,
Ou(pu) + Z div (pu @ u) = ——pu — —pV(F'(p) + Bylp]),

considered on (0, +00) x T%. This equation models the long-time asymptotics of the
motion of a compressible fluid with density p, velocity u which is in fact a liquid-
vapor mixture. The fluid experiences high friction (due to the term —fzpu) and
additional capillary effects in the transition zone between liquid and vapour (due to
the term —2pV (F'(p) + B,[p]) as proposed by Korteweg [182]). As &,  — 0 in some
scaling to be determined, we prove that densities converge to a solution of the local

degenerate Cahn-Hilliard equation.



Several recent papers considered the high-friction limit for systems arising in fluid
mechanics [80,/172,(186,/187]. As observed by Lattanzio and Tzavaras [187|, for the
Euler-Korteweg equation, the limit yields the degenerate Cahn-Hilliard equation.
However, their proof, based on the relative entropy method, assumes the global ex-
istence of classical solutions bounded away from the vacuum (that is, p > ¢ > 0 for
some constant ¢) which is not guaranteed by the current theory (one can construct
such solutions only on a very small interval of time). To overcome this problem, we
propose to consider the nonlocal Euler-Korteweg equation. Then, the high friction
limit yields the nonlocal Cahn-Hilliard equation which has much better properties.
In the end, using the result of Chapter [5] we obtain convergence to the local Cahn-

Hilliard equation.

Our proof is formulated for dissipative measure-valued solutions of the Euler-Korteweg
equation. The dissipativity means that solutions satisfy the energy inequality (which
means that the energy is non-increasing). Concerning the measure-valued solutions,
their formulation is quite abstract and it involves the theory of Young measures
reviewed in Sections and [2.2] Roughly speaking, one can think about them as
limits of smooth solutions to some approximating problems. Their great advantage
is that they are known to exist on arbitrary intervals of time. This is not the case
for weak solutions to most of the equations coming from fluid mechanics. Dissipa-
tive measure-valued solutions became important after they were found to satisfy the
weak-strong uniqueness property: they coincide with the strong solution whenever
the latter exists. Since the weak-strong uniqueness property was observed by Bre-
nier, De Lellis and Székelyhidi in [46], measure-valued solutions were studied for

several systems [68,101,/146,162,/165].

For the convergence proof, we use the relative entropy method. The method is
based on introducing a functional called relative entropy (or energy), which mea-
sures the dissipation between two solutions of the system. In fact, the same method
is used to prove the aforementioned weak-strong uniqueness when the relative en-

tropy measures the distance between weak (measure-valued) and strong solutions.
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More generally, the relative entropy method can be used to compare two solutions
where at least one has to be classical (because we can test the weak formulation
only with the classical solution). This strategy has been applied to numerous singu-
lar limits |71}72,/172,|187] and we also refer to the excellent review on weak-strong

uniqueness [261].

Let us remark that application of the relative entropy method enforces us to make an
additional assumption on the initial data. More precisely, we assume that as ¢ — 0,

the initial velocity uy (which depends on &) converges to 0 (for instance, in L?(T4),

cf. (6.2.1) and (6.2.2))) so that the kinetic energy at time 0 is very small. This guar-

antees that the relative entropy at time ¢t = 0, denoted by ©(0), converges to 0 so
that ©(t) — 0 for all ¢ > 0, cf. (6.8.5]), which implies the main result. In this case, we
say that the initial data are well-prepared. It is a fairly restrictive assumption but it
is often made for studying singular limits in fluid dynamics [88},/197|. Usually, much
less can be proved for #ll-prepared data. In this case, the usual strategy for studying
the high-friction limits is based on compactness arguments. As they require quite
strong estimates, they are mostly applicable in some particular cases like equations
in one spatial dimension [202] (so that one can use the div-curl lemma) or equations
with a viscosity [136]. In general, for well-prepared data much more can be proved

than in the case of ill-prepared initial conditions [13].

Let us also stress that the dissipativity of solutions is a crucial feature for weak-strong
uniqueness and application of the relative entropy method. This is illustrated for the
3D compressible Euler equations by the solutions obtained via the convex integration
method: for a smooth initial condition there are infinitely many solutions [96] but
they do not coincide with a local smooth solution which exists by [24]. The problem
is that they are not dissipative: the energy has an instantaneous jump at time
zero [252]. Nevertheless, one can construct dissipating solutions to the compressible
Euler equations via the convex integration method as in [97,98|, however only for the
initial condition that is not sufficiently smooth so that there is no classical solution

in this case.
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1.2 Overview of Part : Rough behavior

The second part of the thesis is devoted to the analysis of PDEs in the non-standard

growth setting. The main example we have in mind is
up = div(Vau|Vu[PE972) 4 f (1.2.1)

with 1 < p_ < p(t,z) < p; < oo. This is the p(¢,z)-Laplace equation and it
is a generalization of the heat equation (think about p(t,z) = 2). Several models
in materials science and fluids mechanics (electrorheological fluids) have this type
of structure [3},28}33,[240]. Furthermore, they attract a lot of mathematical inter-
est [78,79,[104].

Equations like ([1.2.1)) need an appropriate functional analytic setting. Assuming

that one has a solution to ((1.2.1f), we expect that

T
/ / |Vu|Pe®) dz dt < oo,
o Jo

suggesting that one needs a certain generalization of LP spaces which takes into
account different growth of the function in each point of the time-space domain.
Such spaces are called Orlicz and Musielak—Orlicz spaces and they can be thought

of as the space of functions such that

T
/ /M(t,x,u)dxdt<oo
o Jo

where M has to satisfy certain conditions (think about M(¢,z,u) = |u[?®®)). We

refer to |77 for an excellent review of the theory of these spaces.

Musielak—Orlicz spaces arise in important problems of calculus of variations, for

instance in the theory of regularity of minimizers to the double—phase functionals
0(w) = [ [Vap +a(o)[Vul"da. (1.22)
Q

where a is a continuous function vanishing on some part of 2. Such minimizers

are important in materials science where they describe the optimal configuration of
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hyperelastic materials under external force [81,236]. The topic is thoroughly studied
[20,25)126,61,/63] since the papers of Colombo and Mingione [82,83]. The utility of
the Musielak—Orlicz spaces comes from the fact that they provide suitable function
spaces to study this type of problems. We will also study double-phase problems in
Chapter [10]

Chapter : Non-standard growth spaces

This is an introductory chapter, briefly describing the theory of Orlicz and Musielak—
Orlicz spaces. It is mostly based on [77]. Rigorously, they are defined as the space
of functions £ on (0,7) x € such that there is A > 0 such that

/ M (t,x,M> dr dt < oo,
QT )\

where M is called an N-function satisfying certain conditions (see Definition [7.1.2)).
For example, one can consider M (t,z,&) = |£[P42) or M(¢,x,€) = |€|P + a(t, z)|€]Y,
the latter corresponds to the functional (|1.2.2)).

After outlining the general theory, we focus briefly on two particular cases. The first
is when the N-function satisfies the so-called A, condition: for some constant C' we

have

M(t,z,26) < CM(t,x,¢).

The condition substantially simplifies the theory and this will be useful in Chapter
The second special case corresponds to M (t,z, &) = [£[P®%) so that the resulting
space is the variable exponent space. We briefly discuss their properties which will

be used in Chapter [9]

Chapter : Parabolic equations with roughly changing growth

This chapter is based on |56]. We focus here on the abstract parabolic equation of

the form
u(t, ) = divA(t, z, Vu(t,z)) + f(t,z) in (0,T) x €.
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This abstract form includes many equations studied in the literature: p(¢, x)-Laplace

equation (|1.2.1)) [7,/16,[39,/62/191] and parabolic double-phase problems with
A(t,z,Vu) = Vu|VulP~? + a(t, v) Vu|Vu|??,

see [37,138,93]. It is also a prototype of the PDE modelling flow of the electrorheo-

logical fluid which will be discussed in the next chapter.

To explain our result, let us restrict our attention to the p(t,z)-Laplace equation

(1.2.1)). So far, all of the papers aiming at well-posedness of ((1.2.1)) assumed log-
Holder continuity of the exponent p(t, ) with respect to time and space [77,78,/79|:

C
p(t,z) —p(s,y)| < — . 1.2.3
p(t, ) — p(s,y) Tog(lz — gl Tt =) (1.2.3)
Our work relaxes this assumption by requiring ([1.2.3]) only in space:
C
pt,z) —pt,y)| < ——F7——. 1.24
p(t, z) — p(t,y)| Toallz — 47 (1.2.4)

In the particular case of the p(t)-Laplace equation, there is no continuity assumption
needed (but we still have to assume 1 < p_ < p(t) < py for some p_, p;). The result
is very surprising and unexpected as the space L?®(Qr) can change discontinuously

in time but we can still guarantee the complete well-posedness theory.

Condition (|1.2.3)) is necessary for mollifications to be well-defined in the Musielak—
Orlicz space LP®®)(Q1) so that smooth functions are dense in LP4%)(Q7), see
for a simple explanation. Our main idea is that to establish the well-posedness
of , one does not need to approximate every function in LP**) but only a
distributional solution to . Then, if one mollifies in the spatial variable

only, we have
(ue)e(t, x) = div(Vau|VulP® %) + f.(t,z) in (0,T) x (1.2.5)

for all ' compactly contained in Q. It follows that mollification in space has a
locally—Sobolev derivative in time and this is sufficient to conclude all the proofs.
This observation dates back to the work of DiPerna and Lions on the renormalized

solution to transport equation [112].
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Chapter @: Non-Newtonian fluids with discontinuous-in-time
stress tensor

This chapter is based on [54]. It presents applications of the abstract theory devel-
oped in Chapter |8 to the particular system arising in physics. We consider here the
PDE

Owu + div(u ®@ u) + Vp(t,z) = div S(t,z, Du) + f(t, x)
divu =0

(1.2.6)

describing the flow of incompressible, homogeneous, non-Newtonian fluid. Here, u is
the velocity, p is the pressure and S is the Cauchy stress tensor which depends on

the symmetric gradient. The typical situation we have in mind is
S(t,x, Du) = Du |Du|*“®~2

which corresponds, for example, to the electrorheological fluid [3,28,240]. This is the
fluid composed of charged particles moving in the electric field E where E solves
certain Maxwell equation. In this case, the exponent s(t, z) can be assumed to be a
smooth function of |E|? cf. [240, eq. (4.10)-(4.12)] so that s(¢,z) has to depend on

t and x.

Our target is to establish the existence of weak solutions with s(¢, x) satisfying log-
Holder continuity condition in the spatial variable only . This is motivated
by the aforementioned electrorheological fluids. Recall that in this case, s(t,z) is a
smooth function of |E|>. While E can be assumed to be regular (smooth) in space
because it solves Maxwell equation which is elliptic, there is no reason to assume

that it is continuous in time.

Our analysis is based on our methods developed in Chapter [§] The main difficulty
compared to the analysis of is that can be tested only with divergence-
free functions (because we want the pressure to vanish). However, our methods in
Chapter [§] are based on considering equations locally in space, cf. (1.2.5). This re-

quires testing equations with cutoff functions which are certainly not divergence-free.
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Therefore, we need to recover the weak formulation of (|1.2.6)) that can be tested with
arbitrary smooth functions. This is achieved by a careful adaptation of the method

of harmonic pressure cf. [107,/139,262| to the variable-exponent case.

In the end, we obtain the existence of weak solutions to (|1.2.6)) under the continuity
assumption ([1.2.4]) and the classical lower-bound

3d + 2
t >
s(ta) 2 "

which is required to handle the advection term div(u ® u).

Chapter : New results on the absence of Lavrentiev phe-
nomenon for double phase functionals

This chapter is based on [57]. While the presented result belongs in fact to the
field of calculus of variations, we wanted to include it in the thesis to present the
wider applicability of approximation methods developed in Chapter [§f We are con-
cerned with the regularity of minimizers to the double-phase functionals of the form
. In general, power-growth functionals are used to model the configuration
of the hyperelastic material under external stress [81,1236]. The exponent is related
to the hardening properties of the material. Therefore, minimizers of can
be thought of as optimal configurations of composites consisting of two materials
with different hardening properties. Understanding their regularity is important in

applications.

One of the interesting features of functional G is the so-called Lavrentiev phe-
nomenon. Let 1 < p < ¢, d be the dimension and let a € C*(Q2) (a-Holder con-
tinuous functions). Then, when ¢ — p > a max (1, %), we have for some function
aeC*Q)

inf G(u) < inf G(u),

uEuo—l—W(}’p(Q) u€u0+W01’q(Q)

where ug € W14(Q) represents the boundary datum, see [20]. This is called the
Lavrentiev phenomenon and it implies that the minimizers are not even in W14((2).

On the other hand, if ¢ — p < 2% (d is the dimension), the Lavrentiev phenomenon
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does not occur and minimizers of G belong to C7(€) |83]. The result can be im-
proved if one assumes that the minimizers are bounded to ¢ — p < « [82]. Let us
point out that the absence of Lavrentiev phenomenon is usually the first step to

prove regularity of minimizers of G, see |82, 83|.

Our result states that the Lavrientiev phenomenon does not occur when ¢ —p <

Q max (1, 5) without any a priori assumption on the boundedness of minimizers.
In the case p < d, in view of the counterexamples in 20|, this is the first optimal
result (it cannot be improved). Our methods are surprisingly elementary. We ob-
serve that the absence of the Lavrentiev phenomenon is equivalent to the density of
smooth functions in an appropriate Musielak—Orlicz space. In this space, bounded
functions are dense (see Lemma [10.2.2), therefore one can assume that the mini-

mizer is bounded which allows for a better range of exponents.

We remark that the analysis of the Lavrentiev phenomenon is in fact a long and deep
research program. In the most general form, given two linear (or affine) spaces X C Y
with X dense in Y and functional H : Y — R U {400}, Lavrentiev phenomenon
occurs if

inf H(u) > inf H(u).

ueX uey
Since its discovery by Lavrentiev in 1926 [188|, more examples were proposed by Ball
and Mizel 23], Mania [200]. Further examples were given in the context of variable
exponent first by Zhikov [269,271], which were generalized later to cover broader
classes of functionals [20}/127]. However, these examples are based on the fact that

X is not dense in Y where X = C2°(£2) and Y is a certain Musielak—Orlicz space.

The example of Mania is concerned with the minimization of

1
H(u) :/ (u(t)® — )2/ ()% dt
0
over the functions satisfying «(0) = 0 and u(1) = 1. It turns out that

inf H(u) < inf H(u)

Wii(0,1) Weo(0,1)
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where the infimum is taken over the functions satisfying u(0) = 0 and u(1) = 1.
This example is important as it shows that the Lavrentiev phenomenon is not just
an academic problem: from the numerical point of view it shows that to compute
the minimizer, one cannot use simply piecewise affine finite element approximations

(which are in W1°°) and more sophisticated methods are necessary |23, Section 2.4].

1.3 Notation

The arguments and domain. Usually, d denotes the dimension of the space. We
write R? for the d-dimensional space of vectors (z1, ..., 74) with z; € R and T? for
the d-dimensional torus. Given two sets A, B we write A C B for an inclusion of set
Ainto B and A € B for a compact inclusion (that is, there is a compact set C' such
that A C C C B and C # B. By Q C R? we mean a (usually) Lipschitz domain.
In the chapters concerning kinetic theory (Chapters and [4)) we use addition-
ally ¢ for the variable denoting velocity. For the evolutionary problems, we consider
functions of space (variable z) and time (variable ¢). In this case, 7" > 0 denotes
the length of time interest. The corresponding parabolic domain will be denoted by
Qr := (0,T) x Q and its specific subdomains as €, = (0, ¢) X 2. When the time-space

structure does not play any role, we use () for an arbitrary set.

Vector /matrix operations. For any vectors a, b € R? we write a-b for the standard

scalar product of a and b. The dot will be sometimes omitted when it is clear that

dxd

we mean the scalar product. Next, the space R Y

denotes the space of symmetric

d x d matrices and for any A, B € R%¢ we denote the scalar product by A : B. In

Sym
addition, the symbol ® is reserved for the tensorial product, i.e., for a,b € R? we
denote a ® b € Rg;nﬁl as (a®b);; :=a;b; for i,j =1,...,d. On the space of matrices
we always use the usual Frobenius norm: for A = (a;;);; we define
J 1/2
_ 2
Al = (Z %‘) .
ij=1
Exponents. For the exponent p € [1,00], we denote by p’ its Holder conjugate

defined by the equation % + ]% =1.
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Sequences. We denote sequences using usual notation with curly brackets, for ex-
ample, {x,},en. When there is only one parameter indexing the sequence and its
range is clear, we often skip the lower index and write {x,}. In particular, this

applies to:

e ¢, 0 and # which are always small parameters in the interval (0, 1); for example,

{ue} = {u€}5€(0,1)~

e letters j, k,[,n, m where, if not stated otherwise, range over natural numbers

N; for example, {fn} = {fn}nEN'

Special functions and operators. We list below several functions and operators

that will be used throughout the text:

e for a given set A, 1,4 is a characteristic function of set A,

e given f,g:R? — R with f, g € L'(R?) we define convolution of f and g by

frxg=1[ fWelr—y)dy= [ flz—y)g(y)dy;
R Rd
similar definition works in the case of T¢.

Differential operators. For a function of one variable f, we denote its derivatives
by f, f", f®), f4 and so on. Concerning the functions of several variables, we write
0; for the derivative with respect to the time variable and V for the gradient with
respect to the spatial variable. We also use the lower index to denote derivatives,
for instance u;, u,, etc. Symbol Du denotes the symmetric part of the gradient, i.e.
Du = (Vu+ (Vu)T) /2 where u is the vector-valued function (so that Vu is the
matrix-valued function). By divu, where u = (uq, ..., u4) is a vector field, we mean

divu = uy 4, + ... + Ug, 4, Finally, for a scalar-valued function u, Au = div Vu.

Measures. We assume that the Reader is familiar with a definition of signed mea-
sure on a Polish metric space (X,d) (that is, complete and separable) (see |138]).
Any signed measure u can be decomposed as j = ™ — = where both measures pt,

p~ are nonnegative. We say that p is finite if ™ (X), p=(X) < oco. In this case, we
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define the total variation of u as

el = p™(X) + = (X).

We write M(X) for the space of Radon measures on X (here, the word Radon
does not bring anything new as on Polish metric space X, any finite measure is
Radon, see [116, Appendix F.2]). Its subspace consisting of nonnegative measures is
denoted by M™(X) and its subspace consisting of probability measures (nonnegative
with mass 1) is denoted by P(X). Finally, consider two metric spaces (X1, d;) and
(Xo,dy). Let 1 be a measure on (X7,d;) and F : X; — X5 be a measurable map.
Then, we can define the push-forward of u along map F"

which is a measure on (Xs, da).

Spaces of continuous functions. We write C,(2) for the space of continuous func-
tions with compact support in © and C2°(2) for its subspace consisting of smooth
functions. By Cy(R?), we mean the space of continuous functions vanishing at in-
finity. The dual of Cy(R?) (equipped with the supremum norm) is the space M (R%)

with the total variation norm.

Lebesgue and Sobolev spaces. We use the standard notation for Sobolev and
Lebesgue function spaces and frequently do not distinguish between scalar-, vector-,
or matrix-valued functions. It will be always clear from the context what we have
in mind. The norm in these spaces is denoted by || - || and we specify the space in
the lower index of the norm symbol: for instance, || f||zz is the norm of f in LP(Q),
| fllpser2 is the norm of f in L>(0,T; L*(Q), etc. The domain will be always clear

from the context. Less standard function are listed below:

o L*®2)(Qp) is the variable exponent space defined in Chapter @,

o L§4,(Q) is defined as a closure of the set {u € C*(QR?), divu = 0} in
L*(Q).
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Functions with values in a Banach spaces. When (X, || - || x) is a Banach space
and X* is its dual, we write LP(Q; X) for the space of strongly measurable functions
f: Q@ — X such that fQ | f ()]’ dy < oo. Strong measurability means here that
there exists a sequence of simple measurable functions {f;} such that f, — f a.e.

on () and
/Q 1) — £5()I% dy = 0 as k. j — oo,

Sinilarly, we can define the spaces L2 (Q;X) of functions f : @ — X which are
weakly measurable (i.e. for all p € X* y — ¢(f(z)) is measurable) and L?.(Q; X*)
of functions f : Q — X’ which are weakly* measurable. With this notation, we have

the representation of the dual space
LM(Q; X)* = Lh.(Q; X7),

see [227, Chap. 6.7]. We will use it in the particular case (L'(Q;Cy(R9)))* =
L33 (Q; M(RY)).

Convergence. By — we will always mean strong convergence which is strong with
respect to the topology that is always clear from the context. Otherwise, we always
make it more precise by specifying whether this is convergence in measure, almost
everywhere or in the sense of distributions. The symbols — and = denote weak and
weak® convergence respectively. When we want to represent the weak (weak®) limit

of a given sequence, say {u,}, we write w-limu, (respectively w'-limu,,).
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Part 1

Singular limits

21






Chapter 2

Compactness results

We collect here several compactness results which will be used throughout the thesis.
We assume the Reader is familiar with notions of weak /strong convergence as well as
basic results on this topic, including theorems of Arzela-Ascoli, Reillich-Kondrachov,

Banach-Alaoglu, Lions-Aubin and Riesz-Kolmogorov.

2.1 Young measures

We introduce the framework of Young measures introduced by Young |267,268| and
recalled in the seminal paper of Ball [22|. The theory is helpful with passing to
the weak limits under nonlinearities. Roughly speaking, if z; — z weakly (say, in
L?), it is not true that f(z;) — f(z) even weakly. The most standard example is
zj = sin(2mjz) so that z; — 0in L*(0,1) but 27 — 1 in L?*(0,1). This poses a lot of
problems in nonlinear PDEs as one cannot use weak compactness so smoothly as in

the linear theory.

The theory of Young measures allows at least to represent weak limits in terms
of one fixed family of probability measures, independent of the nonlinearity. More

precisely, we have the following theorem ( [227, Theorem 6.2]):

Theorem 2.1.1 (Fundamental Theorem of Young Measures). Let @ C R" be a

measurable set and let z; : QQ — R™ be measurable functions such that

sup /Q o(l%(»))) dy < +oo

jeN
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for some continuous, nondecreasing function g : [0,400) — [0,400) such that
limy o g(t) = +00. Then, there exists a subsequence (not relabeled) and a weakly
star measurable family of probability measures v = {v,}yeq with the property that
whenever the sequence {1(y, z;(y))} is weakly compact in L*(Q) for a Carathéodory
function (measurable in the first argument and continuous in the second argument)

Y :Q xR™ — R, we have

Uy, z(y) = | Wy, A)dyy(A) in L'().

Rm

We say that the sequence {z;} generates the sequence of Young measures {vy}ycq.

The proof uses the duality (L*(Q; Co(R%)))* = L°(Q; M(R?)), Banach-Alaoglu the-

orem and representation:

Yﬂ(% Z](y)) = & Qﬂ(% )‘) dézj(y)-
To gain more intuition, let us study two examples:

1. Let z(z) = Lpa/9(x) — Lpy2ay(x) and let us extend this function periodically
from [0, 1] to R. We define z;(z) = z(jz) and we consider Q = (0,1). The

Young measure of this sequence is (see [236, Example 4.8|)
1 1
e = =0_1 + =01.
Vo = 501 + 501

This has the following interpretation. It means that the values of this sequence
concentrates in two points: 1 and -1. Moreover, it spends equal amount of time

in both of them.

2. Let z;(x) = sin(2mjx). The Young measure of this sequence is in fact absolutely
continuous with respect to the Lebesgue measure on [0,1]. It density reads
(see [236, Example 4.9]) —A—. This time the sequence does not concentrate

my/ 1—y2
in the finite amount on points. Nevertheless, it is easy to see that the sequence

spends more time around y = 0 than y = 1.

We now recall the result which allows to upgrade weak converence of a sequence to

the strong one.
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Lemma 2.1.2. Let {z;} be a sequence in LP(Q)) (1 < p < oo) such that {|z;|P} is
weakly convergent in L*(Q). Then, z; — z strongly in LP(Q) if and only if v, = 8,

for a.e. ye Q.

In a typical situation, one knows only weak compactness and has to use Young
measures to pass to the limit. But then, using some additional information, one can
prove that the Young measure is a Dirac mass. This immediately upgrades weak

compactness to the strong one.
We recall also a result which will be useful in Chapter [3]
Lemma 2.1.3. Under the notation of Theorem the following hold true.
(A) Suppose that {u;}, {w;} are two sequences bounded in LP(Q)). Assume that
Hr e Q:uj #w;}| =0 asj — oo.

Then, the Young measure generated by {u;} and {w;} is the same. In partic-

ular, this is true if |u; — wj||, = 0.

(B) If {u,} is a sequence bounded in L>(Q) and F : R — R is continuous, the
sequence { F(u,)} generates Young measure F¥ i, . (i.e. push-forward pi; ;o F !
given by puy 0 FH(A) = . (F~1(A)) where F~1(A) is the preimage of the set
A).

Proof. For (A) we refer to [227, Lemma 6.3]. For (B) it is sufficient to write
GUF() = [ GO dpeah) = [ GO) o FHO.
R R
and use the uniqueness of Young measure. O

Remark 2.1.4 (kinetic formulation). There exists an equivalent approach to an-
alyze weak limits by the so-called kinetic function. Following [228], we define the

kinetic function xy : R x R — R by

X(§§ U) = locecu — Luceco-
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Then, for all functions S : R — R such that S’ is locally bounded, we have

ﬂw:am+49@MaM%

By introducing an additional variable £, this identity allows to identify the weak limit
of the sequence {S(u;)}. Indeed, let {u;} where u; : Q@ — R be a weakly compact
sequence in L'(Q) and S” € L>(R). Then, the weak limit of {S(u;)} equals

ﬂm+49@ﬂ%®%

where f(y,§) is the weak™ limit of x (&, u:(y)) in L*>°(Q x R). Note that the function
f is independent of nonlinearity S. Furthermore, if {y,},co is the Young measure

of sequence {u;}, we have

Oef (y,§) = d0(§) — 1y(8),

in the sense of distributions, see [228, Section 2.6]. In this sense, the approach of
kinetic functions and Young measures is equivalent. Similar properties as for Young
measures, can be established for kinetic functions. For instance, when f is again of
the form of y, that is f(y,£) = x(&u(y)), the convergence is strong which is an
equivalent version of Lemma [2.1.2] The concept of kinetic formulation is extremely
useful to rewrite various PDEs (degenerate parabolic, hyperbolic conservation laws)

as kinetic equations [150,195,231/255] and use velocity averaging lemmas (see Section
for them. [

Finally, as in Chapter [3| we characterize the Young measure pointwisely, we recall
the definition of the support of a measure on R? |243| Definition 1.14]. For this, let

B(z,r) denote a ball of radius r > 0 centered at z € R?.

Definition 2.1.5. Let 1 be a nonnegative measure on R?. We say that © € supp i
if and only if u(B(x,r)) >0 for all r > 0.

Remark 2.1.6. When a given property (like an equation) is satisfied for almost
every = (with respect to p) one may worry that it is not true for the particularly
chosen value of x. This is not the problem if one takes x € supp p because in each
neighbourhood of x there is y € supp p such that the considered property has to be

satisfied as the measure of each neighbourhood is nonzero.
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2.2 Young measures with concentration effects

Note that in Theorem [2.1.1) we require that the sequence {¢(y, z;(y))} is weakly
compact in L'(Q). This prevents the concentration effect to appear (think about the
family of standard mollifiers). When we don’t have weak compactness, we use the
following proposition which follows from the Banach-Alaoglu theorem. We formulate
it with a distinguishment between time and space variables (that is, @ = (0,7 x €,
y = (t,x) with t € (0,7) and = € Q) as usually in applications one have better
integrability in time which results in better characterization of the resulting measure.
The following proposition is a consequence of Banach-Alaoglu theorem and Radon-

Nikodym theorem, see [46].

Proposition 2.2.1. Let f be a continuous function and a sequence { f(t,x, z;(t,x))}
be bounded in LP(0,T; L*(Q)) with p > 1. Let {vy .}t be the Young measure gen-
erated by {z;}. Then there exists a measure m? such that (up to a subsequence not

relabelled)
flt @, 2(t, @) = (e, f) = ! in LP(0, T; M(Q) if p > 1,

ft,z,2i(t, 7)) — Wia, f) > m?in M((0,T) x Q) if p=1,

Moreover, if p > 1, the measure m’ is absolutely continuous with respect to time:

for a.e. t € (0,T), there exists measure m/(t,-) on Q such that

/(O,T)mw,x) am? (.2) Z/OT/Qw(t,a:)mf(t,dx)dt.

Proof. The first part follows by the Banach-Alaoglu theorem. For the second part,
let 0/(A) = m/ (A x Q) be the projection measure. By the disintegration theorem
(cf. [131, Theorem 1.45|), for o/-a.e. t € (0,7T), there exists a probability measure
n’(t,-) on Q such that

x) dm/ (t,7) = ) x)n' x)do(t). 2.
/(O,T)xﬂl/}(t’ ) dm’(t, 2) /0 /ﬂw(t’ )n’ (t,dz) do(t) (2.2.1)

We consider ¢(t,z) = 14(t) where A C (0,7 (some care is necessary when €2 is not

bounded because then, it is not an admissible test function in the sense that it does
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not vanish at infinity). Then, the (RHS) of (2.2.1)) equals o(A). As m/ belongs to
LP(0,T; M(2)), we have

\ / ) dm? (1, 2)| < |Lall o 1727 L0700
OT

It follows that o is absolutely continuous with respect to the Lebesgue measure (we
use here that p > 1 as if p = 1 then |[L4|| 7o) = 1) so that by the Radon-Nikodym
theorem, o has density with respect to the Lebesgue measure: do(t) = o(t) dt. The
conclusion follows by defining m/ (t,dz) = o(t) n/(t, dz). O

Let us remark that by the fundamental theorem, we have m/ = 0 when the sequence

{f(z;)} is weakly compact in L*((0,T) x ). We use the notation:

F={fN),v1a) +m’ (2.2.2)

to represent weak limit of f(¢,x, z;(t,z)). We also need the following result which
allows to compare two concentration measures m/* and m/ for two different non-

linearities fi, fo.

Proposition 2.2.2. Let {I/tx}(m (0.T)xQ be a Young measure generated by a se-
quence {z;}. If two continuous functions fi and fo > 0 satisfy | fi(z)| < fa(z) for
every z, and if { f2(z;)} is uniformly bounded in L*((0,T) x ), then we have

m|(A) < mP(A),
for any Borel set A C (0,T) x .

Here, |u| is the total variation measure defined as |u|(A) = pt(A) — = (A) where

wuh, pu~ are positive and negative parts of p.

Proof of Proposition [2.2.2. We follow [134] Lemma 2.1]. We consider only the case
of scalar-valued f as the case of vector-valued f is similar. We prove the following

formula for the measure m/: for all test functions ¢ : (0,7) x © — R we have

/ o(t,x)dm! (t,2) = A}im lim Lz sm @t @) f(z(t, ) dt da.
(0,T)xQ 000 J(0,T)xQ
(2.2.3)
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The formula ([2.2.3) immediately implies the result. To prove ([2.2.3)), we write

| el Fa) deds = Jim olt,2) F(2(t, 7)) dt do =
(0,T)xQ 720 J(0,T)xQ
= lim Ly 1<ar 0(t, @) f(2(t, 7)) dt do
J700 J(0,T)x
+ lim L0 0(t, ) f(2(t, 2)) dt da.

J=0 J0,1)xQ
We can split the limit above because the limit of the both terms exists. Indeed, for
fixed M, the sequence {1|.,<p f(2;(t,x))}jen is weakly compact in L'(Q7) so that
applying Theorem [2.1.1},

Jlggo OT)xQ ]1|Zj|SM Qp(tv CL’) f(Zj(t,ZL’)) dtdr = <]1HSM s Vt,$>'
T

Applying dominated convergence theorem (it is allowed because function f is bounded),

lim hm ]l\Zj|<M 90(t7 I) f(zj(tv J])) dtdr = <fa Vt,x>-
M—00 j—00 (0,T)x Q2 -

By comparison with (2.2.2)), we conclude the proof of ({2.2.3]). O

Let us conclude with few comments about the measure m/ which captures concen-
tration effects. One can describe it more precisely. The first attempts to do so by
some generalizations of the Young measures were initiated by DiPerna and Majda
in the case of the incompressible Euler equations [114]. Then, Alibert and Bouch-
itt¢ extended the result to more general class of nonlinearities in [9]. They proved
that there exists a subsequence (not relabeled) as well as a parametrised proba-
bility measure v € L°(Q;P(R™)) (which is identical with the "classical" Young
measure), a non-negative measure m € M7*(Q), and a parametrized probability
measure v>*° € L°(Q, m; P(S"!)) such that for any Carathéodory function f such

that f(x,z)/(1+ |z|) is bounded and uniformly continuous with respect to z,

F.zm) = [ fly, Ndy(N) + F2y, B) e (B)m(y)

Rd Ssn—1

weakly™* in the sense of measures. Here,

f(y,tB) ‘

f*(y,6) = lim ==

Their result was also extended to the case when f has different growth with respect

to different variables, see for instance [165].

29



2.3 Compensated compactness

In general, if two sequences converge weakly, it is not true that their product con-
verges weakly to the product of their limits. However, sometimes there is some
additional information which allows to conclude so. The most classical result in this
direction is the celebrated div-curl lemma [129, Theorem 4, p.54]. Recall that if
w € L?(Q;RY) is a given vector field, we define curl w € W=52(Q; R¥?) as the

matrix with entries given by
(curlw);j = w;, —wy..

Theorem 2.3.1. Assume that {v}, {wy} are two sequences bounded in L*(Q;R?)
such that

o {divu.} lies in a compact subset of W=12(Q);

o {curlwy} lies in a compact subset of W—12(Q; R¥*?).
Suppose that vy — v and wy — w in L*(Q;R?). Then,
Vg - Wk —> V- W
i the sense of distribution.

In the thesis, we will use the following lemma formulated on the time-space domain

(0,T) x €. For the proof we refer to [220, Proposition 1].
Lemma 2.3.2. Let Q C R? be a bounded domain. Suppose that

e {a,} is uniformly bounded in L*(0,T; H'(Q)),
o {b,} is uniformly bounded in L*(0,T; L*(2)),

o {0;b,} is uniformly bounded in C(0,T7; H™(Q2))* for some m € N.
Then, if a, — a, b, — b and a, b, — c in the sense of distributions, we have c = a b.

Of course, if the product a, b, has better integrability, the resulting weak conver-

gence of the product will be in some better sense.
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To give some idea about the proof of Lemma let us assume that {0;b,} is
uniformly bounded in L*((0,7); H~'(2)). Defining operator R = A~! with Dirichlet
boundary conditions, we let ¢, = R(b,,). We claim that {V¢,} is strongly convergent
in L*((0,7) x Q). Indeed, compactness in space follows from the fact that R :
L*(Q) — H*(Q) and Reillich-Kondrachov theorem while for the compactness in

time we compute for a smooth and compactly supported test function ¢(¢, z):

/ Ven Opp(t,x) dedt = Ve, AR(Opp(t, z)) de dt = / b, div R(0,p(t, x)) dx dt.
Qr

Qp Qr

As R commutes with the time derivative, the (RHS) can be estimated by

anHLEH;I ”RSDHL§H3 < “bn”LgH;l IRl ”SOHLng-

By duality, {0;Ve,} is uniformly bounded in L?((0,T) x 2) so that by Lions-Aubin

lemma, {Vc,} is compact in L?((0,7T) x Q). Moreover, its limit equals to V¢ where

¢ = R(b) thanks to uniqueness of solutions to Poisson equation. Now, we write

/ an by, pdrdt = / an Ac, pdzdt = Va, Ve, pdx dt+/ a, Ve, Vodxdt.
Qr Qr Qr Qr

Under both integrals we deal with a product of a weakly and strongly converging

sequences. Therefore,

lim an b, pdrdt = Vachpd:vdt—i—/

n—oo QT QT QT

aVchpdxdt:/ abpdxdt.

Qp

The conclusion follows.

2.4 Velocity averaging lemmas

We now recall several lemmas on solutions to transport equations and kinetic equa-
tions called velocity averaging lemmas. To illustrate them, let f = f(¢,2,£) be a

distributional solution to the following transport equation
Of+E-Vof =8 (2.4.1)

where S = S(t,z, &) with ¢, x,  being time, space and velocity, respectively. Velocity
averaging lemmas assert that the velocity average [o. f(t,2,€) (&) dE is a more

regular function than f itself. The most basic result in this spirit reads:
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Theorem 2.4.1. Let f,S € L*((0,00) x R? x R%) and let f be the distributional
solution to ([2.4.1]). Then, for each compactly supported and bounded p : RY — R we

have

[ 12,800

1/2 1/2
= O W 2SI (2.4.2)
where C' can deppend only on |||l and the size of the support of .

Here, Hif denotes usual fractional Sobolev space. Together with the L? estimate

on f, inequality (2.4.2)) implies (local) compactness in L*((0,00) x R%).

This regularizing effect was observed for the first time in [156,/157]. Then, it has
been extended to cover more general situations and obtain better regularity of the
average (usually in the language of fractional Sobolev and Besov spaces) [102,/113],
174,175,260]. Finally, there is also a long history in applying velocity averaging
lemmas to study regularity of solutions to hyperbolic conservation laws [228| and
degenerate parabolic equations |255], in particular optimal regularity to the porous

media equation [150].

Proof of Theorem [2.4.1. We follow closely the presentation from the lecture notes
[244]. Let 7 be the Fourier transform of f in time and space (t,x) variables and let
(7, ) be the respective variables in the phase space. Applying the Fourier transform

to (2.4.1)) we obtain
itr+¢-Of=8.
Therefore, we estimate the integral by splitting the domain of integration (with

respect to &) for A:={:|7+¢- (| <a}and B:={¢: |7+ & (| > a}:

/fTCf dﬁ‘ /fTCé d&‘ /fTCé dé'

~ 1/2 R 1/2
<17z ([ tetoras) 180 ([ 2 ae)

We will prove that for some constant C' we have

Ca
24 < ——, 2.4.3
/Alw(i)\ £ < TR (2.4.3)
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C
Lrica 4\2 ar/TEICP 244

S
, | ”fog

we con-
Hfll

Then, integrating with respect to 7 and (, and then choosing «

clude the proof of Theorem [2.4.1}

It remains to prove ([2.4.3)—(2.4.4]). First, we introduce normalized variables p =
VT2 4 C1?2 o = 5 Go = %. Then, we decompose £ as follows

(e S T T o e S0
5‘<5 Gl T Tl |Co|)|§0|+<€ <o |C0|2)

This is, in fact, an orthogonal decomposition. Introducing y = £ - TGl “ + | | and

¢h=¢— £Co‘<|zwehave

2
|§]2='y—— + [P, §-Co+70=1y|C|

After rotation and translation, we can consider new variables (y, &%) instead of &.
Note also, that since ¢ is compactly supported, we can assume that |v] < R for

some R > 0.

Integral (2.4.3). It < > 1 we can estimate the integral brutally by HgoH <4 Hg0|| 2.
6]

Therefore, we only need to study the case 5 < Z‘ We note that the the contramt

|7+ & - (| < ais equivalent to |y| || < % so that |y| < 4|1<0‘. In this case we can

simply integrate

2d¢ < C dy <0 -2
/AW(@' = 1ol T

The only thing we need to prove is that (y, can be assumed to be bounded from

below. We claim that

2R’ 4

|Col > Ca —mln( ! ﬁ)

For if not, |1o| > 3 (by |70/* 4 |¢o|* = 1) and then we can estimate

To 3 1 1
y = g
[Gol 4l 416] 2]l
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so that |£| > R raising contradiction.

Integral (2.4.4). Thanks to the support of ¢ and the identity & - (o + 70 = v (o,

] } {|y| > ﬁ} while the integral can be

written as (after appropriate change of variables)

we can integrate on B’ = {)y —

lp(€)]
s pl = |co|2/ WY

The difficulty is to remove |(y| from the denominator. We consider two cases. First,

if Iz‘)} R > —i we can simply integrate
C 1 C R C R
I T FATAE —dy < ;
P2 1Gol? Jr 1yl PGP Jimln g2 P21l (‘To} R) (m +R>
0
1 2RC 1 2RC

i S el
~ap o[+ R[] T ap min(l, R)

where in the last step we used that |92+ |(o|> = 1. In the second case, that is when

Izgl R < —& we integrate in fact between = and IZOI + R:
1ol R
ICol
20 2 %dyg 20 2 ! %dy:(l_ o/ ) < <
p*1Gol* Jr [yl p* |Gl y |70l + R G| / ol

Colp

IN

<1_|To|—R|§0|> c < 2RC L
70| + R|Col ) apl|Cl — min(L,R) ap

]

Below, we cite another variant of velocity averaging lemma from [213, Lemma 4.2]

that will be used in Chapter [

Lemma 2.4.2. Assume that {h¢} is bounded in L*((0,T) x R¢xR%), {hs} and {h5}
are bounded in L*((0,T) x R? x R?). Moreover, suppose that

€0hF + & - Vohe = he + Ve - IE.

Then, for all 1 € C*(RY),

when y — 0 uniformly in €.

[ttt 9.6 = 0,2, 0) 0 de

— 0,
Ll

t,x
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Note that this version does not yield compactness in time because of the parameter
¢ in front of the time derivative. Nevertheless, in applications, compactness in time

can be usually deduced from compactness in space and equation on the macroscopic

quantity, see Lemma

Finally, we recall the following renormalization trick which allows to apply Lemma
when L? bound is not available. This is a usual situation in the kinetic theory
when only L' estimates are easily available. The following family of functions will

be important: (,(f) = nyf, v > 0.

Lemma 2.4.3 (Compactness of 5, (f,) implies compactness of f,). Let {f,(t,x,&)}
be a sequence such that {f,} and {f,log f.} are bounded in L*((0,T) x R? x R?).
Let (&) € C*(RY). Suppose that for all v > 0 and all € > 0, there exists §(v,¢)
such that if |y| < 6(v,e) then

<e.
Li,

| Blhatt+9.6) = Bul (e €) 016

Then, for all € > 0 there exists () > 0 such that if |y| < §(¢) then

<e.
Li.

[ttt 0.6 = fultn. ) wie) e

Proof. First, we observe that

V82

—s| = < min(v s?, s).
I+sv I+wvs

uls) =5l <
Therefore, for M and v to be chosen later

<
Li,

[t 5.9) = Aottt +.) 619 dg

< Hwnoou/ Ptx 4y, &) dededt
fn(t7x+y7§)§M

119l / otz 4 y,€) dé dadt
fn(tx4y,E)>M

»log fi
< [0 M| full + 16l ”floz—gjé”l
Similarly,
/(f (€)= B Falts 2. N V(O de|| < [lloe v M [ fu s+ p]loc 12108 nlls
]Rd"” viJn\® %, L%’z_ 00 nll1 0o logM .
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Let € > 0. First, we choose v and M such that

[fulog full _ €

M .
¥lloo M 1l e S5 < 2

Then, we take (v, e/3) such that

/WWMW +9.€)) = B (fult. 2, ) 0(€) dE|  <e/3

1
Lt,w

when |y| < 6(v,¢/3). The conclusion follows by the triangle inequality. O

Remark 2.4.4. Of course, in the statement of Lemma|2.4.3| it is sufficient to assume

that {¢(f,)} is bounded in L((0,T) x R? x R%) where ¢ : R — R is a nonnegative,

. . . . t
superlinear function, i.e. lim;_, # = 00.

2.5 Riesz-Kolmogorov-Fréchet theorems

We present here several classical results which are useful to get compactness us-
ing information on derivatives. As all of them will be used either on R? or T¢
(d-dimensional torus), we restrict ourselves only to these cases. Nevertheless, most

of the results can be easily extended to the case of bounded domain ).

The most classical is the following:
Theorem 2.5.1 (Riesz-Kolmogorov-Fréchet). Let 1 < p < oo.

e Case R% Suppose that {o.} is a sequence bounded in LP((0,T) x R?) such that

T
lim / lo-(t,x +y) — 0:(t,x)|Pdedt =0 wniformly in ¢, (2.5.1)
ly[—=0 Jo JRrd

T—h
lim lo:(t + h,z) — o-(t,x)[Pdedt =0  uniformly in e, (2.5.2)
[h|—0 Jg Rd
T
lim / lo-(t,x) — 0-(t — h,x)[Pdedt =0 wuniformly in €. (2.5.3)
[h|=0 Jp  JRrd

Moreover, suppose that {o.} satisfies the tightness condition on LP:

T
for all k > 0 there is compact K C R* with / / 0[P dedt < k. (2.5.4)
o Jri\k

Then, {0.} has a subsequence converging strongly in LP((0,T) x R?).
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e Case T¢. If R? is replaced with T¢ above, the same conclusion follows without

the tightness condition.

We will not prove Theorem but below, we will prove a variant of Theorem

2.5.1)and it will be clear that the same argument works to prove Theorem [2.5.1}

Lemma 2.5.2. Let 1 < p < oco. Let {p-} be a sequence of functions o. = o.(t, )
bounded in LP((0,T) x R?) and compact in the spatial variable as in (2.5.1)). More-
over, suppose that {O,0-} satisfies one of the following:

e (case p=1) d,0. = V*J. where {J.} is bounded in L*((0,T) x RY) and V* is

any differential operator of order k,

e (case 1 < p < o0) {0,0.} is bounded in LP(0,T; (WH*4(R))*) for some k € N

and g > p'.

Then, {o-} is compact in the time variable, i.e. it satisfies (2.5.2)) and (2.5.3)). The

same conclusion follows if R? is replaced with T?.

Remark 2.5.3. (A) It will be clear from the proof that R? can be replaced without
any difficulty with the torus T¢. As T¢ is a bounded domain, in the case 1 < p < oo,
one can simply require that {9;0.} is bounded in L?(0, T'; (W*?(T%))*) for any ¢ > 1
(this is because of the natural embedding W% (T?) C W*42(T9) for q; > ¢o).

(B) The distinguishment between cases p = 1 and p > 1 is necessary because
for p = 1 there is no good characterization of the dual space of L” (R%). In this
case, we need the representation of the time derivative to be given directly by some
equation. Of course, in most applications in PDEs that one can have in mind, the

representation will be given by the considered PDE. [

The proof of Lemma exploits a family of mollifiers {5}, i.e. s(z) = 37 ¢ (%)
with ¢ smooth, nonnegative, compactly supported and fRd ¢ = 1. A simple compu-
tation shows that for any differential operator V* of order k € N we have
C
IV 05| 11 may < 5k
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Proof of Lemma[2.5.3, Using the mollifiers with § depending on h to be specified

later on, we first notice that
T-h T—h
[ et no-otoraa<cow [ [ o) - o) s s dede
0 Rd 0 Rd
T—h
(p)/ oult 4+ hyz) = e+ ) x ()
0 R
T—h
wC) [ [ ot ) eps(o) - onlt )+ eslo)l e
0 R

For the first and second terms, the computations are the same, hence, we only present
it for the first term. Using the properties of the mollifiers and the compactness of

{0} in space, we want to prove that

T—h
/0 | o(t:2) = oet ) x ps(z)" dz dt < 6(9).

where 6(0) — 0 when § — 0 uniformly in €. We write

T—h
/ l0:(t, x) — 0-(1,-) * ps(x) [P dedt =
0 R4

1L

Then we use Fubini’s theorem and the fact that ¢ is compactly supported in some

p
dx dt.

/]R;d Qstx) Q(,Q?—dy))dy

compact set K to obtain

[

where 7, is the translation operator in x variable. Now we use the compactness in

/Rd )(0(t, ) — Q(,x—éy))dyp

da:dt§/KHﬂser—QsHip((o,T)de) dy.

space, so that

/ "7—53195 QEHLp (0,T)xR4) dy < |K| SuP HTJyQE Qa”ip((oj)x]gd) < 0(0).

Therefore the first and the second term are bounded by 6(6) where 6(5) — 0 when

0 — 0 uniformly in e. It remains to study the third term. The third term reads

T—h
/ et +hy ) x ps(@)—ee(t, ) * ps(x)|” du dt
0 R

1L
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We perform the change of variables v =

[

% and use Jensen’s inequality to obtain

p

t+h
/ Or0: * ps(s,x)ds| dedt =
t

1 fT—h
= hp/ / / |0;0- * @s(t + vh, z)[" dt do dv.
o Jo R

Then we use the change of variables 7 = vh + t and obtain

1 T—h
hp/ / / |0s0- * s(t + vh,z)[P dt de dv <
0 0 R4

T
< hp/o /]Rd |0s0- * s(T, )" dz dT = WP || D 0. * 905”2’@‘

It remains to estimate the L? norm of 00, * ¢s(T, ).

Case p = 1. We have 0,0, * 05(7,2) = J. x VFp; so that by Young’s convolutional
inequality

h
hl|Oeos * @sllny, < Wl IVEsllr < Ok

so that choosing h = 6**! we conclude the proof.

Case 1 < p < 0o. We fix t € (0,7T). By Riesz theorem in Sobolev spaces |5, Theorem
3.9], for fixed value of ¢ and for each multiindex « (with || < k), there exists unique
function v& € L2 such that action of the functional ;0. can be represented as
@0 (0) = Y [ wi@) Do) e > Il < C el oveay
lal<k o<k
Therefore, using definition of mollification of a distribution, we have

10r0- * @5y < Ckip) D |05+ Dslly < Clkyp) D loall?, [1D% sl

la|<k la|<k

where we used Young’s convolution inequality with r» = (here we use that

Pq+

¢ < p). For small 0, || D]/}, < and so,

S G
5p(k+d/r’)

hP
WP 110v0e * sy < Ok, ) 5z 10ellyp gy b

The conclusion follows by choosing h = §*+d/7)+1, O
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An immediate consequence of Theorem and Lemma is the following result:

Theorem 2.5.4. Suppose all assumptions of Lemma . In the case of R?, sup-
pose additionally that {o.} satisfies tightness condition (2.5.4). Then, {o.} has a
subsequence converging strongly in LP((0,T) x R?) (or in LP((0,T) x T?) in the case
of T?).

We conclude with a variant of Theorem that will be important for compactness

arguments for nonlocal equations presented in Section [2.6|

Theorem 2.5.5. Let {o;} be a countable sequence satisfying all assumptions of

Lemma[2.5.9 except (2.5.1) which is replaced by the following:

T
lim sup lim sup/ / lok * ps(t,x) — ox(t, x)|P dzdt = 0, (2.5.5)
0o Jrd

6—0 k—o0
where {ps} is a usual sequence of mollifiers (i.e. ps(x) = 57 ¢ (£) with ¢ smooth,

nonnegative, compactly supported and f]Rd w=1). Then,

o In the case of R, if {0} satisfies tightness condition (2.5.4), then {ox} has a

subsequence converging strongly in LP((0,T) x R9).
o In the case of T, the same conclusion follows without any additional assumption.
Proof. We define two mollifiers in the time variable:
e 5(t) is smooth, compactly supported on [—4, 0] and fis Ys(t)dt =1,
e 1)5(t) is smooth, compactly supported on [0, d] and f05 ns(t)dt = 1.

Then, the proof of Lemma [2.5.2] implies

T—h
lim sup lim sup/ / lok * Ws(t, ) — o (t, z)[P dzdt =0 (2.5.6)
0 Rd

h—0t k—00

h—0t k—o0

T
lim sup lim sup/ lok * ns(t,x) — o (t,x)|Pdedt =0 (2.5.7)

ho Jre
and this gives compactness in LP((0,T) x R%). To see the latter, we first prove

compactness in LP((0,7/2) x RY) using (2.5.6)). We estimate

|| ok * Vs * 5 — Qk||lzgz < lok * s * s — ox * SOSHszE + |lok * w5 — Qk”ifz

< lox * ¥s — QkHigI + llow * s — QkHifz'
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Therefore,

T/2
lim sup lim sup/ / lok * s * @s(t,x) — o (t, x)|P de dt = 0.
0 Rd

6—0 k—o00

which can be written as

Vs Fs=s(y) Fx=K(5) Yz k|| 0k * Vs * 05 — OkllLr(0,1/2)x0) <Y (2.5.8)

As LP((0,T/2) x R?) is complete, it is sufficient to prove that {gx} is totally bounded
(i.e. for given r > 0, it can be covered by finite number of balls of radius 7). First, by
the tightness condition, we find €2 such that ||ok||Le(0,17/2)xra\0) < 7/4. Second, we
choose v =r/4 in which fixes some § and K. For this value of §, the sequence
{0k * s * Qs }ren satisfies assumptions of Arzela-Ascoli theorem on (0,7/2) x € so
that it is compact in LP((0,7/2) x Q). It follows that there exists a finite number

of functions ¢y, ..., gn such that

Vk Ji[lox * Vs * 05 — Gill (0,772 x0) < /4. (2.5.9)

We claim that {ox }r>rx C UY, B(gi,r) where g; is extension of g; (which is defined
only on (0,7/2) x ) with 0. Indeed,

ok — Gill Lo 0,772y xre) < ok — gillze(0.772)x) + |0k || Lo ((0,7/2) xRN Q) <

,
< lox = gillLr(0,7/2)x0) + 7

Now, using (2.5.8)) and (2.5.9) we can estimate

ok = Gill Lr(0,7/2)x ) < |0k — 0k * s * 05| Lo ((0,1/2)x2) + |G — Ok * s * 05| Lo ((0,7/2) x2)

< TLT

4 4
and this proves that {g hi>x C UY,B(g;, 7). To cover the whole sequence, we just
add a finite number of balls: {0z} C UN, B(g;,7) UUX | B(p,r). This way, we obtain
compactness in LP((0,7/2) x ). To deduce compactness in LP((T/2,T) x Q) it is

sufficient to use ([2.5.7)) instead of (2.5.6]). O
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2.6 Bourgain-Brézis-Mironescu and Ponce compact-

ness result

We now present a variant of Rellich-Kondrachov theorem adapted to evolutionary
nonlocal equations. To motivate, recall that if a sequence { f.} is bounded in W' (T9)
then it has a subsequence converging strongly in LP(T9). Now, consider sequence of

radial functions {p.} such that p. >0, [, p- = 1 and

lim pe(x)dz =0 for all 6 > 0.

Then, the following was proven in [233, Theorem 1.2] and [41, Theorem 4]:

Proposition 2.6.1. Let d > 2, 1 < p < oo and let {f.} be a sequence bounded in
LP(T%). Suppose that

[ [ DL, oy aray < 0 26.)

|z —ylP
for some constant C. Then, {[.} is strongly compact in LP(T?) and the limit | €
Wte(Td) (or f € BV(T?) ifp=1).

Remark 2.6.2. (A) Let us comment the difference between [233, Theorem 1.2]
and |41, Theorem 4]. In |41, Theorem 4] the result is obtained under additional
assumption on radial monotonicity of p.. In [233, Theorem 1.2|, there is no additional
assumption on p..

(B) The assumption on the dimension d > 2 is necessary. In |41, Counterexample 2|,
Authors construct an example (quite pathological) of sequence {p.} in one dimension
for which Proposition[2.6.1]does not hold. Still, one can prove Proposition[2.6.1 under
additional assumptions on {p.}, see [233, Theorem 1.3]. O

Now, we formulate Proposition adapted to evolutionary problems.

Theorem 2.6.3. Let d > 2. Let {f.} be a sequence bounded in LP((0,T) x T%).

Suppose that there exists a sequence {p.} as above such that

/T/ |f-(t, ) —fe(t,y)|pp€(|x_y|)dxdydt <C (2.6.2)
0 JTdJTd

|z —ylP
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for some constant C. Then, {f.} is compact in the spatial variable in LP((0,T) x T%),
i.€.

T
lim limsup/ / |fex ps(t,x) — fo(t,z)|P dedt =0, (2.6.3)
0 Jrd

=0 =0

where {ps} C C°(RY) is a sequence of standard mollifiers such that ps(x) = 370(%)

with @ of mass 1 and compactly supported.

Remark 2.6.4. Let w : R — R be a smooth function, supported in the unit ball
such that [, w(z)dz = 1. Consider w. = 4w (%). Suppose that

/T/ 1@) = WP 0 b dwdgdt < &
o Jrd Jrd er

Then, (2.6.2)) is satisfied. Indeed, we consider

R L

e fpaw(y)lylrdy (264)

. c
so that (2.6.2) holds true with T WPy

Remark 2.6.5. The definition of compactness in the spatial variable used in Theo-

rem is motivated by condition (2.5.5) in Theorem [2.5.5]

Proof of Theorem[2.6.3. The result for sequences that do not depend on time has
been obtained in [41,233|. To demonstrate that it is sufficient to integrate in time
the reasoning mentioned above, we will show how to adapt the proof presented
in [41, Theorem 4] which makes an additional assumption that for every ¢, p. is a

nonincreasing function. For the general case, one has to adapt the proof presented

in [233, Theorem 1.2|. We define
T
Ee = [ [ [ et sy - feop dsdyar
0 Jyl=1JT¢

1 T
= W/ / \fe(t,z+y) — fo(t,2)|P de dy dt.
ST Jo Jlyl=s J1e

By virtue of the computation above, we can express the assumption [2.6.2] using

function F; as follows

/6 sd_lw ds < C. (2.6.5)
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Using the triangle inequality

|fe(t,x + 2sy) — fe(t, )| < |fo(t, 2+ 2sy) — fo(t, 2 + sy)| + | f-(t, 2 + sy) — fo(t, x)]

and change of variables we obtain

F.(2s) < Fs(s).

F.(25) < 2PF.(s), Dsy = (2.6.6)
We estimate by Jensen’s inequality

T C T
| [Jgses—ppava<s [ [ (@ - rpadea
0 Td 0 T J|z—y|<S

C T

— [ L] ieen - papandsa
% Jo JraJiiss (2.6.7)

O T é

:_d/ / / sdl/ |f-(z + h) — fo(2)|[Pdhdsdz dt
0 0 T Jo |h|=s
C é

== s1F.(s) ds.
0% Jo

Now, we use functional inequality (which requires monotonicity assumption on {p.}

and doubling condition (2.6.6)), cf. |41, Eq. (24)])

1) é d—1 FE(S) Ps(s)

F. ==l d

5 / g1 E) 4o o) Jo ST ds (2.6.8)
0 sP Jiajcs Pel@) dz

For each 0 > 0, there exists £(§) such that for all € < £(d) we have flw\<5 pe(z)de = 1.

In particular, for ¢ < £(d) we have by (2.6.8)) and (2.6.5))

§
5~ / SR (s) ds < O(d) 5.
0

In view of (2.6.7)), the proof is concluded.
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Chapter 3

Fast reaction limit with

nonmonotone reaction

The results in this chapter have been published in:

e B. Perthame, J. Skrzeczkowski. Fast reaction limit with nonmonotone reac-
tion function. Communications on Pure and Applied Mathematics, published

online, doi: 10.1002/cpa.22042, cited as |230]

o J. Skrzeczkowski. Fast reaction limit and forward-backward diffusion: a Radon-
Nikodym approach. Comptes Rendus Mathématique, tome 360, p. 189-203,
2022, cited as [249].

The first paper used the kinetic formulation (see Remark [2.1.4)) while the second
paper exploited the concept of Young measures (see Definition [2.1.1)). As this con-
cepts are equivalent for bounded sequences, we decided to formulate all the results

using exclusively Young measures.

Concerning the content of the articles, the second paper is a generalization of the

first one. More precisely, the first one contains the proof of Theorem while the

second one contains the proofs of Theorems|3.2.4}[3.2.5] |3.2.6|and [3.2.7]so it contains

the result of the first paper. This is why, our presentation below follows mostly the

second paper.
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3.1 Introduction and the main results

We begin with the results concerning the limiting behavior (as e — 0) for the

reaction-diffusion system

F(ug) — v
@us = <u3£ Y s
(3.1.1)
€ _ F(uf
8t’UEZA'UE—|-U €<U),

equipped with initial conditions ug, vy and usual Neumann boundary conditions.
Here, 2 C R? and F is a nonmonotone nonlinearity (this will be made rigorous in
Assumption but Reader may have a look at Figure . We point out that
under suitable assumption, admits unique, global-in-time, classical solutions
cf. Lemma m Equations of the form are widely studied in the literature,
for instance from the point of view of stability theory [85./86}208},209].

As e — 0, equation becomes an interesting toy model for studying oscillations
in reaction-diffusion systems as they are known to occur in their steady states [221]
when F'is not monotone. Furthermore, the limit ¢ — 0 is well-motivated biologically.
Indeed, it corresponds to the fast reactions in neuroscience where neurotransmitters
bind to the channels in order to allow for the flow of the electric signal through
the neuron. Moreover, the oscillations that we expect are also well-motivated as
they correspond to the lack of stability which is a typical feature of neural network.
Therefore, by understanding the limit ¢ — 0, we hope to find a generic structure
of oscillations observed in such systems. Finally, as for small values of ¢ it is hard
to solve (§3.1.1)) numerically, fast reaction limit can provide a limiting system which

can be easier to simulate.

Let us remark that for monotone F' the problem is fairly classical and has been
studied for a great variety of reaction-diffusion systems, also with more than two
components, see an excellent review article |171] and references therein. In the limit
e — 0, one obtains widely studied cross-diffusion systems where the gradient of

one quantity induces a flux of another one. Finally, for non-monotone F', the only
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available results were established recently by B. Perthame and the Author [230,249).

They will be presented in this chapter.

Example 3.1.1 (Limit ¢ — 0 with F” > 0). We briefly explain how to pass to the
limit in (3.1.1)) under assumption that F’ > 0. First, standard energy estimates (see
Lemma [3.3.2)) give us the following uniform bounds

{u}, {v°} in L>(Qr), {Vove} in L*(Qr),
{w} in L*(Qr), {0,(u® +v°)} in L*(0,T; H1()).

Now, up to a subsequence, w -lim v = u, w -lim v® = v. Applying Lemma we
have

w -lim [(u + v°) v¥] = w -lim (u€ 4 v°) W -lim v°,
In this identity, v® can be replaced with F'(u®) because v° — F(u®) — 0 strongly in
L*(Qr). Therefore,

w -lim [(uf 4+ F(uf)) F(uf)] = w'-lim (uf + F(uf)) w -lim F (uf). (3.1.2)

Let {1} be the Young measure generated by sequence {u}, cf. Theorem [2.1.1] In
terms of {yu,}, (3.1.2)) can be written as

/R A+ FO) FOV) dpea(A) = /R (O + F(N) dpaga (V) / FOV dpea()).

R

This can be rewritten as

/R A+ F\) —7—F(1) (F(\) — F(7)) dpte o (N) dpae o (1) = 0.

The integrand is always positive except the case A = 7. It follows that s , is a Dirac
mass which implies strong convergence of u — u (say, in L?(Qr)), cf. Lemma[2.1.2]
As v° — F(uf) — 0, we obtain v* — v = F(u) in L*(Qr). The limiting PDE reads

Or(u+ F(u)) = AF(u).

Introducing an auxillary function I(u) = w + F(u) which is invertible we have
O = AF o I7'(u), that is a porous medium equation. Similar argument were

originally formulated for hyperbolic conservation laws, see [110}253,254]. I
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Example [B.1.1] shows that things get complicated when F' is not monotone. Multi-
plying by ¢ and testing against a smooth test function, we observe that in
the limit we shall expect "v = F(u)". As F' is not monotone, its inverse has at least
two branches and u can jump between these branches. This is indeed the case, see
Figure 3.1} In fact, we will not have sufficient compactness to pass to the limit in the

n

term F'(u®) and so, the equality "v = F(u)" will only hold in the Young measures

sense.

Under additional structural assumptions on F', we will show that the following sur-
prising phenomenon holds: as ¢ — 0, F(u®) — v and v — v converge strongly
without any known a priori estimates allowing to conclude so (we do not have com-

pactness in time variable for v¥). As a consequence, u° converges weakly to
u(t,x) = A (t, ) S1(v(t, x)) + Aa(t, x) Sa(v(t, z)) + As(t, z) Ss(v(t,z))  (3.1.3)

where 327 \i(t, ) = 1 and {S;}i=1 2.3 are the branches of F~!, see Figure[3.2l More
precisely, if {j .}t is the Young measure generated by {u°} (see Theorem [2.1.1]),

we have

P = Ai(t, ) 08, (u(t,2)) + A2(L: T) Oy (uita)) + A3(t, T) sy (u(t,2)

which represents oscillations between phases S1(v(t,x)), S2(v(t,x)) and S3(v(t, x)),
see Figure [3.1]

The proof exploits a family of energies which brings information on Young measures
in the spirit of Murat and Tartar’s work on conservation laws and compensated
compactness [222,257]. Using the family of energies, we will prove that the Young
measure generated by {v°} is a Dirac mass which implies strong convergence v° — v.

Then, as F'(uf) =~ v°, we deduce representation formula ({3.1.3]).

Let us explain a little bit how energy identities can be useful in proving strong com-

pactness. Our method is in fact a generalization of Example [3.1.1} Energy identities
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Figure 3.1: Evolution of u® (continuous line) and v° (dash-dotted line) solving
in one space dimension with fixed and small value of ¢ > 0. Two time shots are
presented to show dependence between oscillations of u* and v®. When u® oscillates,
v also exhibits oscillatory behaviour. However, when the weights in the equation
stabilize and only one of them is not vanishing, oscillations of v* disappear.
The simulation was performed with ¢ = 5-107°, F(u) = u® — Au? + (A? — B?)u,
ug(r) = 20(x — B)* + A, vo(z) = F(uo(x)) where A = 1.5, B =0.5.

(Lemma [3.3.1)) and compensated compactness (Lemma [2.3.2)) give us

w -lim (U(uf) + ®(v°)) o(v°) = w -lim (¥ (uf) + ®(v°)) W:;l%m o (v°)

e—0 e—0

for functions ®, ¥ defined in (3.3.1) for arbitrary ¢ and ¢. As v* — F(u®) — 0 in

L*(Qr), this can be written in terms of Young measure { .} of the sequence {u}:

/R+(‘P(A> + O(F(N) e(F (X)) dpea(A) =

= [ 00+ SEW) dia) [ PO dpea (V)

R+

(3.1.4)

Now, one could use the property of the push-forward measure F#

| A FO) ) = [ o) dP )
to get an integral identity for the measure F#; , which turns out to be the Young
measure of the sequence {v°} (cf. Lemma [2.1.3). The difficulty is that in the inte-
gral identity (3.1.4), there is term W()) which cannot be written as ¥(F~!(F())))
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because F' is not invertible. Therefore, as in , we split the measure p , for
three intervals so that F' is invertible on each of them. Then, one can localize iden-
tity to get a pointwise identity for F#yu; ,()\) valid for F#p, -a.e. X (here,
t and z are fixed) presented in Theorem m Because of the splitting, analysis of
the pointwise identity is difficult and requires some structural assumptions on F': in
Theorems |3.2.5 we present three different conditions that imply that F#y, ,
has to be a Dirac mass for a.e. (t,x) which implies strong convergence by Lemma

2.1.2

Finally, let us remark that one can study a similar problem with two reaction-

diffusion equations but it is very difficult, see Section [3.6]

3.2 Rigorous formulation of the main results

We start with rigorous formulation of the assumptions. The initial conditions ug, vg

and the nonlinearity F' satisfy the following.

Assumption 3.2.1 (Initial data for (3.1.1))). Functions ug(x), ve(x) satisfy
1. (nonnegativity) ug, vo > 0.
2. (regularity) ug, vo € C?+%(Q) for some a € (0,1).
3. (boundary condition) wug, vy satisfy the Neumann boundary condition.

Assumption 3.2.2 (Reaction function F'). We assume that the function F'(u) sat-

isfies:
1. (nonnegativity) F(0) =0 and F > 0.

2. (piecewise monotonicity) There are a— < ay < f_ < 4 such that F(8_) =
F(a-), F(ay) = F(B4), F is strictly increasing on (—oo, ) U (S—, 00) and
strictly decreasing on (o, B_) (see Fig. [3.2)). Moreover, lim,_, F(u) = co.

3. (regularity) F' is Lipschitz continuous. Moreover, it is continuously differen-

tiable on each of the intervals (—oo, ay ), (ay, 5-) and (8_, 00).
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Figure 3.2: Plot of a typical function F'. It is strictly increasing in the intervals
I == (—oo,ay], I3 := [f_,00) and strictly decreasing in Iy := (ay,[_). For r €
[f—, f+], the function F' is not invertible and equation F'(u) = r has three roots

u=51(r) < Sa(r) < Ss(r).

In what follows, it will be crucial to introduce a notation related to the inverses of

function F.

Notation 3.2.3. Let S1(A) < S3(N\) < S5(\) be the solutions of equation F(S;(\)) =
A (see Fig. . These are inverses of I’ satisfying

Sl : (—OO,f+] — (—OO,CY+], 52 : (f—af-i—) — (a-‘mﬁ—)? S3 : [f_7oo) — [ﬁ_,OO).

Their role is to focus our analysis on parts of the plot of F' where monotonicity of F'
does not change. By a small abuse of notation, we extend functions S; by a constant

value to the whole of R. We usually write
Il = (—OO,CJ!+], 12 = (Oé—i-aﬁ—)a [3 - [6—7 OO),
le(—OO,er}, J2:(f77f+)7 ng[f,,oo).
for images of functions Sy, Sy, S3 and for their domains.

Let {ptt.4}+. be the Young measure generated by sequence {u®} solving (3.1.1)), i.e.

for any bounded function G : R — R we have (up to a subsequence and for a.e.
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(t,z) € (0,T) x Q)
Glu) * [ 60 dua ()
R
see Section [2.1]if necessary. This is well-defined because the sequence {u°} is bounded

in L>=((0,T) x Q) cf. Lemma [3.3.2] To analyze the amount of /i, on intervals Iy, I

and I3, see Fig. |3.2] we introduce restrictions

1 2 3
= a1, W= 1, W= e 1, (3.2.1)

The reason we introduce these measures is that in the sequel, we will gain information

only about measure F# i, ., i.e. a push-forward (image) of yi;, along F defined as

F# 0 = p(F7Y(A)), AcCRT.

Observe that for all i = 1,2,3, measures F# ("

are absolutely continuous with
respect to F# i, .. Therefore, the Radon-Nikodym theorem implies that there exist

densities g™ ()), g®(\) and g (\) such that
FH*pu) (A) = /A gD\ AF# 1 4 (N), i=1,2,3. (3.2.2)
We also note that for all A C R*
SO = 3 a7 ) 1) = A = FRua). (323)
=1 i=1

In particular, from ([3.2.2) and (3.2.3) we deduce that for F'#p, ,-a.e. A we have

D00 =1 (3.2.4)

The first main result gives the identity characterizing the Young measure .. It

will turn out that from this identity we can conclude its precise form.

Theorem 3.2.4. Let {1 .}, be the Young measure generated by sequence {uc}
solving (3.1.1]). Then, for almost all Ny (with respect to F# ;) and all 7o # f_, f+

we have

3
Z(SZ{(TO) +1) [1A0>m 9i(Xo) — F#uﬁfi(m, o0) | +

i=1

+(S1(10) — Sh(10)) (F*ut ) (R) — g1(Mo)) = 0.
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where S; are the inverses of F' as in Notation and g; are the Radon-Nikodym
densities as in (3.2.2). Moreover, for \g # f_, f+ we have

3
(1= F#p0{0}) D _(Si(ho) +1) gi(Xe) =0. (3.2.5)
i=1

As F# 1, turns out to be the Young measure generated by {v°} cf. Corollary ,
strong convergence v° — v can be deduced if one proves that F#y,, is the Dirac
measure cf. Lemma . For instance, Equation shows that the latter fol-
lows if one finds Ay in the support such that the sum Z?ZI(SZ{()\O) + 1) gi(N\o) does
not vanish (some additional care is needed when \g = f_, f, cf. Lemma [3.5.1).

First, we show that the form presented in Theorem [3.2.4] can be used to obtain

the result for the non-degenerate functions F, that is satisfying for all intervals

R C (f*7f+)

3
> a; (Si(r)+1) =0forr € R = a1 +ay+as =0. (3.2.6)

i=1
While it is fairly classical for this type of problems [12,224,232], it is hard to be
verified for a given nonlinearity F'. Moreover, the non-degeneracy condition excludes

piecewise affine functions used in more explicit computations as in [212].

Theorem 3.2.5. Suppose that non-degeneracy condition (3.2.6|) is satisfied. Then,
up to a subsequence, v° — v strongly in L*((0,T) x 2). Moreover, there are nonneg-

ative numbers A (t, ), Ao(t, ), As(t,x) such that Y0 Ni(t, ) = 1 and
e = M (t ) 08 (u(ta)) + A2t ) 05, (o(t,z)) + A3(t, T) Oy (u(t.))-

Now, we move to further results that easily follow from Theorem [3.2.4] The first one
asserts that if one knows a priori that the Young measure {ji; ,}+, is not supported
in the interval I, where F' is decreasing, the strong convergence occurs. The fact
concerning the support of {j . }+. was observed in the numerical simulations [132]
and so, the next theorem may serve as a tool to prove strong convergence without

the non-degeneracy condition.
Theorem 3.2.6. Suppose that:
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e there exists 1o € (f_, f+) such that S{(79) — S4(10) # 0,

o Young measure {fi .}t 15 not supported in the interval Iy (see Fig. .

Then, v¢ — v strongly in L*((0,T) x Q). Moreover, there are nonnegative numbers

M (t, ), A3(t,x) such that A (t,x) + A3(t,x) =1 and

Ptw = M (L, 2) 08, (wite)) + A3(t, T) Osy(u(t,2)-

The next result shows that we can establish a simple condition on F' implying strong
convergence of v* — v that does not exclude piecewise affine functions as in the case

of non-degeneracy condition (3.2.6)).

Theorem 3.2.7. Let {ui .} be the Young measure generated by sequence {uc}
solving (3.1.1)). Suppose that:

e there exists 1o € (f—, f4) such that S7(7o) — S4(70) # 0,

e SN +1>0 forallXe (f_, fy).

Then, v¢ — v strongly in L*((0,T) x Q). Moreover, there are nonnegative numbers

M (t, ), Na(t, @), Ns(t, ) such that S0 Ni(t,z) =1 and
Ptw = M(t, ) 08, (wite)) + A2(t, T) Osy(uitz)) T A3(t, ) Iy u(t2))-

As an example, the following function F' satisfies assumptions of Theorem [3.2.7}

(

2 if A € [0,1],

F(\)=q3-2x ifre[1,3],

AIN-3 ifre[3,00).

\

, S5(A) = —1 and S{(\) = 1 so that Sj(A) — S5(\) = 1 # 0 and

2 4

Then, Sj(\) =

1
2
Ss(A) +1 = % > 0. Note again that F' does not satisfy non-degeneracy condition
(13.2.6]).

The proofs of Theorem [3.2.6{and |3.2.7|are based on equation ([3.2.5]), namely one uses

g1(Ao) +g2(Ao) + g3(Aog) = 1 to show that for any Ay € supp F we have F#p, . {\o} =
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1. Note that (3.2.5)) is not valid for A\g = f_, f1 so some additional care is needed if
the support of measure F#p, , accumulates only in these points. This is studied in
Lemma and it requires an additional assumption that Sj(7) — S4(7) does not

vanish at least for one value of 7, see also Remark

3.3 Properties of the system (3.1.1

We begin with the energy equality and the well-posedness result.

Lemma 3.3.1 (energy equality). Given a smooth test function ¢ : R — R, we define

/ o(F B(N) = /0 Y o) dr. (3.3.1)

Then, if (u®,v°) solve (3.1.1)), it holds
— F(w)) ((v°) = ¢(F(u))) |

3

00(u) +2,0() = A0(w?) — /() [Vorf? —
(3.3.2)

Proof. Multiplying equation for «¢ in (3.1.1)) with ¢(F (u®)) and equation for v* with
¢(v®) we obtain

Summing up these equations we deduce (3.3.2)). O

Lemma 3.3.2. There exists the unique classical solution u®,v® : [0,00) X Q@ — R of

(3.1.1) which is nonnegative and has regularity
ut € C2 ([0, 00) x Q) vF € P2 ([0, 00) x Q).
Moreover, we have

10 < u <M, 0< v < M with M = max(|F(uo)loes ol [volloes o B2,
2. {Vuve}, {F(“T”} and {\/e AvF} are uniformly bounded in L*((0,00) x ),
3. {0wf + 0w°} is uniformly bounded in L*(0,T; H1(Q)),
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4. for all smooth functions ¢ : R — R, {Vp(v®)} is uniformly bounded in
L*((0,00) x Q),

5. for all smooth functions ¢ : R — R, {0,V (u®) 4+ 0;P(v°)} is uniformly bounded
in (C(0,T; HX(Q)))* for sufficiently large k € N.

Proof. First, local well-posedness and nonnegativity follows from the classical theory
[238]. To extend these results to an arbitrary interval of time, we need to prove a
priori estimates as in . To this end, we note that thanks to , the nonnegative
map
t— /Q [V (us(t, ) + ®(v°(t, 2))] da

is nonincreasing whenever ¢ > 0. Choosing ¢ vanishing on (0, M) and stricly increas-
ing for (M, co) we obtain (1) and the global well-posedness. Then, follows from
(3.3.2) with ¢(v) = v. Furthemore, follows from the equality Ou® + J;v° = Av®
and property while follows from the chain rule for Sobolev functions, bound-
edness of v° from and (2). Finally, to see we choose k > d so that H*(Q)
embedds continuously into L>=(Q). Let ¢ € C(0,T; H*(2)). Note that there is a
constant C' such that

lelloo < Cllelleo,rm @) lellz2o.mm @) < Cllellcorar@y).  (3.3.3)

Thanks to (3.3.2) we have

/ (0 (u®) + 0P (v°)) pdt do — / VOo(v°) - Vodtde =
(0,7)x €

(0,T)x2
= _/ @' (v°) |[Vve|? p dt dx—/ (v* = F(u)) (6(v7) = S(F (w))) pdtdx.
(0,T)x% (0,T)xQ €

As|¢'(v°)| < Cand |p(v°)—o(F(u)| < C |v°—F(u®)| we use bounds ([3.3.3) together

with points to deduce for some possibly larger constant C' (independent of ¢)

< Cllelleormr@)-

‘/ (O, (u) + 0, P(v7)) pdt dx
(0,T)xQ2
]

Corollary 3.3.3. Let {1}t and {1y} be the Young measures generated by
sequences {u®} and {v°} respectively. Combining Lemma and Lemma
we obtain that F#p, ., = v ,.
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3.4 Proof of Theorem |3.2.4

We begin by formulating the entropy equality.

Lemma 3.4.1 (entropy equality). Let U and ® be defined with (3.3.1), {p:.} be
the Young measure generated by sequence {u°} solving (3.1.1)) and g; be the densities
given by (3.2.2)). Then, for almost all Ny (with respect to F#u,,) we have

3

S H(S00) +800) 000) = 3 [ (S0P 53 AFFs (). (3:41)

i=1

where S; are the inverses of F' as in Notation|3.2.5

Proof. Thanks to Lemma (@), for all smooth ¢ : R — R, {9,¥(u®) + 9, P(v°)}
is uniformly bounded in (C(0,T; H*(€)))*. Similarly, for all smooth ¢ : R — R,
{V(v°)} is uniformly bounded in L?*((0,00) x ). Hence, Lemma implies

w -lim (U (uf) 4+ @ (v°)) p(vf) = w -lim (¥ (u€) + B(v°)) W:—_l}%)m o(vF).

e—0 e—0

As v®— F(u®) — 0 cf. Lemma ([2), we may replace v° with F'(uf) in the identity

above to obtain

w -lim (U(uf) + ®(F(uf))) o(F(uf)) = w -lim (U (uf) + ®(F(uf))) w -lim @(F (uf)).

e—0 e—0 e—0

In the language of Young measures, this identity reads

[ 00+ SO ) () =

= [ 0+ oFN) ) [ oFO) ).

R+
We observe that A = Z?:l S;(F(M\)) Lyer,. Hence, we may use the concept of push-
forward measure to write

3

Z/W(W&(A)) +O(N) (N dFFu(N) =

i=1

R+
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Using with densities g;(A), g2(A) and g3(\) we obtain
> [ SO0 + 800 9N 0:0) AP (3) =

= Z/W(\P(Si()‘)) + ®(N) g:(A) AF# 1y 1 (N) / O(N) AF# g1 4 ().

R+

Hence, when )\ belongs to the support of measure F# ., we obtain

3

S (WS 00)) + (0a)) gilha) = 3 [ (BSI) + BN) 0:(3) AP e,

i=1

O

To analyze the entropy inequality, we need to deal with integrals of the form fosi(’\) O(F(7))dr.

This is the content of the next lemma.

Lemma 3.4.2. We have
Ao

Si(Xo)
U(S,(M)) = / S(F()dr= [ o(r) Si(r)dr + Ci(9)

0

where C1(¢) = 0 and Cy(p) = f (1) — S4(7)) dr.

Proof. For i =1 we note that F' is invertible on (0, .5;())) so that a simple change

of variables implies
Ao

S1(Mo)
(51 (M) = / o(F(r)dr= [ 6(r) Sir)dr.

0

For i = 2 we first split the integral for two intervals (0, a), (o, Ag) cf. Notation

3.2.3] On each of them, F' is invertible so we can apply a change of variables again:

S2(X0)
U (S2(Ao)) / o(F(r))dr + / o(F(r))dr =

+
Ao

I+
= ¢(T)Si(7)d7— O(7) Sy(r)dr = Ca(@) + [ (1) Sy(7) dr.

0 Ao 0

For + = 3 we split the integral for three intervals and apply a change of variables
again:
S3(Xo)
W(S5(Ao)) / O(F(7))dr + (b(F(T)) dr + / O(F(r))dr =

[ 2N —

I+ Ao
= q§(7') Si(r)dr — (1) So(7) dr + o(1) Sy(T) dr.

0 f- f-
As Si(7) =0 and S5(7) = 0 for 7 € (0, f), the proof is concluded. O
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Lemma 3.4.3. Consider function

3

Flro) =D (Si(r0) + 1) F* 1) (70, 00)) + (S} (m0) — Sy(m0)) (1 — F* puy ) (RT)).

i=1
Then, for almost all o (with respect to F# ;) and 19 # f_, f+ we have

3

Lysr Y (Si(10) + 1) 9:(Ao) + (S1(70) — S5(70)) (1 = g1(Ao)) = F(m0).

i=1

Proof. We consider ¢(7) = ¢°(7) = 5 Ljrr+4s and send & — 0 so that ®(Xg) =
0)‘0 #°(7) dT — 1>, Moreover, fo’\o ¢° (1) Si(7)dr — Si(70) 1y>r,- Therefore, from

Lemmas [3.4.1] and 13.4.2| we deduce

3

> (Lagsm (S1(70) + 1) + (S1(70) = S3(70)) i3 Gi(Ao) =

i=1

— Zl /RJr <IL)\>T0 (SZI(TO) "‘ 1) + (S{(To) - SQ(TO)) ]12 23> ()\) dF#Ntx()\)

Using identities from (3.2.3)) and (3.2.4))

L= g100) = 22(%0) + gs(\o), 1= FPu(RY) = FFuZ(R) + F# ) (RY),
we conclude the proof. O

Proof of Theorem[3.2.. The first part of Theorem is proved in Lemma [3.4.3]

To see the second one, fix \g # f_, fi. For 79 :=n > )y we obtain

3

> (Sim) + 1) FF 1) (0, 00)) + (S5(n) — S(n)) (F* i) (RY) — g1(No)) = 0

i=1
while for 7y := & < Ay we deduce

3

Y (SHE) +1) (g:(ho) = F* i (€, 00))) + (S1(6) = S5(€)) (F* i (RY) — g1 (No)) = 0.

i=1
Sending &, 7 — A¢ and using continuity of A — S/(\) at A # f_, f, we obtain

3 3

D (Si(h0) + 1) gi(ha) = D (Si(No) + 1) FF i { Mo}

i=1 =1
Finally, we note that for almost all Ay (with respect to F#u,,) F #u AN} =
gi(Mo) F# s .{\o} and this concludes the proof. O
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3.5 Proofs of Theorems |3.2.5| |3.2.6| and |3.2.7

Proof of Theorem[3.2.5. Suppose that supp F# ;. N (0, f_) is nonempty. Let Ay €
supp F# ;. N (0, f-). Note that S5(Ag) = S4(No) = 0. Moreover, (3.2.5)) in Theo-
rem [3.2.4] implies

(1= F*pue {Mo}) (S1(%0) +1) g1(Xo) = 0.

For almost all Ay € (0, f_) we have g1(A\g) = 1 so we conclude F#p,, {\} = 1. A

similar argument works in the case \g € (f4, 00).

Now, let A\g € [f—, f+] Nsupp F#py .. If supp F# ;. = {\o}, we conclude F#y, , =
05,- Otherwise, there are \;, Ao € supp F#um such that f- < \; < Ay < fy. For
any 79 € (A1, A2) we use Theorem with Ay = A\, A2 to obtain two equations:

3 .
> (Sir)+1) [ i) = F#uill (70, 00) | +(S1(70) ~ S5(70)) (FF LR ) g1 (Aa)) = 0,
i=1

— N (Si(70) + 1) F* 1) (10, 00) + (Si(10) — Sa(m0)) (F* ) (RY) — gi(\1)) = 0.

i=1
Hence, 377 (S}(70) + 1) 9:(X2) + (S1(70) = S5(70)) (91(M1) — g1(A2)) = 0. But then,
non-degeneracy condition ((3.2.6)) implies that Zle gi(A2) = 0 # 1 raising contra-

diction.

It follows that F#p,, is the Dirac measure. From Corollary we deduce that
the Young measure {1, }, generated by {v°} is also the Dirac measure so v — v
strongly and v,, = 0y(4), cf. Lemma m The representation formula for .,
follows from F#p;, = o(t,)- O

Before proceeding to the proofs of Theorems [3.2.6] and [3.2.7] we will state a simple

lemma concerning the case when F# i, , is supported only at f_ and f,. This needs

some care as functions 57, S, and S} are not continuous at these points.

Lemma 3.5.1 (Accumulation at the interface). Suppose that there exists 79 €
(f—, f+) such that S; (7o) — S4(70) # 0. Assume that supp F# ;. C {f_, f+}. Then,
F#u,, =06, or F¥p,, = d¢, .
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Proof. Aiming at contradiction, we assume that F#p, .{f+} > 0 and F#u, . {f_} >
0. Note that F~1(f,) ¢ I, so that

0= pu2)(F N (o) N L) = FFu{fo} = ga(fs) Fue {4 ).

It follows that go(fy) = 0 and similarly go(f-) = 0. Applying Theorem with
70 € (f_, fr)and Ay € {f_, f+} we obtain

3
Z(SZ{(TO) + 1) [Lag>m gi(Ao) — F#MEZ(TO, o0)| +

i=1

+(S1(10) — Sh(10)) (F*ut)(R) — g1(Mo)) = 0.
As 1y € (f-, f+), we have

F* i (70,00) = F* {1} = g:(f4) F*pua{f1 ).

But this implies

(IL)\0>TO - F#/'Lt,I{f+ Z gl )\0)

1=1,3

+ (S1(10) — S5(70)) (F#M( )(R+) —g1(Xo)) = 0.

Considering A\g = fy, f- and using 1 — F#u, . {f,} = F#u, . {f_} we obtain two

equations:

Fuea{f-} D (Si(m) + 1) i(f+) + (81(70) = Sy(m0) (F* 2 (RY) = g1(£4) =

(3.5.1)

—Fuo{fi} D (Si(70) +1) gi/-) + (Si(70) = Sh(70)) (F¥ A (RY) — g1(f-)) = 0.

1=1,3

(3.5.2)
Using 1 — F#u {f,} = F#pu, .{f_} once again we obtain

FAUN R = 1 (1) = o0 (f4) FRua{fo} + ol (F2) Ffu{f-} — 91 (fy) =
= (91(f—) - 91(f+)) F#,ut,a:{f—}
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and similarly for F#ul(tlx) (RY)—g1(f_). As we assume that F#p, {f_}, F¥p{f+} >
0, we may simplify (3.5.1)—(3.5.2)) to obtain
Z (Si(10) + 1) gi(f+) + (Si(70) — S5(70)) (91(f-) — g1 (f+)) = 0, (3.5.3)

i=1,3

=D (i) + 1) gi(f-) + (S1(70) = Sy(10)) (g1 (f+) =91 (f-)) = 0. (3.5.4)

i=1,3

We observe further that g1 (Ag) + g3(Ao) = 1, cf. (3.2.4), so that

D " (Si(0) + 1) gi(ho) = (S}(70) — S5(70)) 91(Mo) + (S5(0) + 1).

i=1,3

Hence, we may further simplify (3.5.3)—(3.5.4]) to get

(51(70)=55(70)) 91 (f+)+(S5(70) +1)+(51(70) = 55(70)) (91 (f-) =91(f+)) = 0, (3.5.5)

—(51(10) = 83(70)) g1(f=) = (S5(70) + 1) + (S1(70) — 95(70)) (91.(f+) — g1 (f-)) = 0.
(3.5.6)
By assumption, there is 7 € (f_, f3) such that Sf(70) — S5(79) # 0. Using (3.5.5)-

(3.5.6) for such 7y we see that g,(fy) = ¢1(f-). But then, coming back to (3.5.3])—
(13.5.4)), we deduce that

D (Sim) + D glf) =0, D (Sim) + 1) ailf) =0.

As S}, S are increasing, this implies ¢1(f-) = g3(f-) = 91(f+) = g3(f+) = 0 raising
contradiction with g1 (f-) + ¢g3(f-) =1 and g1 (f+) + g3(fy) = 1. O

Remark 3.5.2. Without the assumption that there is 7 € (f_, f+) such that

S1(m0) — S5(70) # 0 we observe that (3.5.5)—(3.5.6) degenerate to the same equation:
1+ .55(70)
51(10) — S5(70)

1+Sé(7’0)
S1(10)—S5(70)

we may also obtain contradiction. Nevertheless, we believe that the assumption on

g(fe) —a(f)

valid for all 75 € (f_, f1). Hence, it the function 7y — is not constant,

S1(m0) — S%(70) is easier to formulate.
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Proof of Theorem [3.2.6. As in the proof of Theorem we may assume without
loss of generality that supp F#y,, C [f-, f+] (this did not use the non-degeneracy

condition!). By assumption of the theorem, for any set A C R
0= pua(FH(A)N1) = F*u2(A) = / 92(\) AF* 11, (M)
A

s0 ga(A) = 0 for almost all \. Hence, when g € supp F#p, . N (f—, f1), the sum

Z(S;(AO) +1) gi(Ao) > min(Si(Xo) + 1,55(Xo) +1) >0

i—1
because g1(Ag) + g3(Xo) = 1 and Sy, Sz are strictly increasing. It follows from The-
orem m that F#p, . { N} = 1, i.e. F#u,, = 6y,. Finally, if there is no such
o € 5ubp P03 01 (1 £.), we apply Lemma 5]

It follows that F #Ht,x is the Dirac measure so that we can conclude as in Theo-

rem 3.2.9| ]

Proof of Theorem[3.2.7]. Following the lines of the proof of Theorem [3.2.6] we take
o € supp F# i, ., N (f_, f1) and we observe that the sum

3 3

> (Si(Ao) + 1) gi(Ao) > min(1,5(Xo)) Y gi(Ao) = min(1,6(Ag)) > 0

i—1 i=1
where d()g) is such that Sj(Ag) + 1 > §(Ng) > 0. We conclude as in the proof of
Theorem [3.2.6] ]

3.6 Open problems

System ([3.1.1]) studied in this paper is a special case of

e _ F(u
&gua = dl Au® + %m,
£ (3.6.1)
atve — d2 AU‘E + M
g

for some dy,d, > 0. Mimicking the method for d; = 0, we obtain

at/gﬁuf)ﬂm)?/z:—dl/QF'(umvusp_d2/ﬂ|w|z_/ﬂ (ve—l:j(ue))2
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where F (u) = fou F(7)dr. We see that when F” is not strictly positive, we cannot
conclude. Using refined energy estimates from [219] (they are based on multiplying
the first equation by Au®), fast reaction limit was established in [221, Theorem 2.9

for two special cases

d d
dy > dy, F'(u) + d—1 >0, or  dy>dy, F'(u) + d—2 > 0. (3.6.2)
2 1

More precisely, it was proved that w® := u® 4+ v® converges strongly to the solution
of
0

— AA(w) = —w = 6.
Oyw (w) =0, o 0 (3.6.3)

where

A(w) =dyu+ doF(u)  with  w=u+ F(u).
Function A is well-defined because conditions imply that F’(u) > —1. Lim-
iting equation is a consequence of summing up together with a priori
estimates that gives strong convergence of u® + v — u + v and v° — F(u®) — 0.
However, if one only assumes F’(u) > —1 without (3.6.2), the only available energy

estimate is

d
at /g

d? + dy dy 5
ST a2 dr =
2(0@_@(“})} g

g _ F £ 2 1
- —5/ (d1 A + %(“U da / |di Ve + dp Vo) da
Q Q

~ 1
{F(ua) + 5 (v°)? + e dy | VUl +

dy—d,
where F is a primitive function of F'. This equality is too weak to deduce any strong

convergence. The only result we can prove in that case is that, seting w® = u® + v°

and z¢ = dju® + dyv®, we have
* * *
w® = w:=u+v, 25 = 2 :=dju + dyv, v©— F(u®) =0, wy = Az

but it is not clear at all what is the coupling between functions w and z.

Our conjecture is that one can prove strong compactness of the sequence {z°}. How-
ever, the method exploited for the case d; = 0 cannot be applied as we do not have
a family of energy identities which could be used to identify the Young measure.

Nevertheless, let us comment that the cases d; = 0 and d; # 0 are somehow similar:
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we have estimate on the spatial gradient and we lack any information on the time

derivative.

Concerning the case d; = 0, let us also point out once again that strong convergence
v® — v in our work is rather unavailable to be obtained from a priori estimates. It
is a consequence of careful analysis of Young measure and an additional structural
assumption on F": either nondegeneracy condition (3.2.6)) or the one in Theorem
3:2.7 Both of them seems to be technical and we would like to know whether they

can be waived.
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Chapter 4

Kinetic derivation of degenerate

Cahn-Hilliard

The results in this chapter have been submitted for publication as the following

preprint:

e C. Elbar, M. Mason, B. Perthame, J. Skrzeczkowski. From Vlasov equation to
degenerate nonlocal Cahn-Hilliard equation. Communications in Mathematical

Physics, published online, doi: 10.1007/s00220-023-04663-3, cited as [121]

4.1 Introduction

The target of this chapter is to derive the Cahn-Hilliard equation with degenerate
mobility

0o =div(eVpu),
Dr0 = div (0¥ (F(o) — 60)) — 4 ° (eVi) (4.1.1)

p =—0A0+ F(o),

which is a macroscopic equation via the so-called hydrodynamic limit of Vlasov type
equation describing the matter at the level of particles. Such derivation was recently
achieved by Takata and Noguchi in a formal way [256]. Our target is to make it

mathematically rigorous.

Equation (4.1.1]) will be studied throughout Chapters [5| and [6] Its analysis is fairly

difficult because it degenerates whenever p is approaching 0. Up to now, there is
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no satisfactory well-posedness theory of classical solutions (but see [124], [87] for
the theory of weak solutions). Many authors consider a variant of Cahn-Hilliard

equation with a non-degenerate mobility, i.e.

Ao =div(b(o) Vi),

po =—000+ F(o),

where the mobility b satisfies b(0) > ¢ > 0 [143,|144,/155]. Such assumption allows
to obtain an L? estimate for Vu which simplifies mathematical analysis of the sys-
tem and brings new insights. Nevertheless, several limiting procedures aiming at a
derivation of the Cahn-Hilliard equation, including the one presented in this chap-
ter, the high-friction limit in Chapter [0] as well as the limit of interacting particle
systems in |151}/152] shows that it is the equation with degenerate mobility that is

more physically relevant and so, it deserves mathematical studies despite difficulties.

Let us be more precise concerning the result of this chapter. We consider the follow-

ing Vlasov-Cahn-Hilliard equation (VCH in short)

828tf5 +e&- fos +eF.- Véfs = Q€<t,l’)M(£) - f€7
(4.1.2)

QE(t7 IE) = fRd fE(t7 T, g) dgv
where ¢ > 0 is time, x is position and ¢ is velocity. Equation (4.1.2) is equipped with
an initial data f.(0,z,&) = f°(x,£) > 0. The unknown is the function

fo=f(t2,€), te(0,T), xR R,

such that, for every infinitesimal volume dz d¢ around the point (x,¢) in the phase
space, the quantity f.(¢,z,&)dzd{ is the number of particles which have position
x and velocity £ at fixed time ¢. The small parameter ¢ > 0 arises from physical

dimensions of the system and we are interested in the limit when it tends to 0.

To derive Cahn-Hilliard equation from (4.1.2)), one has to choose the force field F.
in the appropriate way. Following [256|, the force field F.(t,z) is decomposed as
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long-range attractive and short-range repulsive
Fo=Fr+ 78, FPO(ta)=-VeLi(t,x). (4.1.3)
With the notation f * g = [p. f(y)g(z — y) dy, we set
s I 5 5
q)a,a(tvx) = ?W * Wk O,
where w® > 0 is a usual mollification kernel, i.e.

/ wi(y)dy = 1, / yw®(y)dy =0, / ly[*w® (y) dy < o0. (4.1.4)
R4 Rd Rd

We use a double convolution in order to enforce positivity of the corresponding oper-
ator as it appears in energy considerations. It should be noted that the right choice
for @g’s(t,x) is simply o. but with such choice of the potential, equation (4.1.2)) is

not well-posed. Thus, the main role of w* is to have well-posedness theory for (4.1.2)).

The long-range potential is of the form
L L p. s, s
o, () = T oW KW KW K0, (4.1.5)

where wl(z) = ﬁwL (%) may be thought of as a high temperature Gaussian and

w’ is a smooth, nonnegative, symmetric, compactly supported function such that,

for some § > 0,

/ wL(y) dy =1, / wa(y) dy =0, / yiijL dy = 9,0, / wL(y)|y]3dy < 0.
Rd Rd Rd Rd
(4.1.6)

The equilibrium distribution M (&) > 0 is a Maxwellian that we normalize as

M(E) = (ﬁ)d/z exp (—%) , (4.1.7)

and we have, fori=1,...,d,

M(€)de =1, EM(€)de =0, / EM(€)dé=D < oo, (4.18)
Rd Rd

R4

so that D can be interpreted as the diffusion coefficient.
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Let us see what is the limit of (4.1.2)) formally. The right-hand side of (4.1.2)) suggests
that

fe(t,z,8) — o(t,x)M (), ase— 0. (4.1.9)

The mass conservation equation on g, is obtained by integrating (4.1.2]) with respect
to & against 1,

§

Oyo:(t,x) + divJ.(t,z) = 0, J(t,x) = gfs(t, x, &) d¢E. (4.1.10)
Rd

Then, integrating against £, we obtain the flux equation

e20,J.(t,x) + V, - / ERE[(t,x,&)dE — Foo. = —J(t, x). (4.1.11)
Rd

Combined with (4.1.9), this flux equation allows us to identify the limit of {J.}
and to prove that as ,a — 0, the macroscopic densities tend to a solution of a

degenerate nonlocal Cahn-Hilliard equation type. More precisely, we have the

Theorem 4.1.1 (Limit ¢ — 0). With the assumptions and notations (4.1.3)—(4.1.7),

let a = €. Let f° be a non-negative distribution that satisfies (4.3.1))-(4.3.2)) and let f.
be a solution of (4.1.2)) with initial condition f°. Then, we can extract a subsequence

(not relabelled) such that o. — o in LP(0,T; L*(RY)) strongly for 1 < p < co where

0 solves in the distributional sense the equation
0r0o — DAp — div(pV®) = 0, O = —5A[wS xw” * 0], (4.1.12)
with initial data 0° = [p. f°(x, ) d€.

Let us stress that this is the first rigorous result aiming at a derivation of (4.1.1)
from a microscopic equation (4.1.2)), following a formal approach presented in [256|.

Let us make a few remarks.
Remark 4.1.2. e Writing formally Ap = div(oV log(p)), the term Ap can be
included in the potential term.

e Different scalings between o and ¢ can be considered. The case « fixed is also

possible.
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e In fact, our derivation is not complete as we obtain nonlocality in ®. It is an
open problem to rigorously send w® = §,, see Section . It seems that one

can achieve this in dimension d = 2 which is a work in progress.

e Equation (4.1.12) can be referred to as a nonlocal Cahn-Hilliard equation.
Nevertheless, it is a different nonlocal Cahn-Hilliard equation then the one

studied in Chapters[5|and[6] (see (5.1.3)—(5.1.4)). The nonlocal effect in ([{.1.12)

analyzed in this chapter is artificial: it was introduced only to guarantee well-

posedness of the Vlasov equation (4.1.2)). On the other hand, the nonlocality
in (5.1.3)—(5.1.4) studied in Chapters [§| and [6] is motivated by the derivation

from interacting particle systems [151}]152].

e In fact, Takata and Noguchi [256] can formally obtain a Cahn-Hilliard equation

with a potential which we cannot prove at the moment (see Section |4.5)).

4.2 Kinetic theory and Cahn-Hilliard equation

Kinetic theory. The main purpose of kinetic theory is to provide a description of
the evolution of a gas or plasma, and more generally a many-particle system made
up of N similar individual elements, in the limit when N tends to infinity which

corresponds to the so-called thermodynamical limit.

In the kinetic theory, the density of particles is described with the probability mea-

sure

f=ftz&, t>0, xR &R,

such that, for every infinitesimal volume dx d¢ around the point (x, &) in the phase
space, the quantity f(¢,x,&)dxrd¢ is the number of particles which have position
x and velocity £ at fixed time ¢. For this reason, f is a nonnegative function and
integrable in both space and velocity variables, but it is not directly observable.

Nevertheless, at each point of the domain it provides all measurable macroscopic
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quantities which can be expressed in terms of microscopic averages:
ot,x) = | f(t,z,&)dE (macroscopic density),
Rd

J(t.x) = /R St de (),

It is clear that such a statistical description makes sense only with a very large
number of particles, and as a consequence, all kinetic equations are expected to
approximate the true dynamics of gases just in the thermodynamical limit. The
procedure of rescaling the time and space with a parameter ¢, i.e. t — €%t, * — ex
and sending € — 0 is called the hydrodynamic limit. It allows us to find a rigorous
derivation of macroscopic models from a microscopic description of matter. There
are many systems that can be derived this way, see [241] for passage from Boltzmann
to Navier-Stokes/Euler equations and [119,159,234] for passage from Vlasov-Poisson

to Smoluchowski equation.

The Cahn-Hilliard equation. Equation is an example of a Cahn-Hilliard
type equation that is widely used nowadays to represent phase transitions in fluids
and living tissues [122,/147,|148/|198]|. It was introduced by Cahn and Hilliard in the
context of material science to model the dynamics of phase separation in a binary
mixture spontaneously separating into two domains. Currently, it is applied in nu-
merous fields, including complex fluids, polymer science, and mathematical biology.

For the mathematical theory of Cahn-Hilliard equation we refer to [218] and [124].

Cahn-Hilliard equation is a fourth order PDE that takes the form of

0o =div (b(0)Vu),
B0 = div (HQ)V (F/(g) — 5ag)) — | ¢~ AV IOVH (42.1)

p =—0Ap+ F'(p),

where p represents the relative density of one component ¢ = 01/(01 + 02), b(p) is

the mobility, F' is the interaction potential and p is so-called chemical potential.

The case of b(p) = p is referred to as an equation with degenerate mobility and

it is particularly interesting. From the derivation presented in this chapter (see,
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for instance, (4.1.10)—(4.1.11))) it is the only one that can be derived from the

Vlasov-type equation. Similarly, several other limits from different physical systems
(see [151}[152] and Chapter [6) leads to the Cahn-Hilliard equation with degenerate
mobility b(9) = 0. On the other hand, the case b(9) = ¢ is more difficult than when
b is bounded from below b(p) > ¢ > 0. Indeed, when b can touch zero, we loose an

important estimate on Vy (which implies that ¢ has weak derivaties of order three).

Let us briefly explain the physical derivation of with b(g) = o as in [65]/189].
We consider a binary mixture 2 consisting of two materials and we let o to be
a relative density of one of them. The underlying assumption made by Cahn and
Hilliard is that the total free energy of the system is a function f which can depend
on o, Vo, V20. To determine its precise form, one expands f in Taylor series around
(0,0,0,...). As the energy should be invariant under translations and rotations, one

postulates its form

K
fo) = F(o) +m Ao+ 5 |Vof, (4.2.2)
where the terms of order bigger than 2 were neglected and
of 0*f
F(o) = 0,0, ... = 0,0,... = 0,0,...
(Q) f(Qa s Uy )a K1 89%7% (97 y Yy )7 K2 a(gxl)z (Qa s )

(note that by the invariance, derivatives with respect to each direction should be
equal). The second term in (4.2.2) will vanish after integrating over €2 so that the
total energy equals £ := fQ F(o) + %|Vo|*. Assuming that k5 is a constant, its first
variation equals % = F'(0) — koAp. Assuming that the phase separation occurs
to minimize the energy, we can model it is a gradient flow of £, we arrive at the

Cahn-Hilliard equation

5EN . ,
D0 = div (gvé—g) — div (0 V(F'(0) — 2A0))

In this work we obtain a nonlocal version of the Cahn-Hilliard equation. The nonlo-
cality comes from the convolution of the Laplace operator with a smooth kernel w®
concentrated around the origin. There is a different possibility to approximate this
operator nonlocally and we refer for instance to [92}215] and Chapter |5, where one

approximates Laplace operator with a nonlocal operator.
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4.3 Entropy, energy, and uniform estimates

The analysis relies on various uniform bounds in € which use an initial data that

satisfies

/ (14 |2 + |2 + [Tog 7)) f(, €) da dé < +o0, (4.3.1)
R2d

1
sup — wEN[" * w® (z) — o * w¥(z — y)]? dzdy < +o0. (4.3.2)
a<l & R2d

Then, we begin with proving the uniform bounds:

Theorem 4.1 (Uniform estimates). With the assumptions (4.3.1]) and (4.3.2)), the

following uniform estimates hold for e € (0,1):
(A) {fe} in L=(0,T; LR x RY)) and {o:} in L>(0, T; L'(R7)),
(B) {fllog(fo)[} and {f: €]} in L=(0,T; L}(R? x RY)),
(C) {o|log(o:)|} in L=(0,T; L'(RY)),
(D) {(gngfs)aog(gaM)—loguE))} in L((0,T) x R? x RY),

13

(B) {#2=E) in L1(0,T) x RY x RY),

(F) {J.} and {J.log"?log"? max(J.,e)} in L'((0,T) x R%),

(G) {f:|x|}, {o- |z|} in L>=(0,T; L*(R? x RY)) and L>(0,T; L*(RY)) respectively.
Moreover, {0.} and {J.} are weakly compact in L*((0,T) x RY).

The proof of these estimates uses a fundamental property of energy dissipation. To
show that, we define the energy (kinetic+potential) and the Helmholtz free energy

respectively as

1
£(t) = / €12f, dade + —— / WL ()low % W (1) — 0o % w5t @ — ) de dy,
R2d 2052 R2d

(4.3.3)
0(t)i= [ [2D1og(£) +€P . du g
e . (4.3.4)
+o5 | wae x W (tw) — oo x (- y)P dedy.

20 R2d

The Helmholtz free energy satisfies the
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Theorem 4.2 (Free energy dissipation). The free energy G(t) is dissipated as

d
S0 =22 [ 1.~ 0.M(©)]log f. — log (0.M()] dir € =
dt 9 R2d (435)
=-2D D, dx d&,
R2d
where the dissipation term is defined as
D0, = 1 — 0. MO fox f. ~log (L ME)] >0, (436)

This theorem can be seen as a combination of relations for both the total energy

and the entropy of the system.

Proposition 4.3.1 (Total energy dissipation). The total energy E(t) is dissipated

as

d 1

atW= /R €2 [o-M (€) — -] dar d&. (4.3.7)

e?
Proof. By multiplying (4.1.2) by |£|?> and taking the integrals with respect to x and
¢ we obtain

2 / €0, de de + ¢ / €26 - Vo f. dede + / PRV f. dod
RQd R2d RQd (438)

= [ JePlod(€) - £ e

For integrable solutions, the second term on the left-hand side vanishes. Furthermore,

with integration by parts, the above equation reduces to

d
2—/ ]5\2f5dxd§—25/R2dff5fgdxd§:/R% €12[0-M(€) — £.]da dé. (4.3.9)

g
dt R2d

By recalling (4.1.10]), the second term can be rewritten as

—25/ EF.fodadé = —282/ o, divJ.dz = 252/ ®, . Oro. dz.
R2d R4 Rd

We now want to prove that

1 d
2 b, 010 dr = — — L
/Rd £0t0e T 202 dt Jpoa o

First, by recalling (4.1.3)),

(y)[0s %5 (¢, 2) — 0% w5 (t, z—y)]* dz dy. (4.3.10)

2/ D, (t, )00 (t, x) dx:2/ CIDQE(t,x)atge(t,x) dx+2/ @g’e(t,x)atgs(t,x) dz.
Rd R4

R4
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As regards the first term on the right-hand side

2
2/ L (t,2)0,0-(t, v) dox = —— [wh x w¥ x w® * 0.](t, 2)00.(t, x) do
Rd ’ « Rd
2
=—— [wE % 0. % WO)(t, 2)0, [0 * W°](t, ) dz
« R4
1
— L [ skl <ot - e, +wl(tz) dudy
« R2d
1
= | wi@loe x It 2)hlo +w¥(t, x — y) de dy
R2
1 d
= [l ) fo =Nt~ ) drdy

The second term on the right-hand side can be handled similarly and gives

2

2/ 2 (t,2) 0yo.(t, z) dw = — [w® * 0.](t, )0 [0 * w®](t, z) da
R4 ’ [0 Rd

1d

_ 72
_?E/Rd[gs*w |*(t,z) dx
1 d

= 55 w
202 dt R2d

L~

() [0 * W51 (t, @) + [0- * W52 (t, 2 — y)] dz dy.

By summing up the two previous identities we get (4.3.10]), which, inserted in (4.3.9)),

concludes that

d
2 @ 2
e [ ek rdnds +

< d

2002 % R2d WCML(y)[Qa * ws(ta CL’) — Qe ¥ Ws(tv T — y)]2 dz dy

= [ JePlodn(©) - £l ded

O
Proposition 4.3.2 (Entropy relation). The following estimate holds:
d 1
pr felog f.dxdg = —2/ [0-M (&) — f.]log f.dx d€. (4.3.11)
R2d €% JR2d

Proof. By multiplying (4.1.2)) by (1 + log f.) we obtain

gzé(fs log f.)+e&-Vaf-(1+log f.) +eF.Vef-(1+log f.) = [0-M (&) — f.](1+1log f.)

By taking the integrals with respect to x and &, the second and third terms in the

above equation vanish and we obtain

d
52% fslogfsdxdéz [QEM(§>_f€] 1ngsdxd§
R2d R2d

as announced. O

76



With these two estimates, we can finally prove Theorem [4.2]

Proof of Theorem [{.3 From Propositions [£.3.1] and [£.3.2] we get the following re-

sult:
d 1 )
400 =% | [ 1ePlea©) - flasds+20 [ [o.0r(6) ~ fl1os f.dsag
R R
1
=3 [/R2d 0- M| d dg — /RM |€) f. dz d€ + 2D /RM[QEM(S) — fe]log f- dxdf] )

(4.3.12)

Using (4.1.7)), we know that log(o-M(§)) = logo. + C — % for some constant

C. Inserting this expression of [£]? in the first two terms on the righthand side

of (4.3.12), we obtain

2D
6_2 . [QaM(f) - fe] [lOg 0: + C— log(QsM(é))] dz df
RQ
2D
= ? ; [Q&M(g) - fs] [_ 10g(Q£M(§))] dz dg
R2

Added to the third term on the righthand side of (4.3.12]), we obtain the announced
result. O]

In order to prove Theorem a major difficulty is to estimate the flux J. defined by
(4.1.10). We start by establishing a useful inequality, recalling the notation (4.3.6)).

Lemma 4.3.3 (Pointwise estimates on J.). For every 0 < r < 1 and (s,z) €

(0,T) x R, we have

1 2C
|JE(S,I')| < T‘E”Dg(S,x, )HL% + Cﬁ exp ( T2M> Q5(8,$)1/2||D5(8,ZE, )Hi/;

Proof. For r > 0, we decompose J.(s,x) = Jg(l)(s,x) + J5(2)(s,x), with

1
== f (. — 0 M()) e,
= Hlontap =12}
1
=z E(F — 0 M(€)) de
= st}
For Js(l), we write
Ja(l) S, T Si/ log< Je ) o.M e —1‘d§§rs D.(s,x, )| 1.
O E [ o () e ID2(5,2, )]




For JE(2), we use the Cauchy-Schwarz inequality and, with B(&) := 4

QSM 1/2 1
|J6(2)(37ZE)| < (/]Rd |€|QB(€> df) <5_2 /{log } M

) 1/2
o)
Because M (€) is a Gaussian and p. depends only on (¢, z), we obtain

1/2
) < o) ([ 1P ac) s m

Here we have split the second integral according to the sign of 1og(gf i

I

-1
0 M

). When it is

negative, we may write, since B(¢) < 1,

2

1 e
b=t |1 Ble)ae <
&Ly} Oc
1 Je Je -
S g e QEM QEM — 1‘ lOgQE— d¢ = HDt—(S,ZU,‘)HLé.
The second term is defined as
1 . ?
L=~ oM |- 1| B(e)ae.
€ {Oglog(mﬁw)g%} oM
Since log is a concave function, for A > 1 and y € [1, A], we have y—1 < log(y)lfga).

We choose A = A(§) = exp(m) and y = fa so that y € [1, A] means exactly
0< log( =) < \£| . Then, Iy can be estimated as follows

fa fs T(eXp(%) B 1) _
L= thog (L) MO B ag = 1G5y

Therefore, for some constant C, defined through M (&), we have

—1

1
ILy<— | oM
9 R4

|12 (s,2)] <

< Co(s,2) D5, )} ( I3 rrs\exp( ’5'2)( ('5') )ds)m.

It remains to treat the integral factor that we denote by I3 and for r smaller than 1,

2
I3 :/R €| exp < <l ) (exp <@> — 1) d¢ < r—(f;exp (2S;M>

where C' does not depend on r. This can be seen by splitting the integral in the

zones {|¢| < 22} and {|¢| > 2%}, Finally, we obtain

2
|Jo| < rel|Da(s, z, )HLI + C— exp ( Cu ) 0:(s, x)l/ZHD (s,x, )”1/2.

78



From this lemma, we deduce the following L' bounds on .J,

Proposition 4.3.4 (Estimate on J. in L'). With the decomposition of Lemma
J(s,x) = Jg(l)(s, T) + J5(2)(S, x), we have

1

L4 |Js( )(S,$)| < 6HD€(87$7 )HL%;

o [78(s,0)] < Cou(s,2) 2D, I},
2 1/2 2

o [ (s, logy/* [ (s, )y < C [llo=(s, ) logy 0 (s, Iy + D= (s, )l |

o [[J.10g"?log"* max(Je, )13 < CIDu(s, 1 . loe(s, ) o, o(s,)llsz) -

The first two estimates are similar to [119, Proposition 7.1| for the Vlasov-Poisson-
Fokker-Planck system. Here, we have additionally included the last two controls and

we give a different proof.

Proof. The first two estimates are a direct consequence of Lemma [£.3.3] The third

estimate follows from the inequality, for v > 1, v > 0 and uv > 1,
(uv)?log!?(uv) < ulogu + v2v.

The last result is given for the sake of completeness and its technical proof is post-

poned to Appendix [1.7] This concludes the proof of Proposition [4.3.4] O
With these estimates, we can now prove the main result of this section.

Proof of Theorem[{.1]. Estimate follows by mass conservation. The next bounds
are deduced from the energy equality (4.3.4)-(4.3.5) which we write as

/R [2D10g(£.(t)) + €] £:(1) du d€ + 2D / ID-(s, s, ds < G(0), (43.13)

where we ignore the nonnegative interaction term as it does not help in this com-

putation. It is standard, see Appendix [4.6] to conclude from this inequality that

[, 2Dlog(£.e)] + 3[¢P1 1.0 ded€ + DDy,
R o (4.3.14)

<6(0)+ € (lexllzass 2L,
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The estimates and @ follow immediately. Then, estimate follows from es-
timate [(D)] and the Csiszar-Kullback Inequality, see Lemma [4.6.1]

Estimate is also very standard and we reproduce the proof from [159, Lemma
2.1]. We consider the convex function ¥ (o) = olog(e) and apply the Jensen inequal-
ity. We obtain

octos(e) = vle) = ( [ A arag) < [ o (£ ) arac-

2
— [ £ voe s~ oare)|aras = [ goes+ B acre [ e

The conclusion follows by taking the absolute values of both sides and integrating

with respect to x.

Finally, estimate is a direct consequence of Proposition , whereas fol-
lows from . Concerning the weak compactness of {o.}, it follows from esti-
mates and . Then, the weak local compactness of {J.} is a direct consequence
of Proposition and the Dunford-Pettis theorem. Indeed, with the notations of
Lemmal[4.3.3] J! converges strongly to 0 in L'((0,7) x R?). For J? we first have the
weak local compactness in L'((0,7) x R?) thanks to the third estimate of Propo-
sition , bound and the Dunford Pettis theorem. To prove the global weak
compactness we only need to prove it for JE(Q). We recall that, from Lemma m,
we have
[T (s,2)] < Coels, 2) | De(s, 2, )1
Therefore we can estimate with the Cauchy-Schwarz inequality

1/2 1/2
17 el < Cllee Il 1D

which yields global weak compactness in Ll((O,T) x RY) with the Dunford-Pettis
theorem. This ends the proof. O

4.4 The Iimit ¢ — 0

We now perform the analysis allowing us to prove Theorem [{.1.1 We take o = ¢
where the parameter a defines the long range potential (4.1.5)). Note, however, that

80



different scaling between o and € could possibly be considered.

Recalling the mass balance equation (4.1.10) and the £&-moment equation (4.1.11)),

our aim is to take the limit ¢ — 0 in these equations, and establish the relations

Oro(t,x) +div J(t,z) = 0, (4.4.1)

J(t,z) = —DVo(t,x) — oVO(t, ), d = —0A[w® xw® * o], (4.4.2)

which are equivalent to (4.1.12)).

A significant contribution comes from Theorem [£.I] The entropy bound for o,
see , and the L' bound on J., see Proposition , we immediately conclude
that

e after extractions, o. and J.(t,z) admit weak limits in L'((0,7) x R%), o and J,
see also Theorem [4.1]

e the equation holds in the distributional sense.

The latter estimate on J, also tells us that £29;.J.(t, x) converges to 0 in the distri-
butional sense. Therefore, establishing the equation (4.4.2)) from equation (4.1.11)),
is reduced to proving the two local weak limits in L'((0,7) x R?)

@& [fo(t,2,6)dE — Do(t, x)I,  0.VO. — oVO(t, z).
R4
These follow directly from the following three lemmas

Lemma 4.4.1. We have

/(O,T)X]Rd

Lemma 4.4.2. The sequence {o.} is compact in LP(0, T; L*(R?)) for all1 < p < oco.

ERE(fe — 0eM)dE| dedt — 0.
Rd e—0
Lemma 4.4.3. The potential ®.(t,x) satisfies, uniformly in e € (0,1),

[Pfloc <C, ||V |0 < C. (4.4.3)
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Moreover, we have for every 1 < p < oo the strong convergence in LP(0,T; L>(R?)),

O (t,x) — O(t,x), Vo (t,x) — VO(t,x), &(t,1):=—0A[w" *w® * o(t,z)].
(4.4.4)

The end of the proof of Theorem is thus to establish these results.

Proof of Lemma[.4.3 Recalling the expressions of both long-range and short-range

potentials and that a = ¢, we see that
1
O (t,x) = ——2/ wk(2) [w® * w® % 0. (t, 2z — 2) — w® xw x p.(t,2)] de.
g R4

Let now set y = £, so that from (4.1.6) we deduce that

O (t,x) = ——/ w(y) [ws x w0 ¥ 0. (t,x —ey) — w® * W x gs(t,x)] dy.

Because the convolution terms are smooth (say W), we may use the Taylor ex-

pansion and obtain

1
(I)s(tax) = g e vx[ws * WS * Qz—:(tvxﬂ "y wL(y> dy

- D2[w® * w® * o (t,2)]y - yw"(y) dy + O(e)
R

where the term O(e) converges to 0 in L™ since it is controlled by

Ce / WP ()IID2 W w5 % 0.(t, ) dy,
]Rd

and we recall the uniform bound |[(A)l Moreover, recalling (4.1.6)), we see that the
first term in the right-hand side vanishes and the Hessian matrix reduces to the

Laplacian, so that
O (t,x) = —0A, [wS * W x o.(t, z)] 4+ O(e) (4.4.5)
from which we directly conclude from

|Pc]|oo < C uniformly in € € (0,1).
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As far as V&, is concerned, the properties of convolution with respect to derivatives

gives

1
Vo (t,z) = = /Rd w(2) [Vw® * w” % o-(t, x — 2) — Vw® xw® x o.(t,2)] dz,

so that the L>((0,7) x R?) bounded on V®, follows from the previous argument

assuming now that w¥ € W4,

It remains to show that ®. — ® strongly in LP(0,T; L>(R?)), the convergence of
V&, uses the same arguments. The convergence follows from (4.4.5)) since we have

D (t,z) — ®(t,z) = —0 [Aw® xw” * (0. — 0)(t, z)] + O(e),

so that, thanks to the above control of the term O(g) and properties of the convo-
lution,

@ — (I)HLngO < Cllos - QHLfL}D +Ce. (4.4.6)
Using Lemma [4.4.2] we obtain the result. O

Proof of Lemma[{.4.3 This result is a consequence of the averaging lemma in ki-
netic theory. More precisely, we use Lemma|2.4.2| However, we cannot apply the aver-
aging lemma directly on { f.} because {f.} is not bounded in L?((0, T') x R¢x R%) and
we follow the argument in [119] which follows idea of renormalized solutions [111]. We
fix v > 0 and we consider the functions £, (f) = —L- with derivative 8 (f) = =2+

o7 ek
Now we multiply (4.1.2) by 3/(f) and obtain

(e:M — f)B,(f)

Eatﬁu(fe) +¢&- Vxﬁu(fé) = - vé ) <F65V<f6))

We verify assumptions of Lemma . Fromwe see that h® = §,(f.) is bounded
in both L'((0,T) x RY x R?) and L*((0,T) x R? x RY) so that it is bounded
in L2((0,7) x R? x RY) by interpolation. The L'((0,7) x R¢ x R4) bound on
hy = w is deduced from |(E)[ and the L*>°((0,7") x R? x R?) bound on
B (f.). Finally, since F. is bounded in L>*((0,7) x R%) and B,(f.) is bounded in
LY((0,T) x R x R?) we see that h§ = —F.3,(f.) is bounded in L*((0,T) x R% x R%).
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The assumptions of Lemma [2.4.2] are satisfied and we obtain

when y — 0, uniformly in e. As this is true for all » > 0, Lemma [2.4.3] implies

when y — 0, uniformly in e.

AJ@“9“$+y£%—mua@xf»w@ﬁm

— 0,
Li,

1 — 0, (4.4.7)
Lt,x

[t .9 = L2, ) 01 e

The final step is to remove the weight ¢ in the convergence (4.4.7)) using uniform
bound on {f. |¢]?}. To this end, consider a sequence of functions {1, (£)}, in D(R?)
such that ¢, (§) =1 for |£] < n and ¢,(§) =0 for |{| > n+ 1. Then,

2
€2 - 1 £=1€] 2IIL

t,x,§
n2

Je(t 2, 6) =5 d¢

n

[t 91 = vl e

L, |€]=n L,

and similarly for the term with f.(¢,x + y,&). Hence, we may choose first n large

enough and then for such n apply (4.4.7)) to deduce

[t .6) = Rt

— 0, (4.4.8)

lo=(x +y) — 0e(@)| 2, =
Li,

when |y| — 0, uniformly in € > 0. This yields compactness in space.

From Lemma we know that {o.} is also compact in time (we use here estimate
on {J.} in L*((0,T) x R%)), and as a result

T—h
/ lo:(t + h,x + k) — o-(t, z)| dx dt
0 R¢
T—h
§/ loc(t + h,x 4+ k) — 0-(t + h,z)|dt dx
0 Ré

T—h
+/ lo(t+ h,2) — ou(t, 2)| dt dz < O(h, k),
0 R4

where 0(h, k) — 0 whenever |h|, |k| — 0 uniformly in e. This provides the equicon-
tinuity of {o.} in L;, which provides us with local compactness in z.

From in Theorem we know that

sup / |zo-(t,x)| dt dz < oo,
0<e<1 (0,T)><]Rd
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and we obtain the strong convergence of the density in L*((0,T) x RY) by Fréchet-
Kolmogorov theorem, see also [248]. Using Estimate we obtain by interpolation
and [248, Theorem 1] the strong convergence in LP(0, T'; L' (R?)) for every 1 < p < oo

and this concludes the proof of Lemma [4.4.2 ]

Proof of Lemma[{.4.1 We adapt the proof of Lemma [4.3.3] We write

R - £®€(f€—@eM)d£‘§ [ 1eris. — omae
Rd ]Rd
1. ‘
- —1id
< /{ - )|>§}|£| 0.M | T 1] dg
£
. —1|d¢ =1+ Iy,
+/{10g ng)_ }|€| Q QEM 1‘ 5 1+ 12

where r is chosen later. For the first term, we just write

Je I
L < 1 M
' T/Rd o8 (QaM ¢

0-M
The term [y is decomposed in two parts: where f. > o.M and f. < o.M. The

- 1‘ d¢ < r? D

resulting integrals are called I3' and IZ. We only discuss I5' as I? can be treated
similarly as it was discussed in Lemma [4.3.3] We use the Cauchy-Schwarz inequality

to obtain

1/2
2 S (/{Oglog £ )< €2 |€| (5) f)

. M
</{0<10g fe )S\ \2} €

where, as before, B(§) = 1?4g£,411) = = (|£|§2) . with A = A(() = eXp(‘ﬂ ). As in
r(exp(=—)—

the proof of Lemma [4.3.3) we have the inequality log(y) > (y — 1)1°g( ) which yields

fe
1/2
1og(gf€) 5) <Dl

0 M
Now we choose r such that M () exp(| ) = Cexp(—al|?) for some a > 0. Then,

I

—1
0 M

9 1/2
B(&) dg) = I

with y =

[

—1
0 M

[;72 < / QaM

we have

2
/ ! dé / Y exp<'§')d§<0r / £ exp(—al¢?) dé =: C°.
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It follows that I2A 1 < CQ;/ % 50 that we obtain

R. <1 || D]y + C=ol* D}

£

and, using the Cauchy-Schwarz inequality, the proof of Lemma [£.4.1]is concluded.
]

This also concludes the proof of Theorem

4.5 Conclusion and open problems

We proved that macroscopic densities {o.} formed from solutions of the Vlasov-
Cahn-Hilliard equation converge to the solutions of non-local degenerate
Cahn-Hilliard . It is an open question whether one can obtain a local version
of this equation by sending short-range interaction kernel w® to the Dirac mass d.

One expects in the limit the local degenerate Cahn-Hilliard equation:
0o — DAp — div(pV®P) =0 (4.5.1)

where ® = —dAp. One can try to perform this limit either on equation (4.1.12])

or directly on (#.1.2), by sending w® = &y, w® = § together, see Figure .
Passing from (4.1.2)) to (4.5.1)), the main difficulty is the lack of entropy which gives

integrability of second-order derivatives in the nondegenerate Cahn-Hilliard. On the

other hand, when one tries to pass to the limit from (4.1.12)) to (4.5.1)), the entropy

(that is, multiplying equation by log p) is available but it yields estimates only on
Ao *w®) in L*((0,7) x RY),  Vy/oin L*((0,T) x R%).

The minimal required information allowing to pass to the limit seems to be the

strong compactness of {Vo} in L*((0,T) x R?).

Moreover, it is also open to prove whether we can add the "usual" double-well
Cahn-Hilliard interaction potential in the system. In fact, as far as this modification
is concerned, it is not even clear if there exists a solution to the Vlasov-Cahn-Hilliard

equation when the potential ® is a function of the density o.
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Vlasov-Cahn-Hilliard | ¢ — 0; wﬁ X do | Non-local degenerate wS A 5o Local degenerate
equation (4.1.2) Theorem Cahn-Hilliard (4.1.12) = open problem | Cahn-Hilliard ([4.5.1)

e = 0; w5 wk 2 5y together

open problem, formally obtained in [256]

Figure 4.1: Relation between three types of the degenerate Cahn-Hilliard equations.

4.6 Appendix A: Csiszar-Kullback inequality and

lower bound on the energy

We recall two lemmas which have been used in the proof of Theorem The first

one is a variant of the Csiszar-Kullback inequality.

Lemma 4.6.1. Let f,g > 0 with ||f|1 = ||g]l1. Then,

I£ =gl <l [ (=) (g f ~logg).

The second lemma is used to control flog_(f) from flog f, which immediately

establishes the Inequality (4.6.1)).

Lemma 4.6.2. Let log_(f) := max{—log(f),0}. Then

| 2Dtog (1N dede <€ (el Dol ) +
R € . (4.6.1)
+/Rng (%) dfd:lc—i—D/0 HDg(s,-,)HL}C’5 ds.

Proof of Lemmal[{.6.1. Let || f]l1 = ||lg|l = 1. Usual the Csiszar-Kullback inequality

I =gt <z [ g ().

By symmetry of the (LHS) we have

07 =alt <2 [ rog ()2 [ grog () =2 [ (7~ g0 - outo.

The general case follows by rescaling. O]

gives us
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Proof of Lemma[{.6.3. We proceed as in [119, Proposition 5.1]|.

We divide the domain in two parts:

2 2
0= {fs>exp<_%_|8€_|D)}a Qy = {fegex})(_%_%)}a

On Qy, log_(f.) is bounded so that we have

roe (1)< (14 65 1.

while on Qy, f. <1 so that v/f.log_(f.) is bounded by some constant C'. Hence,

el e
flog (o) < CVE < Cexp (= =05 ).

It follows that

/ﬂw log_(fe(t)) fe(t) dz d§ <

2 2
< RQdCexp (—% - 1|2|D> + (% + ﬂ) f=(t)d¢ da.

Now, we only need to bound the term fRQd Izl Elf.(t) d€ dz. For this, we first observe

(4.6.2)

that

G el =2 [ poteds = T <2005l + Co

where we have used Proposition and Young'’s inequality (with ¢ < 1). There-

fore, for all t > 0
t
[ Jelsdgde < [ ol dgdot Cllodly, +2 [ Dol ds. (463
R2 R2 : 0 '

Finally, equation (4.6.2) simplifies to give the desired result (4.6.1]).
O

Y210g? max(J., )

4.7 Appendix B: Estimate on J. log
From Lemma we recall that for 0 <r <1

1 2Cy
(s, < rel Do iy + Cog oo (251 ) s, 2D -

88



We can make further simplifications: applying a simple rescaling of r, ignoring ¢,

estlmatmg < exp( ;) and changing r = é we can assume
¢ 2 1/2 1/2
|J€(8,$)| < EHDE(&x?')HLé +C€Xp (a ),QE(S,x) ||,DE<57'I )H : (471>

To choose the best « in the inequality above, we let u = ., v = [|D.(s, z, ')HL% SO

that we can estimate

J(s,2)] < C'v min B 4 exp (0?) 9} | (4.7.2)

I<a<oo v

Lemma 4.7.1. Let v > e, u> 0, v > e*u. The minimum in (4.7.2)) is attained for

a > 1 which is the unique solution of

203 exp(of) = \/E
U
For such o > 1 we have

v 1+e (o?) g [ 1+—1 <
J— X —_— p— _— .
o P v a 203| 7T «

=< o8y (4.7.3)

2ulog+ v ifv<ulogi/2v.

Then,

Proof. The first statement is a consequence of simple calculus and we only have to

prove that the minimum is attained for o > 1. This follows from

1
\/E = 20’ exp(a?) < exp(20°) = 5 log (2) <o’ (4.7.4)
u u

As v > e?u, we deduce a > 1.

We proceed to the estimates on 5-. Suppose that v > u logfr/2 v. Then, we have
logv > logu + log log+ v = logl/2 ( ) > logl/2 logl/2
u

(we use here ¥ > e? and v > e to write log, instead of log). In view of -, this

gives lower bound on o which implies

2v 2\/52}

—= 1/2 /2

@ log/ log1
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We are left with the case v < u logi/ ?v. In this case we estimate directly using o > 1:

2
il <2< 2ulogi/2v.
«Q

]

210g'? max(J.,e) in L},. Let us observe that we

We proceed to estimating J. log
can always restrict the set of integration to the points (¢, z) where || D.|| 1L s arbi-

trarily large. Indeed, given M > e, we estimate

T T
/ / J.log'/?log'/? max(.J;, e) §/ / J.log'?1og'/? max(Je, e)l<ps
0 R4 0 Rd -

T
+/ / JE10g1/210g1/21rn.9ux(J5,e)]IHDEHLIS@Qs
0 R4 £

T
—I—/ / J.log'/? log!/? maX(JE,e)]].HDE”L1>€2QE]].J5>M.
0 R4 €

The first integral is bounded by ||.Je[| 1 log'/?log!/? M. For the second integral, we
note that (4.7.1) implies that J. < C g, so this integral is finite because we can use
Young’s inequality and logx < x to get

1/2

1
0. log logl/2 max(g., e) < 0. + 595 log max(o., €).

In the third integral, by estimate (4.7.1) with o = 2, we have || D,|| Lz ¥ for some
constant C. It follows that ||D.|| 1} can be assumed to be arbitrarily large by taking
sufficiently large M. This allows us to apply Lemma [4.7.1]

Splitting the domain of integration for two subsets as in Lemma[£.7.1] it is sufficient

to prove that the following functions

1Dl IDe |z

/24 1/2
1/2 + 1084

1.
T logt?logy? Dl log{* log/* | D- | 1,

Y

1/2 1/2 1/2 1/2
P2 = 0. log{* ||D.| 1, log/*1og!/* (0. log!/* | D.IIny)

1/27  1/2

are bounded in L;x (here, we use that log,/“log)/" v = logl/ 2

log'/? max(v, e)).

For P! (this is the limiting case!), we restrict to the values of ||D€||L% so large that

log/*log'/* | D/l > 1.
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Then,

D | s
logl/2 logl/2 <
T \logt logl? D |

< log/* log!/* <HDE||L§>

so that P! < ||D5||L%.

For P2, we apply logz <z, /T +y < Vz+/yand 2zy < 2?2 + y? to get

P2 < 0. 10g{*|[D.||1 108Y* (0. 1og}* | D] 1y ) <
< 0. log}/* |1 log™/* 0. + 0. log/* | D-| 1 log*log/* | D1,

< 0e 10g+ Oc T 0¢ log+ ||ID€||L% + 0 log+ ||’D€||Lé

so it is sufficient to prove that o, log, ||D.|| 1} is bounded in L; . This follows from

Fenchel-Young’s inequality

Qe 10g+ ||De||L% < 0 IOg 0c + 0 + ||,Da||L%
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Chapter 5

Degenerate Cahn-Hilliard: from

nonlocal to local

The results in this chapter have been submitted for publication as the following

preprints:

e C. Elbar, J. Skrzeczkowski. Degenerate Cahn-Hilliard equation: From nonlocal

to local. Available at arXiv:2208.08955, cited as [123].

e J.A. Carrillo, C. Elbar, J. Skrzeczkowski. Degenerate Cahn-Hilliard systems:

from nonlocal to local. In preparation, cited as [69)

The first paper [123] is concerned with a single equation as (5.1.3)—(5.1.4). The sec-
ond paper [69] extends the result to the system ((5.5.1a])—(5.5.1b) arising in biomath-

ematics.

5.1 Motivation and the main result

Several recent papers [90,(91,/92,215] have addressed the problem of deriving rigor-
ously the Cahn-Hilliard equation from the nonlocal equation, also called aggregation
equation [67]. In these works, only the case of non-degenerate mobilities is treated,
which avoids the delicate question of defining the limit of low-order products that

one encounters for nonlocal degenerate mobility that we present now. The degener-
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ate model is written

O = div(uVy), in (0,400) x T¢,

p=Blu] + F'(v), in (0,+00) x T,

equipped with an initial datum u°® > 0. Here, T is the d-dimensional flat torus, B

is the nonlocal operator B = B, defined with

Bufuc@) = S0e(o) e s 0@) = 5 [ wlp)ueo) —ulo =)y (1)

g2 g2

for & small enough and w. is the usual radial mollification kernel w.(z) = Zw(%)

with w compactly supported in the unit ball of R? satisfying

2D
/ w(y)dy =1, / yw(y)dy =0, / yiy;w dy = 51',3'7, (5.1.2)
Rd R¢ Rd

for some constant D > 0. Our target is to prove that as ¢ — 0, the constructed

solutions of

Owu. = div(u. V), in (0, +o0) x T, (5.1.3)

pte = Befu] + F'(u.), in (0,400) x T¢, (5.1.4)
tend to the weak solution of the degenerate Cahn-Hilliard equation

O = div(uVy), in (0,400) x T¢, (5.1.5)

p=—DAu+ F'(u), in (0,400) x T (5.1.6)

Our motivation for this work is fourfold.

e Firstly, the interest for the nonlocal Cahn-Hilliard equation is an old problem
that can be traced back to Giacomin and Lebowitz [151}(152]. These semi-
nal works establish the derivation of the degenerate nonlocal Cahn-Hilliard
equation departing from interacting particle systems. However, they left open
the question of deriving the local degenerate Cahn-Hilliard equation from the

nonlocal one. This is the challenge we overcome here.
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e Secondly, a revival of interest for this problem appeared in the last years
with several papers [90,91,92,215| deriving the local from the nonlocal Cahn-
Hilliard equation in the non-degenerate case. Here, we study the Cahn-Hilliard
equation with degenerate mobility which is mathematically more difficult and
better motivated by physics. Indeed, the degenerate version is obtained as a
limit of Vlasov equation (Chapter [4)), high-friction limit (Chapter [f)) and as

an aforementioned limit of stochastic particle system [151}]152].

e Third, the nonlocal Cahn-Hilliard equation can be seen as a porous medium
equation with a smooth advection term that is well understood, conversely to

the local degenerate Cahn-Hilliard equation.

e Finally, the nonlocal Cahn-Hilliard equation f is in fact an exam-
ple of an aggregation-diffusion equation with a nonlocal term corresponding
to the aggregation effect [67]. Thus, in this paper, we show that if the nonlo-
cal effect is appropriately scaled, one approaches Cahn-Hilliard equation. This
limit was formally stated for instance in [32,99,{133| and our work provides a

rigorous mathematical argument for this approximation.

To formulate the main result, we first make the following assumptions on the po-

tential F.

Assumption 5.1.1 (potential F'). For the interaction potential we assume that

there exists k > 2 and a decomposition F' = F; + F, such that

(A) Fy, Fy are of class C?,

(B) Fy = 0 or F} is a convex function which has k-growth in the sense that for

some nonnegative constants C1, ..., Cy we have
01|U|k — CQ S Fl(u) S 03|U|k + 04.
Cslu|*=? — Cg < FY'(u) < Crlu|*=? + Cg,

(C) F, has bounded second derivative i.e. ||Fy||s < 00 and Fy(u) > —Cy — Cg u?
where Cf is sufficiently small: more precisely 4 Cyy < C, with C, being the
constant in Lemma [5.8.71
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Example 5.1.2. The following potentials satisfy Assumption [5.1.1]
(1) power-type potential F'(u) = |u|”, v > 2 used in the context of tumour growth
models [89.[118,[122,229)],

(2) double-well potential F(u) = u? (u—1)% which is an approximation of logarith-
mic double-well potential often used in Cahn-Hilliard equation, see [218, Chap-
ter 1],

(3) any F' € C? such that for some interval I C R we have F”(u) > a > 0 for

u € R\ I and
ClufF —C < F(u) <Clulf+C for all u € R\ I,
Cluff* = C < F'(u) < Clul**+C for all u € R\ I,

see Lemma [5.7.3] for details.
Note that (3) is a more general version of (2).

Notation 5.1.3 (exponents s and k). In what follows we write

2 lfFIZO,
k =

koif Fy #£0.

We also define s = ;—fl and s’ its conjugate exponent.

Now, we define weak solutions of the nonlocal and local degenerate Cahn-Hilliard

equation.

Definition 5.1.4. We say that u® is a weak solution of (5.1.3)-(5.1.4) if

uf € L0, T; LF(T?)), A € L2(0,T; W= (T%))
Vu® € L*((0,T) x T%, V! (ue)Vuf € L2((0,T) x TY),

u(0,7) = up(z) a.e. in T and for all p € L*(0,T; W1*°(T%))
T T
/ <atu67 90>(W—1,5'(Td)’W1,s(Td)) = - / / UEVBg [ug] . Vgp
0 0 Td

., (5.1.7)

—/ / uF" (u¥)Vu® - V.
0 Jrd
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Definition 5.1.5. We say that u is a weak solution of - if
we L=(0,T; LF(T?) N L2(0,T; HX(T%), 0w e L*(0,T; W5 (T)),
VF (u)Vu € L*((0,T) x T%,

u(0,7) = up(z) a.e. in T and if for all ¢ € L*(0,T; W2°(T?)) we have

T T T
/ <(9tu, 90>(W*175/(Td),W1’5(Td)) = —D/ / AuVu - VC,O — D/ / uAu ASO
0 0o Jrd o JTd

T
—/ / uF"(u) Vu - V.
0 Jrd

Remark 5.1.6 (initial condition). In Definitions [5.1.4] and [5.1.5| we can evaluate

pointwise value u(0, ) because by [239, Lemma 7.1], we know u € C(0, T; W15 (T%)).

With these assumptions we can construct solutions to (5.1.3)-(5.1.4).

Theorem 5.1.7 (Existence of solutions for the nonlocal system). Let gy be given by

1
. (.a _B
g0 :=min (&, ep | ——r— 5.1.8
o= min (-t (7)) o1
where g and €8 are given in Lemma and respectively. Let € < gq. Let

u® > 0 be an initial datum with finite energy and entropy E.(u®), ®(u’) < oo defined

in (5.2.1)-(5.2.2)). There exists a global weak solution u® of (5.1.3))-(5.1.4)) in the
sense defined by Definition [5.1.4] It satisfies the dissipation of energy and entropy

(5.2.3)-(5.2.4) with uw = v, p = p.. Moreover, u® > 0.

Our main result reads as follows.

Theorem 5.1.8 (Convergence of nonlocal to local Cahn-Hilliard equation on the

torus). Let u® > 0 be an initial datum with finite energy and entropy E(u®), ®(u°) <

oo defined in (5.2.5) and (5.2.2)). Let {u.} be a sequence of solutions of the degen-
erate nonlocal Cahn-Hilliard equation (5.1.3)-(5.1.4) from Theorem[5.1.7. Then, up

to a subsequence,
ue — u in L*(0,T; H'(TY))
where u 1s a weak solution of the degenerate Cahn-Hilliard equation -
as in Definition [5.1.5
Remark 5.1.9. Note that by Lemma condition F(u’) < oo implies that

E.(u®) < oo.
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5.2 Important components of the proof
There are three main ingredients of the proof.

e Compactness for the system [5.1.3 is obtained from the energy FE. and

entropy @
E.[u] ::/ daz+—/ / w(Yu(x) —ul(z —y)Pdedy, (5.2.1)
Td 4e2 Td JTd
B[] ::/ u(log(u) — 1) + 1de. (5.2.2)
Td
Their dissipation is formally controlled by the identities
t
t +/ / u|Vpe|? < E.[u’], (5.2.3)
Td
/ / / w(y) [Vu() — Vu(z — ) +/ P/ ()| Va2 < B[u].
252 Td JTd Td
(5.2.4)

According to the result of Bourgain-Brézis-Mironescu [41] which was improved
later by Ponce [233], uniform bounds from (5.2.3)), together with Lions-
Aubin lemma, yields strong convergence of {u.} and {Vu.} to u, Vu in the
space L?((0,T) x T?). We note that in the limit ¢ — 0, the energy E.[u.]
satisfy (see |41, Theorem 4| and [233, Theorem 1.2])

Elu] = /Td F(u)dx + @ N |Vu(2)|? do < liminf E.[u.] (5.2.5)

e—0
for some constant C'(d) depending only on the dimension d. Similarly, for the

nonlocal term in the dissipation of the entropy we have

Z// 0., 0 u|2<hrn_>1g1f ///cuE ) [V () —Vu(z—y)|?
Td JTd

2,7=1

so in the limit ¢ — 0 we gain one more derivative. We also point out that one

can prove rigorously that ((5.1.5)—(5.1.6) is a gradient flow of ((5.2.5)) [196,214].

e In passing to the limit, we exploit the appropriate definition of weak solutions

to - Indeed, first we prove convergence to the formulation

T
/ <8tu (,0>W 15(Td)Wls(Td)—D/ ) VU@VU) D290—|—
T

D
//Td|Vu|A<,0—I—D//uVu VAp — //TduF” w)Vu - V.
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Formally, it is obtained by integrating by parts twice using the formula
1
VulAu = div(Vu ® Vu) — §VWU‘2- (5.2.6)

Its main advantage is that it exploits at most first-order derivatives so that
we do not need any estimates on the second-order derivatives. This is impor-
tant as they are not available for nonlocal degenerate Cahn-Hilliard. More
precisely, the main difficulty is non-degeneracy of (5.1.3)—(5.1.4), that is we
loose estimates on V. whenever u, is approaching the zone {u. = 0}. For the

non-degenerate equation studied in [90,91},92,[215],

O = div V., in (0,400) x T (5.2.7)

pte = Befu] + F'(u.), in  (0,400) x T¢, (5.2.8)

one obtains immediately an estimate on V. (by multiplying by u.) and then
one can identify its limit. Nevertheless, we point out that in [90}91,92,215]
the difficulty is rather the regularity of the potential and the kernel which we

do not address in our work, assuming that F' and w are sufficiently smooth.

e For the nonlocal Laplacian operator given by B. defined in (5.1.1)), we find
an operator S. given in ([5.4.4) which resembles gradient operator. It satisfies
the integration by parts formula in Lemma as well as the product
rule in Lemma with an error that vanishes when ¢ — 0. This is
necessary to perform usual calculus operations before sending ¢ — 0, that is

when we do not have Laplace operator in the equation.

5.3 Weak solutions to the nonlocal problem

The existence of weak solutions for the local Cahn-Hilliard equation with degener-
ate mobility usually follows the method from [124]. The idea is to apply a Galerkin
scheme with a non-degenerate regularized mobility, i.e. , calling m(n) the mobility,
then one considers an approximation m.(n) > ¢. Finally, using standard compact-
ness methods one can prove the existence of weak solutions for the initial system.

The uniqueness of the weak solutions is still an open question.
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In the case of the nonlocal Cahn-Hilliard equation, we have to rely on a fixed point
method. We first consider a nondegenerate mobility, and the fixed point argument
is put on the nonlocality. Then, we pass to the limit to obtain the nonlocal Cahn-

Hilliard equation with degenerate mobility.

Approximating solutions

Following the scheme above, we first consider a nondegenerate mobility and prove

the existence of the following system

Oyus = div(Ts(us)Vis) (0, +00) x T, (5.3.1)

ps = Balus] + F'(us) (0, +00) x T% (5.3.2)

where 6 > 0 is a small parameter such that 20 < % —1,0< %‘ and

(

) for u <9,
smooth monotone interpolation for u € [6, 26],
Ts(u) = u for u € [26, 5 — 1], (5.3.3)
smooth monotone interpolation for u € [% -1, %],
\% for u > %.

The estimates for the sequence {us} will be obtained from the dissipation of energy
and entropy. The definition of energy E. remains the same as in . However,
the definition of entropy has to be adapted to take into account the fact that we
don’t know if the solution remains nonnegative. To this end, we define a function ¢

by an explicit formula

bs(x) = /1 ’ /1 ’ T;Z) d= dy. (5.3.4)
Lemma 5.3.1. Let ¢5 be defined with and ¢(z) = z(log(x) — 1) + 1. Then,
(P1) ¢§(z) = 7757 and ¢5(1) = ¢5(1) = 0,
(P2) ¢s(x) = ¢(x) for x>0 asd — 0,
(P3) ¢5(x) > 0 for all z € R,
(P4) ¢5(x) < ¢() + ggya® + 3 for x>0,
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(P5) ¢s(x) — oo when & — 0 for all x < 0.
The purely computational proof is presented in Section [5.7

Theorem 5.3.2. Let § > 0, g9 be as in (5.1.8) and F € C*. For ¢ < gy there
exists classical solution ((5.3.1)—(5.3.2)). Moreover, they satisfy the mass, energy, and

entropy conservation: for allt > 0

/U5(t,')d$:/ u’ du, (5.3.5)
Td T4

L ug] () + /O /T Ty(us) [Vpf? = E.Ju), (5.3.6)

Bulusdt)+ 55 | [, [ ) IVuste) = Vasta = )P +

t
+/ / F’/(U5)|VU5|2 = @5[u0].
0 Jrd
Theorem 5.3.3. Let ¢g be as in (5.1.8). Let F' satisfy Assumption with an ad-

ditional constraint 2 C1y < C,. Then, the following sequences are bounded uniformly

ind € (0,1) and e € (0,0)

(5.3.7)

(A1) {us} in L>(0,T; L*(T?),

(A2) {us} in L*(0,T; LFa%(T9)),

(A3) {\/T5(u) Vus} in L*((0,T) x T%),
(A4) {Vus} in L2((0,T) x T%),

(A5) {0ws} in L2(0,T; W= (T9)),
(A6) {0;Vus} in L*(0,T; W25 (T?)),
(A7) {\/F{(us)Vus} in L*((0,T) x T?),
(A8) {®s[us]} in L=(0,T),

where k and s have been defined in Notation |5.1.5.

To prove Theorem [5.3.2, we need to assume that F € C* which allows us to use

known results about classical solutions to uniformly parabolic equations.
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Proof of Theorem[5.3.3. As 6 > 0 is fixed in this result, we write u instead of ws.

Given w we consider an auxiliary equation

M) . (5.3.8)

Oy = div (Tg(u)Vu (612 + F”(u)>> — div (T(g(u) 5

Let «a, 0, M, k be parameters to be specified later. We want to apply Schauder fixed

point theorem to the map

P X —- X
P : w — wu solution of (5.3.8),

where X is defined as the set
X ={w e C*2([0,T] x T, |lw|l., < M}

with the norm

||w||X = HwHoo,cr thR HwHa,a/Z

and the norm |[-[|,, , » is the usual Holder seminorm in space-time. We also define

[l oy = sup |u(t,z)le™". (5.3.9)
[0,T]x T¢

Note that the new norm is equivalent to the usual supremum norm so all topological

properties do not change. We need to prove that P is continuous, P maps in fact

X to X, and that P(X) is relatively compact in X. First, we prove that P(w) = u

is the unique classical solution of equation so that P is well defined and find

Holder estimates which will be useful to prove the continuity of the operator as well

as its relative compactness.

Step 1: P is well defined and Hélder estimates. Equation (5.3.8)) is equivalent to say-

ing that u solves parabolic equation
Owu = div A(t, z,u, Vu) + B(t,z,u, Vu), (u)ra = (ug)7a

with
1 1/
Atz =T 5+ 7))

B(t,z,z,p) = —Ti(2)p ———



and we recall that w € X is Hoélder continuous. The function A satisfies the strong

parabolicity condition for sufficiently small € > 0, i.e.

for all € < gy (this uses Assumptions [(B)] [(C)|and (5.1.8)). Since the derivatives A,,

A,, Ay, A, and function B are Holder continuous as functions of (t,z,z,p), [192,

Theorems 12.10, 12.14] asserts that there exists a unique classical solution to (5.3.8))
such that

||U||Cl+a,1+a/2 < 0(6, €0, ||w||ca,a/2).
With this estimate, (5.3.8)) can be considered as a linear equation so that the linear
theory for parabolic equations [192, Theorem 5.14] implies

HUHC2+D¢,1+D¢/2 S 0(5, EO, Hw”oa,a/Q) (5310)

Therefore u is a classical solution of ([5.3.8) and it admits the Hélder bound (5.3.10)).
Step 2: The operator P is continuous. We consider a sequence {w, } in X such that

|w, —w||x — 0. Then u,, = P(w,) is compact in C*! from estimate (5.3.10) and

Arzela-Ascoli. We choose subsequence such that w,, — u in C*!. These functions

satisfy

1 n e
Oyt = div (Tg(unk)Vunk (5_2 + F”(unk)>) —div (Tg(unk)w’“:—zw> . (5.3.11)

Passing to the limit in (5.3.11]) and using uniqueness of solutions to from [192],
we obtain that for every subsequence of {u,} we can extract a subsequence which
converges to a unique limit u = P(w). By a standard subsequence argument, this
means that the whole sequence {u,} converges to u = P(w). Therefore P is contin-

uous.

Step 3: P maps X to X. We write the equation (5.3.8)) in the form

Ot = Ty(w)|Vuf? (i ¥ F"(u)) T Ty(u) A (l " F"<u>) Ty | Vu2FO ()

w * Vw, w * Aw,

— T5(u) Vu - — Ts(u)

g2 g2
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We substitute u = v e’* and we compute PDE satisfied by v:

1 1
Owe’ +vae’ =Ti(u)|Vo|? (5_2 + F"(u)) et + Ty (u)Av (6—2 + F”(u)) et

w * Vw, w * Aw,

+ Ts5(u) | Vo 2F®) (u)e?t — Tj(u) Vo - —e7 = Ts(u) >
€

Now, we multiply by v and evaluate the equation at the point (¢, x.) where v?

attains its maximum. Therefore, all the terms with Vv and |Vo|? vanish (as |Vo|?v =

Vo - Vv?/2).

1 1 * A
§atv260t* + ,UQO_ea't* — T(;(U)’UA’U (; + F”(U)) €Ut* _ ?}T(;(U)%

Using v Av = —|Vov|? + Av? < 0 and d;v* > 0 we obtain

w x Aw
v oe < —vTs(u)——2,

2

so that

| | Awe |1 [Jw(ts, )] oo
de2 '

where we used the definition of Ts. As v? attains maximum at (t*, z*), |v(t, z.)| also

V3 (t,, ) 07 < |u(t,, x,)

attains maximum at (t*, x*). Therefore, taking into account the initial condition

A . A —ot
|| w€||1||w( £ )”0067015* |UOHOO) < max(” wsHlee ||OO,HUOHOO) )

o < ma (12 7 =r

Choosing 0 = 2||Aw.||1/(de?), we obtain estimate

1 _
ol < m (5 e ol )

By definition of the norm

1
[P0l < (5 o ol ) (53.12)

Moreover, the parabolic version of de Giorgi-Nash-Moser theory, see |183, Chap.

V, Theorem 1.1], implies that there exists @ = a(]|w| ) such that the solution

of (5.3.8)) satisfy

[ullgacre < fllwllooo)-

Without loss of generality we may assume that f(||w|leo) does not decrease and

a(||w]|so.s) does not increase when ||wl| » increases.
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We proceed to choosing values of parameters M, «, x and concluding the proof. We

choose

l[uoll oo
M = 3||ugl| ;oo 5 a=«a(M), K=
Jull (M) S

Since w is in X and f is nondecreasing we obtain

1 M
1Pwllx < Fllwllocs+uollos+rf(1wlloos) < = +lluolloo+rf(M) < 3luoll o = M-

This means that P maps X to X.

Step 4: P(X) is relatively compact in X. The relative compactness of P(X) follows
from ((5.3.10)).

The proof is concluded. O

Proof of Theorem [5.3.3. To prove [(Al)|and |(A3)| we want to apply (5.3.6) and As-

sumption [5.1.1f on the potential. The energy identity reads:

/ (us dx+—2/ / we (y)|us (x) —us(z—y)[* dfﬂdy+/ / Tis(us) [Vhs|* = Eclu)],
Td 4e Td JTd

Applying Lemma [5.8.1], we deduce

[ e, [ =l + [ [ 2t 19l < B0

Splitting F' = F} + F, and applying in Assumption we obtain
t
/ Fl(U5> dl’—l—Cp/ |U5—<U5>Td|2+/ / T(s(u(;) |Vu5|2 < EE[UO]+CQ ’TdH—Clo/ |U5|2
Td Td 0 Jrd Td

Note that by conservation of mass, (us)ge = (u°)ra. Therefore, applying the simple
inequality |a + b* < 2]a|* + 2]b|*> and C, > 2}y, we obtain an L*°(0,T; L*(T?))
estimate on {u(;} which can be improved to L*°(0,T; L*(T?)) if Fy # 0 cf. in
Assumption . Then, and so, is easily implied by the energy as all

possibly negative terms are bounded.

Now, to prove [(A4) we want to use the entropy equality (5.3.7)):

o / t / d / () Vs ()~ Vs (o—y) P+ / t / F'(us)| Vsl = @s[u).
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To exploit it, for v to be chosen later, ¢ € (0,£y(7)) we have by Lemma [5.8.3]

1 t t .
CID(;[Ug](t)—l——// ’VU5|2—|—// Fl (U5)|VU5|2§
Y Jo Jrd 0 JTd
t t
< B[] + C(7) / / 15 2oy + | P2l / / Vsl
0 Td 0 Td

T }2,,”00 which yields estimates [(A4)|, [(A7)| and |(A8)| (here, we also

exploit in Lemma to control ®;[u’]). Now, to see we take a smooth

test function ¢ and write thanks to the Holder inequality

We choose 7 =

T T
/ Oyus o dx dt‘ = / / T(;(u(;)l/QTg(u(g)lﬂv,u(; -Vodr dt’
0 Td 0 Td

< |\ Ts(us) 2|l oo o220 (rayy | Ts () >V s || L2 0.1y w1y [ Vo | 22 0,115

< OVl L20,1;05 (1)) -

In the last line we used estimates|(A1)}, and the definition of Ts. This concludes
the proof for estimates and then easily follows.

Finally, we prove|(A2)l We note from|(A7)|that {Vu*/?} is bounded in L2(0, T; L2(T%))
and from |(Al)| that {ulg/z} is bounded in L>(0,T; L?(T?)). Therefore, by Sobolev
. . k/2 . . 2 _2d_ d .
embedding, we obtain that {u;'"} is bounded in L*(0,T; L@-2(T%)) so that {us} is
bounded in L*(0,T; L% (T4)). 0

Proof of existence result

Proof of Theorem [5.1.7.
Step 1: Approzimation of the potential. For F' as in Assumption we consider

its mollification Fy = F % ns where {n;} is the usual mollifier. We note that Fj is C*
and that F', Fjs satisfy Assumption with comparable constants (1, ..., Cq, see
Lemma [5.7.2] The most important is constant Cg because there is a constraint on
it in terms of C,. More precisely, F' satisfies Assumption with Cyy < C,/4 so
that from Lemma we have that Fj satisfies it with 2Cy < C,/2. This allows

to apply Theorem to otain uniform estimates. Moreover Iy = Fs5; 4 Fso with

F(p) pointwise F(p)

512 5 (12) where p = 0, 1,2 is the order of derivative.
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Step 2: Compactness. Using Theorem [5.3.2) we can obtain us; such that for all ¢ €
L2(0, T WH(T))

T T
/ <6tU5, (,0>(W1,s(']rd))/7wl,s(’]rd) + / / T(;(u(;)VBE[u(g] : VQD +
0 0 Jr (5.3.13)

T
+ / / U5F(;/(U5)vu(5 -V =0.
0 Td

The plan is to send 6 — 0 in (5.3.13). By Theorem and standard compactness

results we can extract a subsequence (not relabelled) such that
(B1) us — u a.e. and in L?((0,T") x T¢), L*((0,T) x T%),

(B2) Vus — Vu in L?((0,T) x T9),

(B3) Owus — Opu in L2(0,T; W15 (T9)),

(B4) \/F{'5(us)Vus = & in L*((0,T) x T?) for some & € L*((0,T) x T?).

Only needs some justification. From [(A1)] [(A4)] |(Ab) and Aubin-Lions lemma,

we obtain the strong convergence us — u a.e. and in L?((0,T) x T¢). To see the
second strong convergence, we interpolate between spaces L>(0,T; L*(T9)) and
L*0,T; Lkd%Q(Td)) to prove that {us} is bounded in L*%(0,T; L¥+*(T4)) for some
k > 0 because k7% > k. Now, interpolating between L*™(0,T; L***(T%)) and
L?((0,T) x T%) we obtain strong convergence in L*((0,7T) x T4).

Step 3: Nonnegativity of u. The plan is to obtain a contradiction with the uniform

estimate of the entropy. For o > 0, we define the sets
Vas ={(t,x) € (0,T) x T : us(t,z) < —at,
Voo = {(t,x) € (0,T) x T : u(t,z) < —a}.
By nonnegativity of ¢s (see as well as the properties below) and in

Theorem |5.3.3] there is a constant C'(T") such that

/ ¢5(U5) dz dt S / ¢5(U5) dx dt S C(T)
Va,s (0,T)xTd

For us < —a, we have 0 < ¢s(—a) < ¢s(us) because ¢f(x) < 0 for x <0, see (5.3.4)).
Therefore,

0 < ¢s(—a) /V ldzdt = /V ¢s(x)dxdt < C(T).

@
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Sending & — 0, exploiting |(P5)|in Lemma and using the strong convergence of

us — u we discover

/ 1ldxdi = lim/ 1dxedt =0
Va,() -0 Va,ts

(we use here the fact from measure theory asserting that on the measure space (X, u)
if fo, f: X = Rand f, — fin L}(X, ) then for a € R we have ffn<adu — ff<adu
as n — 00). This means that Vo is a null set for each a > 0, concluding the proof
of the nonnegativity.

Step 4: Identification & = \/F]'(u)Vu. We want to use|(B4)[so we have to identify &.

For that purpose, we use the convergence a.e. of us in and the pointwise conver-
gence Iy} — I to deduce that Fj,(us) — Fi(u) a.e. Next, using Assumption

for Fs, and estimate

2
)| < Cafusl*=2 + O

As (RHS) is uniformly integrable by strong convergence [(B1), we deduce that

2
‘ FY, (U(g)‘ is uniformly integrable so that the Vitali convergence theorem implies

F} (us) = /F/'(u) in L*((0,T) x T%)

Using weak convergence of gradient [(B2)| we finally obtain & = \/F}'(u)Vu.
Step 5: Passing to the limit in the first two terms of (5.3.13)). Using it is easy
to pass to the limit in the first term of (5.3.13). Now we focus on the second term.

Note that

1
V B.[us|(x) = 6—2(Vu5 — w; * Vug).

The two terms of VB, are treated in the same way. We focus only on the harder

term Vugs which does not have regularizing properties of the convolution. For this

term it is sufficient to prove that Ts(us)Vus — uVu weakly in L2(0, T; L*(T%)). We

first note that by definition of Ty, the strong convergence and the nonnegativity

of u, we obtain Ts(us) — u strongly in L?((0,7) x T?). Hence, the result follows

from weak convergence of the gradient .

Step 6: Passing to the limit in the third term of ([5.3.13)). For the third term we write

108



Fy = F§', + Fy, as discussed in Step 1. Then we decompose

T T
/ / T(g(u(;)Fg’(u(;)Vu(; . VQD :/ / T(;(U(s)Féfl (U5)VU§ . V(,O +
0 Td 0 Td
T
+ / / T5(U§)F552(U5)VU5 . Vg& = Il + ]2.
0 Td

For I; we write

T
L= / / Ty(us)y P (us) ) Fily (us) Vit - V.
0 Td

It remains to prove that Tj(us), / Fy (us) converges strongly in L*((0,T') x T?). Note
that since us — u > 0 we have T5(us),/ Fy', (us) — u\/Fy'(u) a.e. Moreover,

2
<T5(U5) Féfl(U5)) < Cg |U5|k + 04

As the (RHS) is uniformly integrable by strong convergence, we deduce that (LHS) is
uniformly integrable. Hence, the Vitali convergence theorem implies Assumption
and Estimate [(Al)|show that

Ts(us)y/ Fyly (us) = uy/F{'(u) in L*((0,T) x T%

so that I; — fOT Jpa uF{ (u)Vu - V. For I, as Vus — Vu converges weakly in
L*((0,T) x T?), it is sufficient to prove the strong convergence of Tj(us)Fy(us) in
L?((0,T) x T%). Thanks to Assumption on FY,, this term is uniformly bounded
so that trivially [T5(us)Fyy(us)| < |[FY]|e|T5(us)|. Therefore, Vitali convergence
theorem implies T5(us) Fyy(us) in L*((0,T) x T?) and so

T
I —>/ / uFy (u)Vu - V.
0 Jrd

Step 7: Energy and entropy estimates. We pass to the limit 6 — 0 in (5.3.6))-(5.3.7)).

With the above convergences and properties of the weak limit, we obtain the result.

This ends the proof of Theorem [5.1. O]

Now that weak solutions of the nonlocal Cahn-Hilliard equation have been con-
structed for a given initial datum, it remains to prove the convergence of the nonlocal

system to the local one. This is the purpose of the next section.
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5.4 Limit ¢ — 0

Weak solutions of the local Cahn-Hilliard equation are understood in the sense of
Definition [5.1.5] In order to prove the convergence of the nonlocal system to these
solutions, we first collect the necessary estimates uniform in €. Then we pass to the

limit € — 0 to conclude the proof of Theorem [5.1.8

Uniform estimates in € > ()

We recall that in the previous section we had obtained the energy and entropy

inequalities as well as estimates uniform in €.

Lemma 5.4.1 (Mass, energy, entropy). The following identities hold true:

/Td ue(t, ) dr = /Td u’ du, (5.4.1)
Eluc(t,)] +/0t /W ue |Vpe|? < B, (5.4.2)

Wit N+ oy [ [ [ ) 9ot = )y +

t
+//F”(u5)|VuE|2§CI>[uO].
0o Jra

Lemma 5.4.2 (Uniform estimates). The following sequences are bounded:

(5.4.3)

(A) {uc} in L>(0,T; L*(T?)),

(B) {u:} in L¥(0,T5 L¥a2(T7),

(C) {Vu.} in L*((0,T) x T?),

(D) {\/u=Vpe} in L*((0,T) x T7),

(E) {0} in L2(0,T; W= (T4)),

(F) {0,Vu.} in L*(0,T; W25 (T9)),
(G) {\/F{(u)Vu.} in L*((0,T) x T%).

Our last ingredient for the proof of Theorem is about the compactness of {u.}

and its gradient.
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Lemma 5.4.3 (Compactness). Sequences {u.} and {Vu.} are strongly compact in

L*((0,T) x T%).

Proof. The compactness of {u.} follows from the Lions-Aubin lemma applied to es-

timates[(A)[(C)|and [[E)} Then, for the compactness of {Vu.}, we recall the estimate

provided by the entropy on the quantity:

1 T
[ ][0 Vi - Vi - pPdeayar < .
452 0 Td JTd

By Theorem [2.6.3] it implies compactness in the spatial variable (2.6.3)) for {Vu.}.
Then, using the uniform bound on {9, Vu.} in L*(0, T; W~2*'(T%)) (see also Remark
2.5.3/ (A)) and Theorem we obtain compactness of {Vu.} in L*((0,T) x T%).

[

Nonlocal calculus

We want to pass to the limit € — 0 in Equations — and obtain weak so-
lutions of the local Cahn-Hilliard equation. We have at most bounds on the gradient
of u. and the limit equation has four derivatives. That means we need to mimic at
the epsilon level integration by parts for nonlocal operators. For that purpose, we

define the operator

Y% we(y)

Selel(,y) = e (ol —y) — p(x)) (5.4.4)

which has the following properties:
Lemma 5.4.4. The operator S, satisfies:

(S1) S. is a linear operator that commutes with derivatives with respect to x,

S2) for all functions f,g: T? — R we have
( g

Sclfol(x,y) — Sl fl(x,y)g(x) — Sclgl(w,y) f(x) =

(S3) for all u, € L*(T9)

<Bs[u](>7 ¢(')>L2(Td) = <Sa[u](7 ')7 Ss[gp]('v ')>L2(Td><'lrd)-
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(S4) if {u.} is strongly compact in L*(0,T; HY(T?)) and p € L>((0,T) x T¢) we

[ ] Lsween o [ [ 19w a0

where D = fB (y)|y|? dy.

have

Proof. The first one is trivial. For the second one, we just observe

(fx —y)— f(@)(g(z —y) — g(r)) =
—(flx—y) = f(x) g(x) —g(z —y) f(x) + flz —y)g(x —y) =
— (f(x —y) = f(2)) g(x) — (g(z —y) — g(x)) f(z) + (f(x —y) gz — y) — f(x)g(x)).

For the third one, we compute

Bl e = [ [ 2 ) — e ) o)y

Changing variables 2’ = = — vy, ¥y = —y and using symmetry of the kernel
(Belu](-), () 2(ra) = u(@' —y) —u(@’)) (2’ —y') dy' da’.
Td J14d
Therefore,

2Bl O = [ [ 0 () —ule ) (pla) — (o — )y
- [ [ ) -
Td JTd €

u(r —y)) (p(r) — p(r —y))dy da.

Finally, to prove we use the definition of w. and change variables with respect
to y to obtain:

[ [ sdud et )= [ w D[ [ ot R gy,

For fixed y,
€ t € ta B ? '
/ [ et pylicth) Zucltz —eplf g, | [ ettaivutPlu? st
Td I 0 Td
ue(t, ) — u(t,x — ey)|?
[ [enatn= " dedt] < gl sup | Duc ] 1y

due to Lemma [5.7.1] As the majorant is integrable, the dominated convergence

theorem concludes the proof. O
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Since B, has a similar behavior as the Laplace operator, one can expect that S, acts
like a gradient (in L?(T?)). Nevertheless, note that S.[¢](z,y) is a scalar. From now

on, we write VS, for the gradient of S. with respect to the variable x i.e.

VSe[pl(z,y) ==

Proof of the main result

Proof of Theorem[5.1.8, We only have to explain how to pass to the limit in the
term fOT Jpa div(ueVpe) e da dt where ¢ € C*([0, T] x T?). Integrating by parts, we

obtain
T T
/ / div(ueVpe) pdrdt = —/ / u:Vie - Vodrdt =
0 Td 0 Td
T T
= / / B.[u:]Vu. - Vodzdt + / / B.luJu.Apdxdt  (5.4.5)
0 Td 0 Td
T
—/ / uF" (u)Vue - Vodz dt =: I} + I + I3.

0o Jrd

Step 1: Compactness. Using Lemma and Lemma we can choose a subse-

quence of {u°} such that

(D1) O — Oyu weakly in L2(0,T; W15 (T%)),
(D2) u® — wu strongly in L?((0,T) x T9),

(D3) Vu® — Vu strongly in L?((0,T) x T9),

(D4) /F/"(u.)Vu. — & weakly in L*((0,7T) x T9).

Step 1: Convergence of I. Using in Lemma we write term [; as

T T
/ / Selue)S:(Vue - V) de dy dt = / / Selue)Se(Vue) - Vodr dy dt
0 Td JTd 0 Td JTd

T
+ / / S.[uc]Vue - S.[Vg| dzdydt + RV = g + g + RO,
o JrdJTd
where Rél) is defined as

T
RW = / / / S.[ug] (S-(Vue - V) — S-(Vue) - Vo — Vu, - S.[V]) dz dy dt.
0 Td JTd
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For Jl(l) we use identity
1
Selue] Se(Vue) = Scfue] VSe(u:) = §V EATAIE
so after integration by parts we obtain

1) Lt 2 D [t 2
=—= (Sclue])*Apdrdydt — —— \Vul"Apdzdt (5.4.6)
2 Jo JyaJra 2 Jo Jra
due to in Lemma . For Jél) we change variables to have

5 = %/0 /T /T wn(y) =W Z ) G g VLW Z VR 4 gy e

= %/ﬂ‘d w(y) /OT /]I‘d us(x - gy{f) - us(x) VUE(QT) ' vgp(m - gz? - vgp(x) dodt dy

We are first concerned with the inner integral. With Lemma we have that for
fixed y € T9

us(x —ey) — u:(x)
5

— —Vu(z) -y in L*((0,T) x TY).

Moreover, a Taylor expansion implies that

Vo(r —ey) — V()

. — —D?p(x)y in L=((0,T) x T%RY).

Combining this with a strong convergence Vu, — Vu in L2((0,T) x T%), we deduce

/T/ us(z —ey) — “5<x>wa(x) Vel —ey) = Vo) 0

3

—>/0 Trqu(x)-qu( x) - (D*p(x)y) dz dt.

Finally, we apply the dominated convergence theorem to the integral with respect

to y with the dominating function || D%p||__ sup, || Vu.|3 [y|?>. We obtain

=3 / IyIQdy/ /Vu ) - D*¢(2)Vu(x) dz dt =

(5.4.7)
= D/ Td(Vu(aI:) ® Vu(z)) : D*p(z) d dt,

where we also used the symmetry of D?p and properties of w defined in (5.1.2). It
remains to deal with the error term. Using |(S2)|in Lemma we can write

RO — / / / o) [(Vugcx §)— Ve (2))-(Vo(a—y) ~ V()] dz dy dt.
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We want to prove that Rél) converges to 0. By Cauchy-Schwarz inequality (in time

and space) as well as bounds on S.[u.] it remains to prove that

[l

Using Taylor’s expansion we can estimate this integral with

ool ([ ], [

which converges to zero by the bound from the entropy ((5.4.3)) so that (5.4.8]) follows.
We conclude that

(x—y)—Vu.(z)*[Vo(z —y) — Vo(z)? dy dz dt — 0. (5.4.8)

(x —y) — Vug(a:)\zdydxdt)

D T T
L — ——/ / |Vul? Ap dz dt + D/ (Vu ® Vu) : D*pdz dt.
2 Jo Jra 0o JTd

Step 2: Convergence of I,. We observe that the only differences between I; and I

are u. and Ay in place of Vu. and V¢ respectively. As we have the same (in fact,

better) estimates for these quantities, the proof is the same and we conclude

T T
Ig—>D/ / |Vu\2A<pdxdt+D/ / uVu-VAp.
0 Td 0 Td

Step 3: Convergence of Is. For I3 the proof is similar to the reasoning in Steps 1,

3 and 6 of the proof of Theorem [5.1.7because we have to use the same estimates.
Roughly speaking, one proves that u® — u strongly in L*((0,T) x T9) by interpola-
tion so that one can identify ¢ = \/F}'(u)Vu. Next, convergence in L*((0,T) x T¢)
allows also to prove strong convergence ug\/m — u\/m in L2((0,T) x T%)

thanks to growth condition while the convergence u.+/Fy (us) — u\/Fy(u) in
L2((0,T) x T9) is trivial because Fy € L*. This shows that

T
I3 — —/ / uF"(u)Vu - Ve dz dt.
o Jrd

Conclusion of Steps 1-3. In the limit ¢ — 0 we obtain

T T
A <atU, 90>(W71,s’(']rd)7wl,s(']rd)) = D/O Td(Vu X VU) . DQQD +

D (T T T
—l——/ / |Vu]2Ag0—|—D/ / uVu-VAgo—/ / uF" (u)Vu - V.
2 Jo Jra o Jrd 0 Jrd

Step 4: Regularity of u and better weak formulation. Now we prove the regularity of

the limit function u. This allows us to perform integration by parts on the different
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terms using the formula (5.2.6)) and recover the Definition [5.1.5] In fact, in the limit
e — 0, from the entropy we obtain (see [41, Theorem 4| and [233, Theorem 1.2|)

Z// |0y, 0,0 <11m1nf—///w5 ) [Vue(x) — Vu(z — y)?
Td ! 452 Td JTd

4,7=1

so in the limit € — 0 we gain one more derivative. Then, since

T T T
D/ / uVu-VAgpz—D/ / Ag0|Vu|2—D/ / uAu Ay
0 Jrd o Jra 0 Jrd

and using formula ((5.2.6)), we compute

T D [T T
Il+]2:D/ (Vu®Vu):D2go——/ |Vu|2Ag0—D/ / uAuAp
o Jra 2 Jo Jpa o Jra

T T
:—D/ / AuVu-Vgo—D/ / uAu Agp.
o Jrd 0o Jrd

This ends the proof of Theorem m

5.5 A similar result for the aggregation-diffusion

system

There are many PDEs in mathematical biology for which one can study the similar
question of convergence of the nonlocal problem to the local one. The most crucial
tools are again control of the energy and the dissipation of the entropy. To illustrate
it, we consider the aggregation-diffusion system, studied in [70,/133], which is used

to model cell-cell adhesion:

% =V (pV (8Bc[p] + aB:[n] —yp —Bn)), in (0,+00) x T, (5.5.1a)
O V-0 Bl + Bl ~Bo—w). i (0400) xT'  (55.1b)

where B, is defined in (5.1.1)).

From the modelling point of view, we consider two populations of the cells. Param-
eters k > 0 and v > 0 represent the relative self-adhesion strength of p with respect

to n; while @ > 0 and § € R give the relative strength of the cross-attraction forces.

The local version of (5.5.1al)—(p.5.1b|) (that is, after sending ¢ — 0) is useful for
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analysis of its steady states [133] but the nonlocal version of (5.5.1a})—(5.5.1b) has

much better regularity properties. Therefore, it is important to understand connec-

tion between the local and the nonlocal models.

Hence, our target is to prove that as e — 0, solutions to (5.5.1a)—(5.5.1b)) tend to

the weak solution of the local system:

d

af V- (pV (=kAp — aln —p = b)), (5.5.2a)
0

az V-V (=alp—An—Bp—mn)). (5.5.2b)

which is the first result of nonlocal-to-local convergence for degenerate systems.

The nonlocal system is associated with the following formal energy /entropy structure

n = : /W /Td <ely) (klp(x) — p(z —y)|* + In(z) — n(z — y)|*) dzdy

Ws
w5 [ ] P00 ~ ol — i) ata) = e~ ) dedy (553
Td JTd
- d
/TdQP +277 + Bpndz,
®lo.n)i= | pllog(p) ~ 1) + n(log(r) ~ 1 d. (5.5.4)
T
Their dissipation is formally controlled by the identities
t t
s [ LoVl s [ nlVil < Bl 659
0 JTd 0 JTd
®[p, n](t) + DP[p,n)(t) < P[po, o). (5.5.6)

where D®[p, n](t ) is the dissipation of the entropy defined as

(kIVp(z) = Vp(z — y)|* + [Vn(z) — Vin(z — y)|*) dzdy ds

T

ta / [ /Td“’; (Vipla) — Vole — 1)) - (Vi(a) - V(e — ) de dy ds

t
—//7|V,0|2+|V77|2+25V,0~V77dxd3
0 JTd
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and chemical potentials ji,., ji,. are defined as:

Hpe = KBe[p] + 0435[7]] — P — 677 Hne = aBs[p] + B, [77] - Bp - 1.

The main mathematical difficulty is that E. and D®[p, n] does not have to be posi-
tive. Here, we show that one can control their sign (up to a constant) if £ > 0 and

k > . Indeed, we have the following

Proposition 5.5.1. Suppose that k > 0, k > o®. Then, there exists g > 0 depend-
ing on Kk, o, B, v with the following property: for all € € (0,&9) and p,n such that
Il rray = [[1]| L1 (ray = 1, up to a constant, the energy defined by and the dis-
sipation of the entropy defined in are nonnegative and provide the estimates

on the quantities

[ [ 292000 — e ) + o) e~ ) oy £ €+ Blp

/0 /]I‘d /Td %s(Qy) (IVp(z) = Vplz = y)I* +[Vn(z) = Vil — y)|*) dzdyds <

< C + D|p, (1),
where C depends on Kk, o, B and 7.

The main tool to establish nonnegativity (up to a constant) are non-local Poincare
inequalities (see Lemma [5.8.3) with parameter which allows to handle the negative

terms.

Proof of Proposition|5.5.1. We first focus on the energy. We can estimate

Va1 v+ 18] 1+ 8|
—/ SO0+ ot + Bpn = — p° - .
sz 2 2 Td 2 Td

2 2

Then, we use (5.8.1)) in Lemma [5.8.3| with 0 := §/ max <L|m, 1+—|m> and 6 > 0 to

be chosen later (this also determines ey = £5(8)) so that we obtain for ¢ € (0, &)

1 ) z) — plx —y)|?
—/ 1p2+—n2+ﬁpn2——/ wa(y)’p( il Gt 7] dz dy
T Td x T4

a2 2 4 g2

- g /H wely) 2= Zz(x “OE 4 ay - o).
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Therefore, using (5.5.3)), we can bound the energy as follows

Blpl = 35 [, [ w)((5=0) Iole)=pla=p)F+(1=8) ) =n(a—y)) da dy

s [ o) = olo = ) ato) — e = ) ddy — C)

+ 2e2

Now, by continuity, we choose § so small so that k—§ > 0 and (k—4§)(1—4§)—a? > 0,

k—0 «
i.e. so that the matrix is positively defined. It follows that the
a 1-—90

assosciated quadratic form is bounded from below, that is there exists constant C'

(in fact, this constant is the smallest eigenvalue of the matrix) such that

Bl 2 5 [ [ oi)ol@) = ola = ) + Inta) =t = ) dedy = CL0)

The proof for the dissipation of the entropy is the same: this time we use ((5.8.2)) in

place of (5.8.1)). O

Having Proposition [5.5.1 we obtain compactness for the solutions of the nonlocal

system (5.5.1a)—(5.5.1b)) and we can justify rigorously the limit for x > 0, K > o?.

Of course, one can ask what happens for the remaining set of parameters. However,

in this case the situation is difficult as even the existence theory for (5.5.1a)—(5.5.1b))

is tricky because ((5.5.1a})—(5.5.1b)) is not a strongly parabolic system.

5.6 Open problem concerning bounded domains

One can ask if the same results hold when T? is replaced with some general bounded

domain 2. More precisely, we focus on the system

Oyue = div(uVy.), in  (0,400) x Q, (5.6.1)

pe = Befue] + F'(us), in (0,+00) X Q. (5.6.2)

Defining 7 the outward normal vector to J€) we impose the Neumann boundary

condition

ue% =0 on 0. (5.6.3)
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The operator B. is now defined as

Bul(e) = % [ wte = ayunte) o) - o
& 5.6.4
= 5 [ wlr— ) (uele) — uely) dy.
Q

Notice that in the case Q = T? this definition is the same than (5.1.1)) up to a
change of variable in the integral. However, since u. is not a priori defined outside

2 we need to put the argument (z — y) on wk..

In the limit, we expect to obtain solutions to

Owu = div(uVp), in (0,400) X €, (5.6.5)
pw=—DAu+ F'(u), in (0,+00)x Q (5.6.6)

ou ou

— =Uu—— = Q. 6.

g7 tap =0 om (56.7)

However, there are two difficult problems related to the equation posed on a bounded

domain.

e Lack of the entropy estimate. In the case of bounded domain, we cannot
use entropy estimate as in ([5.2.4). This is because the nonlocal operator is
defined as ((5.6.4) rather than (5.1.1)). As a consequence, we cannot symmetrize

the expression with gradients and obtain the term

= t [, [ e 1Vut@) = Vutz = )

in the dissipation of the entropy.

e Recovery of the Neumann boundary conditions. The question is whether
we can prove that in the limit % = 0 on 0f2. This is possible for the equation
with constant mobility. More precisely, in [91]|, Authors were discussing the
problem of nonlocal to local convergence for the Cahn-Hilliard equation with
constant mobility. The constant mobility allows to obtain uniform bound on

|| B-(uz)||2 which allows to conclude that 2%

< = 0 on 0€. This is an extremely
interesting phenomenon as this new boundary condition appears only in the

limit. In our case, the estimate || B.(u.)||2 seems unavailable.
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A possible approach to overcome this problem is to apply Serfaty-Sandier approach

on the convergence of gradient flows [242,246].

5.7 Appendix A: Results from classical analysis

Difference quotients

Lemma 5.7.1. Let {u¢} be a sequence strongly compact in L*(0,T; H(T?)). Then,
for fized y € T¢,

€ tu - - Ue t? .
uslty v — ey) = us(t, ) — —Vu(t,z) -y strongly in L*((0,T) x T,

3

Proof. We write

us(t,x —ey) — u.(t, x)
€

1
=—y- / Vuc(t,x — eby) do
0

1
=—y- / (Vue(t,z —ely) — Vu(t,z))dd —y - Vu.(t, x).
0

By assumption y - Vu, — y - Vu strongly in L2((0,7) x T?) so we only have to
prove that the first term on the (RHS) converges to 0. By Fubini’s theorem and
Cauchy-Schwarz inequality

[

1 2
/ (Vue(t,x — ely) — Vu.(t,z))dd| daxdt
0

1T
< C/ / |Vu(t,z — e0y) — Vu.(t,r)|* dz dt df
o Jo Jrd

1
= C/ [ 7e0y Vue — V“e”i?((o,nxrd) do,
0

where 7 is the translation operator. The last term converges to 0 when ¢ — 0 by

the Fréchet Kolmogorov theorem. O]
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Growth estimates on mollified nonlinearity

Lemma 5.7.2. Let F satisfies Assumption with constants C, ..., Cio. Then,
Fs = F xns with 0 < <1 satisfies Assumption with constants

O, =2 *F0, Co=Cy + Cy, Oy = 2815,
Cy=Cs+ Cy, C5 = min(2°7%, 1) Cs, Ce = Cs5 + Cs,
Cr = max(2°7% 1) Cr, Cs = Cr + Cs, Co = Cy + 2 Chy,
Cho = 2 Cho.

Proof. We decompose Fs5y = Fy xns and Fso = Fy % n5. Suppose that Fy(u) <
03|U|k + 04. Then,

Fsi(u) = / Fi(u—s)ns(s)ds < Cs / lu—s|"ns(s) ds+Cy < 2871 CalulF+251Cs+-C,y
R R
where we used inequality valid for p > 0
lu — s[P < max(1,2P7Y) (Jul? + |s|?). (5.7.1)

It follows that Cy = 2¥"1C4 and Oy = 25-1C5 + Cy. In a similar way, we compute
constants CN’7, 6’;. For CN’I, (72, 6'5, CN’6 the reasoning is the same but we have to use a

lower bound of the form
lu — 8P > min(1,2"7P) Jul? — |s|?.
so that, for example, if F} > C}|ulf — Oy we have
Fs51(u) = /RFl(u—s) ns(s)ds > C /R lu— s|Fns(s) ds — Cy > 217K C JulP — Oy — O,
For the constants Cy, Cjo we argue using once again

F&Q(U) Z —Cg — 010 / |U — 8‘2775((9) dS Z —Cg — 2010 — 2010 |U|2

R
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Potentials satisfying Assumption |5.1.1

Lemma 5.7.3. Let F' be as in in Example . Then, F' satisfies Assumption
5. 1.1

Proof. On R\ I we define F(u) = F(u). By 266, Theorem 3.2], there exists a C*?
extension of F} to R denoted by F; which preserves convexity, i.e. F{'(u) > b > 0 for
some b > 0. Moreover, F; has k-growth on R (in fact, the behaviour of F} on I can

be included in constants Cy, Cy, Cg and Cy in Assumption [5.1.1]). We finally define

F(u) — Fy(u) on I,

F, =
0 on R\ I.
Function F, is C? because at the endpoints of interval I we have F” = F|' as F}
is O? extension of F. Finally, F, satisfies condition in Assumption with
Fy(u) 2 = [|F2 - O

Proof of Lemma |5.3.1

Proof. First, we note the formula which will be useful

gb(x):/lx/ly%dzdy.

Now, we proceed to the proof. First, (1) follows from the definition. Next, (2) follows

from writing

1
¢5(‘r) = / / ,I,—Sgn<y - 1) sgn(:v - 1) ]lyE[l,ac] ]]-ze[l,y] dz dya (572>
r Jr T5(2)
and dominated convergence (for fixed z > 0). Then, (3) follows from 75 > 0 and the

observation that x > 1, x < 1 implies y > 1, y < 1 respectively.

To see (4), we distinguish three cases.

. Whenxz%—l,we split the integrals and use the estimate Tj(z) Z%—lso
that
sl oo
¢a(ﬁf)§/ / —dzdy+/ ——dzdy <
1 1 ? %_1 1 5—1
1 ) o
<¢(=—1 2 < —1)?
_¢(5 >+2<5_1)x_¢<x>+5_1<x ?
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because ¢(x) is non-decreasing for x > 1.
e When, z € (2(5, % — 1) we have ¢s = ¢ because on this set Tj5(z) = z.
e When z € [0,24] we have a lower bound T5(x) > ¢ so that
26 1 1oy
<[ [ 5+ ] [ zas=zroe<s
T y Y 25 Jy z
as ¢(20) < ¢(0) = 1 because ¢(z) is decreasing for x € (0, 1).

Finally, to see (5), let © < 0. Then,

0 01 1 0 .TZ
> —dzdy = = —ydy = —.
_/m/yézy 5/x ydy =

5.8 Appendix B: Nonlocal Poincaré inequalities

Let w : R? — R be a smooth function, supported in the unit ball such that

fIRd w(z)dx = 1. Consider w, = ldw (5)

Lemma 5.8.1. There exists C, and &' such that

L= mr < gz [ [ ST oy aoay

for every f € L*(T%) and e < &

For the proof, we refer to Ponce |233, Theorem 1.1] with kernel given by (2.6.4]). We

also have an opposite inequality from [41, Theorem 1|:

Lemma 5.8.2. For all f € H(T?)

. 2
[ [ = gy dedy < o0 11

Finally, we formulate a variant of Lemma which does not require an average

on the left-hand side.

Lemma 5.8.3. For each v € (0,1) there exists el}(v) and constant C(v) such that
for all € € (0,&F) and all f € HY(TY) we have

\Y -V 2
B < [ [ HEZTIOR  — g dedy + COMIS ey
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Similarly, for each 6 € (0,1) there exists €5 (8) and constant C(8) such that for all
e €(0,e5) and all f € HY(T) we have:

<o [ [ wPO=LE gy ooig. esy

2

wrg<s [ [ T gy oo Gs2

Proof. Aiming at a contradiction, suppose that there exists v with the following

property: there exists sequence {e,} with 0 < ¢, < % and sequence { f,,} such that

V fulz) = V fu(y)?
£l rey > / IV ful(2) = Y fulw)

2
Td JTd En

we, (|r = yl) dzdy +n || fullZ2(pay-

As || full r(ray > 0, we may define g, : . Note that ||g, | g1(rey = 1 and

= I
Tl airer

_ 2
5 [ [ [Dnte) = V)
Td JTd

> we, (|z = yl) dzdy +n ||gnllZ2(pa).

The first term gives compactness of the gradients (because {g,} is bounded in
H'(T?) and Proposition [2.6.1)) so that, together with Rellich-Kondrachov, there
exists function ¢ such that g, — ¢ in H'(T?) (after passing to a subsequence).

But then g = 0 because n ||gy|/z2(rey < 1. This is however contradiction with

HQHHl(’H‘d) = lim,, 00 ||gnHH1(Td) =1.

Inequalities ((5.8.1)), (5.8.2)) are proved in a similar manner. O
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Chapter 6

High friction limit for the

Euler-Korteweg equation

e C. Elbar, P. Gwiazda, J. Skrzeczkowski, A. SwierczewskaGwiazda, From non-

local Euler-Korteweg to local Cahn-Hilliard. In preparation, cited as [120].

6.1 Introduction

We consider the nonlocal Euler-Korteweg system re-scaled in time i.e. t — ﬁ and

with high friction coefficient %

1
Op + B div(pu) = 0, (6.1.1)

Qo) + L div (o) = —pu— LpV(F () 4 Byla), (612

considered on (0, +00) x T%. This equation models the long-time asymptotics of the
motion of a compressible fluid with density p, velocity u which is in fact a liquid-
vapor mixture. The fluid experiences a high friction (due to the term —g%pu) and
additional capillary effects in the transition zone between liquid and vapour (due to

the term —2pV(F’(p) + B,[p]) as proposed by Korteweg [182]).

Concerning the notation, T? is the d-dimensional flat torus, € > 0, B, is the nonlocal
operator approximating —A operator, defined by

1 1

?(p(fﬂ) —wyxp(z)) = — N wy(y)(p(z) — p(z —y)) dy

Bylpl(x) = =
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for n > 0 small enough and w,, is the usual radial mollification kernel w,(z) = nidw(%)

with w compactly supported in the unit ball of R¢ satisfying

2D
/ w(y)dy =1, / yw(y)dy =0, / yiywdy = 52~7j7 < 00. (6.1.3)
Rd Rd Rd

We also define

p=F'(p)+ Bylpl.

When ¢ is very small, the friction is so big, that we mostly observe a phase separation
phenomenon between the liquid and the vapor. More rigorously, when ¢,7 — 0 in
some scaling to be determined, we prove that the constructed solution of —
converge to solutions of the local Cahn-Hilliard equation

Oip = div(pVp), in (0, +o0) x T?, (6.1.4)

p=—DAp+F'(p), in (0,+00)x T% (6.1.5)

which describes the dynamics of phase separation.

Our proof relies on the relative entropy method, which uses similar arguments to
the weak-strong uniqueness method. It usually requires the existence of classical
solutions of the limit system, which is in this case the local Cahn-Hilliard equation.
As the existence of the latter is still an open question (on arbitrary intervals of
time), we introduce an intermediate step and consider the nonlocal Cahn-Hilliard
equation by introducing the parameter 7. Since we know from Chapter [5| that the
nonlocal Cahn-Hilliard equation converges to the local Cahn-Hilliard equation when
n — 0, it remains to prove that the nonlocal Euler-Korteweg system tends to the
nonlocal Cahn-Hilliard equation when € — 0. Then, sending € and 7 to 0 with the

appropriate scaling, we prove the result.

The main motivation for our work is the paper of Lattanzio and Tzavaras [187],
who prove the convergence of the local Euler Korteweg system to the local Cahn-
Hilliard equation. They assume the existence of dissipative (that is, satisfying energy

inequality) weak solutions of the first system and classical solutions of the second
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Nonlocal Non-local degenerate Local degenerate

e—=0 - n—0 -
Euler-Korteweg Cahn-Hilliard Cahn-Hilliard
Theorem Theorem
E11-E12) G606 F14)-Eo)

e — 0, n — 0 together
Theorem [6.2.4]

Figure 6.1: Relation between the three equations considered in this chapter.

one. The first assumption is a drawback as dissipative weak solutions existing on
arbitrary intervals of times are not known to exist for most models in fluids dy-
namics. One can try to construct the solutions via convex integration method but
these solutions will have a jump in the energy at the initial time so they will not
be dissipative. The second assumption of [187] is also difficult to be satisfied as so
far, there is no theory of classical solutions to the local Cahn-Hilliard equation with
degenerate mobility on arbitrary interval of time. Similarly, there is no maximum
principle which is necessary in [187] to deduce that the classical solution is strictly

positive using positivity of the initial condition.

We propose to overcome the first problem by the concept of dissipative measure-
valued solutions, introduced by DiPerna [110] in the context of hyperbolic conserva-
tion laws in one dimension and by DiPerna and Majda [114] for the incompressible
Euler equations. Roughly speaking, they are defined as the weak limit of classical
solutions of appropriate approximating problems. As weak compactness is not suffi-
cient to pass to the limit in nonlinear terms, the definition of measure-valued solution

includes the Young measure v, and the concentration measure m to represent weak

limits as in (2.2.2)).

While measure-valued solutions are weaker than the usual weak solutions (because
they include potential concentration terms as in Proposition [2.2.1)), they are dis-

sipative and they are known to exist. Moreover, their importance comes from the
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fact that they enjoy the property called weak-strong uniqueness: they coincide with
the strong solution whenever the latter exists. The dissipativity is important both
for the weak-strong uniqueness and application of the relative entropy method: the
weak-strong uniqueness does not hold for weak or measure-valued solutions without
any condition on the energy as demonstrated by solutions arising by the convex

integration method [96,252].

Since the weak-strong uniqueness property was observed by Brenier, De Lellis and
Székelyhidi in [46], dissipative measure-valued solutions were studied for several
systems including compressible fluid models [165], isentropic Euler system [146],
polyconvex elastodynamics [101], Euler-Poisson system [68], general hyperbolic con-
servation laws [162]. Moreover, for many equations describing compressible fluids,
the measure-valued formulation has been significantly simplified [1}27}/135]: it boils

down to the usual distributional identity modulo the so-called Reynolds stress tensor.

Concerning the problem of the existence of classical solutions, we propose to in-
troduce a nonlocality in the equation and introduce an intermediate step in the
convergence analysis as outlined in Figure [6.1] The advantage is that the nonlocal
Cahn-Hilliard equation is in fact a porous medium equation. In particular, it satis-
fies the maximum principle and so, if the initial condition is positive, the solution
remains positive and one can prove existence and uniqueness of classical solution,
see Section [6.7, Furthermore, we know that the nonlocal Cahn-Hilliard equation
converges to the local one (see Chapter [5)) so that at the end, the nonlocality can

be removed.

To prove the convergence, we use the relative entropy method. The method is based
on introducing a functional called relative entropy (or energy), which measures the
dissipation between two solutions of the system. Essentially, the same method is
used to prove the aforementioned weak-strong uniqueness when the relative entropy
measures the distance between weak (measure-valued) and strong solution. This

strategy has been applied for several singular limits |10} 71},72,80,/172,/186},187] and
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we also refer to the excellent review on weak-strong uniqueness [261].

Our proof via the relative entropy method is based on an important assumption that
the initial datum is well-prepared. In our case, this means that the initial velocity
ug vanishes as the parameter ¢ — 0 cf. and so that the initial kinetic
energy is very small. Such an assumption is necessary to guarantee that the relative
entropy ©(0) at time ¢ = 0 converges to 0 as ¢ — 0 so that O(t) — 0, cf. (6.8.5),
which implies the main result. Let us however remark that one can also study similar
problems via compactness methods and this approach is also effective for ill-prepared
initial data. Nevertheless, its applicability is restricted to some special cases like one
spatial dimension (which allows to use div-curl lemma in the time-space setting) [202]

or presence of viscosity terms yielding compactness [136].

6.2 Rigorous formulation of the main result

We make the following assumptions on the potential F'.

Assumption 6.2.1 (potential F'). For the interaction potential we assume that

there exists k£ > 2 and constant C such that I’ can be written as F' = F| + F» where

1. Fy € CY(R) is a convex, nonnegative function having k-growth
Lok k
5|u! —C < Fi(u) <Clu]"+C,

1
5|u|(k_2) —C < F!'(u) < Clu|®*? 4+ C
and satisfying |uF](u)| < C(Fi(u) + 1), ]uFl(S)(u)] < C(F(u) + 1),

2. F, € C4R) is such that Fy, ), FY, sF\¥(s) € L*(R) are bounded on the
whole line. Moreover, || Fy/||oo < C, where C,, is a constant in Lemma [5.8.1]

We also define s := ]f—fl

Example 6.2.2. The following potentials satisfy Assumption [6.2.1]

(1) power-type potential F'(u) = |u|”, 7 > 2 used in the context of tumour growth
models [891[118][122][229),
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(2) double-well potential F(u) = u? (u—1)% which is an approximation of logarith-
mic double-well potential often used in Cahn-Hilliard equation, see [218, Chap-

ter 1].

Now, we define weak solutions of the local degenerate Cahn-Hilliard equation.

Definition 6.2.3. We say that p is a weak solution of (6.1.4)-(6.1.5) if

p € L>(0,T; LF(T*) N L*(0,T; H*(TY)), 0w € L*(0,T; W1 (T7)),
VE(p)Vp € L*((0,T) x T?,

p(0,7) = po(z) a.e. in T and if for all ¢ € L*(0,T; W?>(T?)) we have

T T T
/ (Oip, ) (1.4 (1) s () = —D/ / ApVp- Vo — D/ / pApAp
0 o Jrd 0 Jra

T
—/ /pF”(p)Vp-VsO-
0 Td

Our main theorem is as follows.

Theorem 6.2.4. Let py be an initial density satisfying

po = v >0, po € C(T7)

for some v > 0. Let uy. be an initial velocity satisfying
luoell L2(ray — 0 as e — 0. (6.2.1)

Let (pne, /Pretne, V75, My ) be an admissible dissipative measure-valued solution of

(6.1.1)—(6.1.2) with the initial condition (po, up.) and parameters €,m as defined in
Definitions [6.5.1], [6.5.4] and [6.5.5. Then, for each sequence n, — 0, there exists a

subsequence {ng} (not relabelled) and a sequence {e} depending on {ny} such that
ex = 0 and py, ., — p in L*((0,T) x T?), where p is a weak solution of (6.1.4])-
(6.1.5)) with initial condition py as defined in Definition .

Let us briefly comment that the measure-valued solution has in fact four components.
While the first component p,, . is the most important since it converges to the Cahn-

Hilliard equation, we can also characterize what happens with the other ones, see

132



Theorem [6.9.2, Roughly speaking, the second converges to 0 in L>(0,T; L?(T?))
which represents that in the high-friction limit, the kinetic energy converges to 0.
The parametrized measure v7¢ converges in the second Wasserstein metric W, to

the Dirac mass 0,(,) ® do:

T
/ [WQ(V"k’Ek, Op(te) @ (50)]2 drdt — 0 as e, — 0
o Jrd

while the concentration measure m,, ., converges to 0 in the total variation norm.

The estimate in the Wasserstein metric is in the spirit of [137].

Theorem [6.2.4] is valid only for a subsequence as the convergence from non-local
Cahn-Hilliard to the local one is based on the compactness arguments (and there is
no uniqueness for the limit equation). On the other hand, the passage from nonlocal
Euler-Korteweg equation to the nonlocal Cahn-Hilliard equation is based on the
relative entropy method and so the convergence is satisfied for any sequence. We

state this result below.

Theorem 6.2.5. Let n € (0,19) where ny = ;) is a number defined in Lemma m

Let py be an initial density satisfying
po > v >0, po € C3(T%)
for some v > 0. Let uy. be an initial velocity satisfying
luo.c |l p2(ray = 0 as e = 0. (6.2.2)

Let (pye, v/Prpethye, V", m, ) be an admissible dissipative measure-valued solution

of (6.1.1)(6.1.2)) with initial condition (po, o) and parameters €,m as defined in
Definitions [6.5.1], [6.5.4, [6.5.5 and let p, be the solution of non-local Cahn-Hilliard

(6.7.1)-(6.7.2) with the same initial condition py. Then, p,. — py in L=(0,T; L*(T?)).

Similarly as for Theorem [6.2.4] we can prove convergence of the other components

of the measure-valued solution ,/p, -u, ., v, m, ., see Theorem m
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6.3 The Euler-Korteweg equation

The compressible Euler—Korteweg equation models the motion of liquid-vapor mix-
tures with possible phase transitions. It combines the classical Euler equation with

Korteweg tensor introduced in [182]. The equation reads

Op + div(pu) = 0,
(6.3.1)

(o) + div(pu ® ) + V(p(p)) = ~Cou+ pV(K(p)Ap + L K'(0)|VoP).

Here, p is the density of the fluid, u is its velocity, K (p) corresponds to the capillary
coefficient, ( is the friction coefficient and p is the pressure function. In a liquid-vapor
system, the tensor K takes into account that the liquid and vapour are separated by
a thin layer of finite thickness and describes the capillary effects in this transition
zone. There are numerous mathematical results concerning well-(and ill-)posedness
of solutions to , see [141/19,131,147,148,/115]. For the physical background of
(6.3.1)) (in particular, the form of the Korteweg tensor) we refer to [117,170,/177] but

it is a fairly complicated matter.

The viscous version of 7 that is the Navier-Stokes-Korteweg system, was also
studied in the mathematical literature [15,/149]. In particular, several papers are
concerned with the case of the nonlocal equation, where —Ap is approximated by
the nonlocal operator B, In [237|, the author proves the short time well-posedness
while in [74], the global well-posedness as well as the convergence of the nonlocal
Navier-Stokes-Korteweg to the local one is established. We also refer to [73] for a

variant of this system.

6.4 High-friction limit

The high-friction limit (also referred to in the literature as the relaxation limit) is
a part of a long research programme of establishing a connection between nonlinear
hyperbolic systems and degenerate diffusion equations. One of the first results in

this direction [202] states that the solutions to the compressible Euler equations in
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one dimension
Oip + 0z(pu) =0,
o+ O:lou) (6.4.1)
e20(pu) + 0x(* pu® +p(p)) = —u

converge, as € — 0, to the porous media equation

ip = 0x (p 0xp(p))
where p(p) is the pressure function of the form p(p) = p?. To connect (6.4.1]) with
our system (6.1.1)—(6.1.2)), it is sufficient to rescale u = ¢ u so that we have

1 ~
Op + —0.(pu) =0,
c _ (6.4.2)

- 1 ~ U
O(p) +  Du( pT +plp)) = — -

Intuitively, it is easy to understand from that the flow of the fluid with big
damping or friction (caused by the term —5%) and very small kinetic energy (caused
by the initial condition) ressembles a flow through a porous media. Several other
limit passages have been studied between porous medium equation and hyperbolic
equations [17,201},[258]. The revival of interest in this type of problems appeared
recently with an observation that one can study these problems by the relative en-

tropy method [80,153},/186,|187].

In our case, we consider with K (p) = 1, large friction coefficient ¢ = 1, we
approximate the Laplace operator —A by the nonlocal operator B, with 7 small
enough, and we perform a rescaling in time ¢t — ﬁ Then, we let both ¢,n — 0
and in the limit we obtain the Cahn-Hilliard equation. Again, it is intuitive that
due to the very large damping and small kinetic energy, we observe mostly a phase

separation process. The latter is described by the Cahn-Hilliard equation so that it

is not surprising that it is the limiting PDE.

6.5 Measure-valued solutions to the nonlocal Euler-

Korteweg equation

Let us motivate the definition of a measure-valued solution by their construction.

We will consider a sequence of approximating solutions {(ps, us)} satisfying the
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estimates (uniform in J)
[ps} in L=(0,Ts L3(TY),  {Flps)} in L(0, T; L'(T%),

{v/psus} in L>(0,T; L*(T)).
As we do not have estimates on {us} itself, we will consider in fact the sequence
{(ps,\/Psus)}. Up to a subsequence, we have as § — 0

ps — pin L>=(0,T; L*(T%)) Vpsus = /pu in L*=(0,T; L*(T), (6.5.1)

where \/pu is a definition of a weak limit of |/psus. Let {14,} be the Young mea-
sure generated by this sequence as in Theorem [2.1.1, We will use dummy variables

(A1, V) € Rt x R? when integrating with respect to vy ,:

(PO, V), vis) = / FOu, X) dvas (M, X)), (6.5.2)

R+ xR
with A; representing p variable and A" as representing ,/pu variable. In terms on

Young measures we can write weak convergence ([6.5.1]) as

p=0,v),  pu= N, v), (6.5.3)

as there is no concentration measure because of integrability in L2((0,T) x T¢9).
Using notation (2.2.2) we can represent weak limits (as 6 — 0) of all the terms that

should appear in the weak formulation and the energy

2=\ ) +m” (6.5.4)

o= (VAN V), (6.5.5)

pu@u= (NN v)+mHe (6.5.6)
plul® = (X%, v) + mo, (6.5.7)
F(p) = (F(\),v) +m?® (6.5.8)
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pF(p) = (MF (M), v) +m?T @, (6.5.9)

p(p) =pF'(p) = Fp) + 5 r* (6.5.10)

Moreover, we will identify weak limits of several nonlinearities which will be used in

this work. By linearity of weak limits, we have the following identities:

/d wy(y)|p(x) — p(x — y)|>dy = p? + p? * wy — 2 pwy * p (6.5.11)
T

Similarly, for all bounded functions P : (0,7T) x [0,400) — R* and vector fields
U: (0,7) x T — R? we have

lp—P|?=p2+P?—2pP (6.5.12)

plu—UP =plu)+p|U)" —2pu- U, (6.5.13)

Pu—U) @ @ —10) = (N = /AU & (X = VAU),vp,) + w0, (6.5.14)

[l = Pe) = (= D)o — )2y =

= [ enlote) = pla =y + [ wnlPa) = Pl =)y (65.15)

~2 [ afu)P(a) = (o~ ) lpla) ~ pla — ) dy.

F(p[P) := F(p) — F(P) — F'(P)(p - P),

(6.5.16)
p(p|P) :==p(p) — p(P) = p'(P)(p — P)
where nonlinearities are defined as
F(p|P) = F(p) — F(P) — F'(P)(p — P), (65.17)

p(pIP) = p(p) — p(P) —p'(P)(p — P).
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Now, we define measure-valued solutions by inverting this discussion.

Definition 6.5.1 (Measure-valued solution). We say that (p, \/pu, v, m) where

v={v.} € L%((0,T) x T% P([0, +00) x R?)
P = <)\1, I/> = / )\1 dyx,t()\la )\/) € LOO(O,T, L2<Td)),
R+ xRd

Vou=(N,v) = / Ndvg (A, N) € L“(O,T;LZ(Td)),
R+ xR4
m = (mpﬂ U el F) mpF/(p))
with

m?”,mA mP ) e L2((0,T); MF(T?), m?®) e L=((0,T); M(T?)

e € L¥((0,T); M)

and

|meu2| < melv? (6.5.18)

im?E' O] < Cpm?® 1 Com?”, Cp defined in (6.10.2) (6.5.19)

is a measure-valued solution of (6.1.1))-(6.1.2)) with initial data (po, uo) if for every
Y € CH[0,T) x THR), ¢ € CH[0,T) x T4 R?) it holds that

T
1
/ o p+ -V -pudrdt+ [ ¥(z,0)podz =0, (6.5.20)
0 Td € Td

T
/ 8t(;5 U+ ng pUR 'u,——gzﬁ U+ — dlvgbp( )dx dt
0 (6.5.21)

/ / — ¢ - pVuwy * pdxdt—i—/ &(x,0) - poug dz = 0.
TdSﬁ d
where p(p) = pF'(p) — F(p) + % and all the terms are defined in (6.5.3)—(6.5.10)).
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Definition 6.5.2 (nonlinear functions). Let (p, \/pu, v, m) be a measure-valued so-
lution. For all bounded P : (0,T) x [0, +00) — R*, U: (0,T) x T — R?, we define

nonlinear quantities

/Td wyW)lp(x) —plx —y)?dy,  |p=PP,  plu=UP,  F(p|P),  p(p[P),

=D =0, [ wlo=P)@ - (=Pl dy
by formulas (6.5.11))—(6.5.16)).

Definition 6.5.3 (energy). Given a measure-valued solution (p, /pu, v, m) for a.e.

t € (0,T) we define the energy as

Bone(t)i= [ 5P+ Fp) a3 [ [ nfwlota) ol = )y,
Td
where the nonlocal term is defined by (6.5.11). We also define

1
Eo 2—/ §Po|uo! (z) + F(po) da:—i— / / y)lpo(x) = po(x — y)|* dz dy.
Td Td JTd

This energy is well-defined because, by Proposition [2.2.1] a concentration measure
m € L>(0,T; M(T%)) admit disintegration dm(t, ) = m(t,dz) dt where m(t,-) is a

well-defined measure on T? for a.e. t € (0,7).

Definition 6.5.4 (Dissipativite measure-valued solution). We say that a measure-

valued solution (p, \/pu,v,m) is dissipative if

Td
for almost every t € (0,T).

Definition 6.5.5 (Admissible measure-valued solution). A measure-valued solution
(p, /pu, v, m) with initial condition py is admissible if it satisfies nonlocal Poincare
inequality: for a.e. t € (0,T) and all bounded P : Qp — [0, +00) such that (P)pa =

(po)ra we have

_ 1
PR < s [ o= D)) - (- P - ) dyds,
Td 4Cp77 Td JTd
(6.5.23)
where the constant C,, is given by Lemma[5.8.1]
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Let us remark that in Lemma [6.8.2, we will prove that any measure-valued solution

satisfies

[lo-pPrar< //w (0= P)) - (p— P& — y) dyda.
Td 4Cp7] Td JTd
which is a weaker version of (6.5.23)). Nevertheless, (6.5.23) will be necessary to

estimate several terms appearing in the application of the relative entropy method
in Section [6.8] Let us also point out that similar Poincare-type inequalities are
usually assumed for measure-valued solutions to several different PDEs, see for in-

stance [134} eq. (2.23)].

We conclude with a simple observation concerning the energy.
Lemma 6.5.6. The energy F,,s defined by (6.5.22)) is nonnegative.

Proof. The lemma seems to be trivial from the point of view of our discussion about
weak limits at the beginning of this section. However, the measure-valued solution
is defined by Definition [6.5.1] so that we can argue only using Definitions and
. Clearly, %p|—u\2 and W are nonnegative so that we only have to study the

nonlocal term. By (/6.5.11] m

/W/wan )p(z) = plz —y |2dy—2/p—2/ pwy * p.

By Cauchy-Schwarz and Young convolution inequalities:

2/ pwn*pdx§2/ p* da.
Td Td

Using Jensen’s inequality (measure v;, is the probability measure with respect to

both coordinates)

/]I‘d p*dr = /Td()\l, Vi)t da < /Td@\%, Vi) do < /Td?dx (6.5.24)

so that the nonlocal term is nonnegative. O]

6.6 Existence of measure-valued solutions

The approximating system

To construct a measure-valued solution we use a method as outlined in [199, Section

5.5, see also [68,|161]. This is a fairly standard procedure based on regularizing
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density by a positive parameter
pos = po+06, po€CHTY, po >0, ups(x)=up(xr) € W(TH4  (6.6.1)

which makes the density ps globally bounded from below. We will only discuss the

main steps and for the full presentation, we refer to [199, Section 5.5].

We work in W32(T%)¢ (but for dimensions d higher than 3, we need to work even
in W1td2(T9)) because of the embedding W32(T?¢) ¢ C1(T?) which will be impor-
tant for certain estimates. We use notation ((+, -)) for the standard scalar product in
W32(T)4. By 199, Appendix, Theorem 4.11|, we take {w;} to be an orthonormal
basis of W32(T4)? which are C°°(T¢)? functions. Finally, we define IV to be the
projection operator into span{wy, ..., wn } which satisfies HHNUHWM < ||ullyys.2 and

[T, < flullz..

We will find solution (ps, us) such that

ps € L2((0,7) x T 1 (0, TsWH(TY), - 5 € 12((0,7) x 1)
t (6.6.2)

985 ¢ 120, 7) x T,

ot
to the following problem: for all v € C}([0,T) x T%R), ¢ € C}([0,T) x T4 R?) it
holds that

us € L°°(0,T; W3*(T%),

T
1
/ Owpps + =V - psusdrdt + [ (x,0)pesdr =0, (6.6.3)
0 Td 15 Td

T
1 1 1 .
/ O - psus + gv¢ D psUs @ us — §<Z5 - psUs + B div ¢ p(ps) do dt+
0 d

T

T 1 T

/ / L sV« psdedt [ G(x.0) - posungdr = 6 / (us, 9) dt.
o Jtd €N Td 0

(6.6.4)

To find the solution to (6.6.3)-(6.6.4), we use the method of Galerkin approxima-

tions. We look for u?V of the form



solving
8pN

1
e +€d1v(p uV) =0, (6.6.5)

1 1
/ (pNOtuN + gp NuVvu? + QPNU + Vp( )) cw; dr +
y (6.6.6)
/m ﬁpNan «pN - wide + §(u, w;) =0,

for i = 1,..., N with intial conditions p™ (0) = pos, u(0) = MM ug.

The proof of existence to (6.6.5)—(6.6.6]) follows 3 steps: using a fixed point argument
to prove the existence on a small interval, deriving a priori estimates on this interval,
extending the procedure on the whole interval. The crucial point is the lower bound

on p" in terms of 6. This is obtained by the method of characteristics. Indeed,

1 T
pN (t, x) > essinf,erapos exp (——/ |dive® || o dt) >
€Jo

1 T
> 0 exp (—g/ HU,Nst,Q dt)
0

by the well-known formula for the continuity equation. On the other hand, thanks

(6.6.7)

to the regularizing term, [|u™ || 120 rws.2(ra)y < §. This gives uniform lower (and also
upper) bound on p"V and allows to look at as a system of ODEs. We refer
to [199, Section 5.5 and omit the details. We obtain the following lemma:

Lemma 6.6.1. For fized N, there exists a solution to (6.6.5)~(6.6.6) such that
pN e CH[0,T] x T?), u™ € CH[0,T); W2(T4)?). Moreover, we have the energy

estimate: for all times T € [0,T]

.3 P " dx+—//wn o (@) = (@~ ) dody
Td JTd

S/ ~pos|uol® +F(p05 d$+ / / Y)|pos(z) — pos(z —y)|* dz dy,
Td
(6.6.8)
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as well as the following estimates
P zo(5). (6.69)
T T 1
¥ ooy + [ 100 o+ [ 196" g <€ (5) - @00

’ 1
/0 Ha’*u]\[Hi?(Td) + 0[] o oy wacrayy < C (5) ) (6.6.11)

where C' (%) s a constant depending on % and other fized parameters (like €).

Proof. The energy estimate follows by testing by u® (in the Galerkin sense:
we multiply by ¢¥ and sum fori = 1, ..., N). Estimate follows from the
characteristics as explained in . Similarly, we obtain the upper bound. Con-
cerning the estimates on derivatives of p", they follow by differentiating the formula

from the method of characteristics and using the bound ||u"|| 2 rwszray < &

Finally, (6.6.11)) is a consequence of testing by d,u. [

Using the estimates in Lemma [6.6.1], up to a subsequence, we can pass to the limit
N — o0
p™ — ps strongly in L*((0,T) x T%),

u’ — us strongly in L*((0,7) x T%)¢
(the convergence is true even in better spaces). We also have an energy inequality:

/ ~pslusl® + F(ps) dSU+ //wn )|ps(x) — ps(z — y)|* dz dy
Td JTd

+5/ ||U5||W32dt+ / / ,05|115| dSB<

S/ 2ﬂ05|u0\ + F(po,s) dl'—i‘ //Wn )|pos(x Po,é(x—y)|2d37d3/a
Td
(6.6.12)

This concludes the proof of existence of (ps, us) satisfying (6.6.3)—(6.6.4]).

Existence of dissipative admissible measure-valued solutions

It remains to pass to the limit § — 0 in (6.6.3)—(6.6.4)). First we gather some uniform
bounds in ¢, being a simple consequence of and (6.6.12), in the following

lemma:
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Lemma 6.6.2. Let (p°, u’) be weak solutions of (6.6.3])—(6.6.4)) as constructed above.

Then, there exists a constant C' > 0 independent of § such that
ps >0 a.e in (0,T) x T¢

||\/p_5u5||L°°(O,T;L2(’]1‘d)) <C ||F(P5)||Loo(o,T;L1(Td)) <C, ||p6||L00((),T;L2(11‘d)) <C,

0 ||u5||i2(0,T;W3»2(’]1‘d)) <C

1005 || 20 7w a(payyy < C-
In fact, the proof of existence of dissipative measure-valued solution follows now
the method described at the beginning of Section [6.5] By Lemma [6.6.2] we have
sufficient estimates to have convergence which allows us to define the Young
measure {v,} as in f. Then, the representations formulas for weak
limits of nonlinearities — are a consequence of Lemma and the

estimate on ||~ /p(;u(;H Lo (0.T:L2(T4)) which guarantees that all of the considered quan-
tites are at least in L>(0,T’; L'(T¢)). Note that m*® = 0 because we have a uni-

form bound ||psus|| ) < C. Next, (6.5.8)) follows from the estimate on

Lo0(0,T;L 3 (T4
HF(P6)||L00(O’T;L1(W)). Here, the measure m?(?) is nonnegative because F = F} + F,
where I} > 0 while F, is bounded so that the only concentration effect can arise
from F}. Similarly, by Assumption s " (ps)|| oo 0,71 (rayy < €' so that (6.5.9)
follows. Finally, (6.5.10) is a consequence of linearity and uniqueness of weak limits.

This allows to pass to the limit 6 — 0 in almost all of the terms in formulation

(6.6.3)—(6.6.4).

Concerning the regularizing term on the (RHS) of (6.6.4)), we observe that

T
\6 | w0y dt\ < 8 luslliao oo [l comarasn <
0
<CVs 19|l L2((0,r):w3.2(Tay) — 0.

When it comes to the nonlocal terms, we observe that we can identify its weak lim-
its because the convolution upgrades a weak convergence to the strong one. More
precisely, if ps = p in L>(0,T); L*(T?)), then ps * w, — p * w, in LP(0,T; LP(T?))
strongly, for all 1 < p < oco. This follows by Lions-Aubin lemma and a standard sub-

sequence argument as the sequence {ps * wy}s has uniformly bounded derivatives in
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the spatial derivaties while its time derivative is bounded in some negative Sobolev

space by the estimate on {8;ps} in Lemma [6.6.2]

Concerning (6.5.18)), we notice that it is a consequence of the inequality
J 1/2
NN = (Z ()\;A;.)Q) Zm? X2
ij=1
and Lemma Similarly, (6.5.19) follows by virtue of Proposition and in-
equality (6.10.2]).

Next, the constructed measure-valued solution is dissipative in the sense of Defini-
tion [6.5.4] because we can pass to the limit in (6.6.12)) using indetified weak limits
(rigorously, one multiplies (6.6.12) with a nonnegative test function of time, passes

to the limit and then perform a standard localization argument, see the proof below).

Finally, the constructed solution is admissible in the sense of Definition Indeed,
by Lemma we have for all bounded and nonnegative ¢ : [0,7] — [0, c0)

[ furtonm=—r—at

< 4Cp772 /0 /w /Td o) (ps — P)(x) — (ps — P)(z — )| 2wy (y) dz dy dt

because (ps — P)pa = d. The (LHS) can be written as

/OT /T o) (ps —P) — 0|* = /OT /T o(t) ((ps — P2+ 8% =25 (ps — P)) .

As ps — P is bounded L>(0, T’; L*(T¢)), the last two terms vanish in the limit § — 0.

Finally, the term (p; — P)? has weak limit p2 + P? — 2P p which is exactly (p — P)2,
cf. (6.5.12)). Similarly, we consider the term on the (RHS) so that we obtain

[ furer=re

= 4Cp772 0 SO(t)/W/W“’?(y)‘@—PW)—(p—P)(ﬂc—y)\?dyolxdt.

As this inequality holds for all ¢, we conclude the proof of admissibility.
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6.7 Classical solutions to the nonlocal Cahn-Hilliard

equation

To prove the convergence of the measure-valued solution of the nonlocal Euler-
Korteweg to a solution of the Cahn-Hilliard equation, we use arguments similar to
weak-strong uniqueness. Therefore, we study below the classical solutions of the

nonlocal Cahn-Hilliard equation. More precisely, we consider the equation

Op = div(pVy), in (0,400) x T (6.7.1)

pw=Bylp] + F'(p), in (0,400) x T% (6.7.2)

The initial condition is a smooth positive function, more precisely we consider for

some «,v > 0
p(0,7) = po(x), po € C*T*(TY), po(x) >v Ve T (6.7.3)

We also suppose that F' € C* which is required by the parabolic regularity theory

exploited in Lemma [6.7.2l Equations (6.7.1)-(6.7.2)) can be rewritten as

01p — A(6(p)) + div(pb(p) = 0 (6.7.4)
with
o) = g+ [ P )as, blp) = L,

Theorem 6.7.1. FEquation (6.7.4) with initial condition ug satisfying (6.7.3]) admits

a classical unique solution.

To prove this theorem we first consider an approximate problem and we define Ty a

smooth function such that
) . . :
T5(0) = o1 Ts(p) = pifu >3, Ty is increasing.
The plan is to approximate (6.7.1]) with

Op = div(T5(p) V). (6.7.5)
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We also define

bs(p) = /O ’ T‘;(j) ds + /0 " Ty(s)F"(s) ds — /0 " Ty(s) (%—kF”(s)) ds  (6.7.6)

so that (6.7.5)) can be rewritten as a porous media equation

Ohp — Algs(p)) + div(pb(p)) =0 p(0,2) = po(). (6.7.7)
From the properties of F' we note that ¢5 > 0 and ¢ > 0.

Lemma 6.7.2 (existence). There exists a classical solution to (6.7.7). Moreover,

the solution obeys the mazimum principle

plt)i=vep (- [ v b6 (5) as) < ptt.0) < veso ([ v b(o) | (5) ).

Proof. The existence follows from Theorem in Chapter [5| To prove the maxi-

mum principle, we denote w = p — p so that
Ohw — A(¢s(p)) + div(w b(p)) + p(div(b(p)) — [[div(b(p))ll =) = O,

w(0,7) = po(z) — p > 0.

We multiply this equation by sgn™(w) := . We obtain, with w™ =
0if w > 0.

min{w, 0}, |w~| = — min{w, 0}.
Oh|w™| + Ales(p)) sgn™ (w) + div(jw™|b(p)) < 0.

Therefore integrating in space and using the inequality

[ aéstoysen(w) =0,

we obtain

at |U)_| S 0.
Td

Using the initial condition we conclude |w~| = 0.

Since the solutions to (6.7.5)) satisfy uniform lower bound, we obtain Ts(p) = p for

sufficiently small 6 and thus classical solutions of Theorem [6.7.1] [
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Lemma 6.7.3 (uniqueness). Classical nonnegative solutions to (6.7.4)) are unique.

Proof. We want to adapt usual L' contraction principle [259, Proposition 3.5] to the
case with additional continuity equation term. Let p;, ps be solutions to (6.7.7) and

let w = p; — ps. Equation for w reads

dw — A(g(p1) — d(p2)) + div(p1 b(p1) — p2b(p2)) = 0.

We multiply this equation by p.(¢(p1) — ¢(p2)) where p. approximates p(u) = 1,~0
and p. > 0. Then,

[ 8(00) = olp)pol) = bl dr = = [ IV (6(01) = S(pa)) o <.

Concerning the other terms we notice that after sending ¢ — 0 we arrive at the term

p(o(p1) — d(p2)) = p(p1 — p2) by monotonicity of ¢. Therefore,
Owp(p1 — po) dx = (9t/ lw|, dz.
Td Td

Now, concerning divergence term, we split it for two parts:

div(p1 b(p1)—p2b(p2)) = [p1 divb(p1) — p2 divb(p2)]+[Vp1 b(p1) — V2 b(p2)] = A+B.

The term A can be estimated in L'(T9) with

[AllL < |lp1 divb(p1) — p2 divb(p1)[[1 + [|p2 divb(p1) — p2 divb(ps) |1

. 1
< lpr — p2ll1 [|divb(p1) o + F||P2||1 |1 D?wylollpr = p2lli

|1 D%wylo

< o ([[oxllx + lo2ll1) o1 — P2l

where we used Young’s convolutional inequality. Therefore,

[1D?wy |
poAdx <lpAl: < T(leﬂl + [lp2lln) lor = p2ll1-

where we denoted for simplicity p = p(p; —p2). Concerning term B we write similarly

B = (Vp1b(p1) = Vp2b(p1)) + (Vp2b(p1) — V2 b(p2)) =: B1 + Bo.

As above, we easily obtain

7] Vo s
” ol 191 s - ol

1Bolly < Yl 4y s — gl /p&ms
n Td
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The term B; is more tricky. Keeping in mind that everything is multiplied by the

term p(p; — pa) we have

/ (Vp1 = Vp2) p(p1 — p2) bp1) dz = / Vip1 = pa+ b(p1) dz =
Td Td

. 0%,
== [ Iov = palcivblp) ds < oy = pals [l 2
T

We conclude that for some constant C' depending on L' norms of py, ps and Vp, we

have
@/Wm—mnmsc/Wm—WMm
Td Td

Replacing p; and py we obtain

at/ ’P1—02|d$§0/ |p1 — pa| dz.
Td Td

so that we conclude p; = p,. O

6.8 Convergence of nonlocal Euler-Korteweg to non-

local Cahn-Hilliard

To prove the convergence of nonlocal Euler-Korteweg equation to the nonlocal Cahn-
Hilliard equation, we first rewrite the latter as a nonlocal Euler-Korteweg equation

with an error term:

1
0P + — div(PU) =0, (6.8.1)

0,(PU) + édiv (PU & U) = —ngPU - %PV(F’(P) + B,[P]) +¢(P,U). (6.8.2)
Here, velocity U is given by
U= —cV(F'(P) — B,(P)) (6.8.3)
and the error term is given by

¢(P,U) = ,(PU) + édiv (PU @ U)

= e div(PV(F'(P + B,[P])) @ V(F'(P + B,[P]))) — 28,(PV(F'(P + B,[P]))).
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Finally, given strong solution (P, U) and measure-valued solution represented by

(p, v/pu,v,m) we define the relative entropy as

O(t) :/ plu—U]2 4+ F(p|P)dz+

15 [ [ el =P - (r- P )P dy s
Td JTd
where nonlinearity F'(p|P) is defined in (6.5.17) and measure-valued terms are de-

fined by (6.5.13)), (6.5.15) and (6.5.16]). The main result reads:

(6.8.4)

Theorem 6.8.1. Let (p, \/pu, v, m) be an admissible dissipative measure valued so-

lution of (6.1.1)—(6.1.2)) and let (P, U) be classical solutions of (6.8.1)—(6.8.2)). Then,

for a constant independent of € and n we have

ol < <@<0>+e40<||Pum> |5

2
) eTOUIPlc2.1) /™ (6.8.5)

[e.9]

Lemma 6.8.2. Let n € (0,m9). Then, the relative entropy defined by (6.8.4) is

nonnegative: there ezists a k € (0,1) such that

[T 75 [ [ wnwlo = P)a) (o= P)o =) dyde < €00
(6.8.6)

where both terms on the (LHS) are nonnegative. Moreover, for the constant C, (de-

fined in Lemma we have an estimate

=Pl < 7 [, [ o= PIo) ~ (= Pe - pFdyas. (687

Proof of Theorem[0.8.1. We study the three terms appearing in (6.8.4)) separately.
First, for (6.5.13)) we write by Fubini theorem

Pu—UF = (N + X [UP = 20/ XU,y ) + mP” =

- <|>\, Y, A1U|2th,$> +mp|u‘27

so that, after integration in space, it is positive (for a.e. t € (0,7)). Now, we study

the nonlocal term. We claim that (after integration)

/ / wolW)lp(z) — ple — y)2dyde >
Td JTd (6.8.8)

> [ [ entwlota) = pla =) dyd,
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Indeed, by definition (6.5.11)), the (LHS) equals 2 [, p2 — [1a 2 pw, * p. By (6.5-24)),
we know that [, 02 > [r.p* To conclude the proof of (6.8.8), it is sufficient to

2 | p2—/ 200,50 = [ [ nlota) = oo~ ) dy e
Td Td Td JTd

Now, combining ((6.5.15]) and - we obtain

/Td /1rd wn(y)l(f) - P)(x) — (p— P)(I _ y)|2 dydz >
=z /Td /wan(yﬂ(/)—P)(fE) — (p—P)(z — y)|2dy dz.

Using Lemma [5.8.1 we conclude the proof of (6.8.7) and nonnegativity of the non-

observe

local term.

It remains to study the term F(p|P). The concentration measure m?* ()

is nonnega-
tive and will neglected in the estimate below. We split F' = F} + F, (where Fy, Fy

are defined in Assumption [6.2.1]) in (6.5.16)) so that from (6.5.8) and (6.5.16)

F(p|P) =(Fi(\1) — Fi(P) — F{(P)(\1 — P), vt0) 650
+ (Fy(\) — Fy(P) — F(P) (M — P), v,) + m!"®)

The first term is nonnegative by convexity of Fj. The second can be estimated
from below (by Taylor’s expansion) with —||Fy||o (A1 — P)?, 4.). Now, recall that
|F}||oc < Cp (cf. Assumption [6.2.1). In particular, there exists x € (0, 1) such that
| FY]le < (1 —k&)C,. Using admissibility (Definition and the fact that the

. 2 . .
concentration measure m” is nonnegative we have

~ 171 [ (= PP da

>l [ = PPar=~(1-n)C, [ G=PPds (6s10)

1—/<c/Td/Td P)(x) — (p — P)(x — y)[2dy da.

Therefore, we can compensate a possibly negative term with the positive nonlocal

term appearing in ((6.8.4]). O
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Proof of Theorem 6.8.1. We split the reasoning for several steps.

Step 1: Energy identities. First, we recall that the dissipative measure valued solu-

tions satisfy

/Td2,0|u|2~|—F das+—//wn )p(z) — p(z —y)]2dy dx

—_— 1
5 [ Pasas / Lol () + Flpo) e (6811)
€ Jo Jrd Td 2

1
+p/ / wy(y)|po(x) — po(z — )| dy dz.
" Jrd Jrd

where the quantities on the (LHS) of (6.8.11)) are evaluated at time ¢. Similarly, the

classical solutions (P, U) satisfy

/2P|U|2—|—F dm+—//wn )|P(z) — P(z — )P dzdy =
Td
1
:/ = Poluol?(x) + F (Po) dx+—/ / y)|Po(x) — Po(z — )2 d dy

//P|U|2dxdt+/ U-e(P,U)dtda.
Td
(6.8.12)

Identity (6.8.12)) can be obtained from testing (6.8.1)—(6.8.2) by U and performing

several integration by parts.

Step 2: Estimate for the mized terms F'(P)(p — P), B,[P] and p|U|?*. We consider

weak solutions of the mass equation satisfied by the differences between the measure

valued solutions and classical solutions:

T
/ atw(p—P)jLéV@/w(p_u—PU) dzdt+ w(:v 0)(po —Po)dz = 0. (6.8.13)
0o Jrd

We set )
1 for 0 <7<t
Os5(t) = t*TT—irl fort <7 <t+9,
0 for >t +9.

Note that 6'(t) is an approximation of the dirac mass —d;. We consider test function

in (6.8.13) defined as v = 65(t) (F'(P) + B,[P] — £|U[?) so that after letting § — 0
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we obtain

[ (F@r+ - 50r) -

7=0

_+/ /T < + B[P ]—%|U|2> (p—P)dedr (6.8.14)
+1 [ [ v (@m0 - (u-PUdsar

Step 3: Estimate for the mized term pu U. We consider weak solutions of the mo-

dx =

mentum equation satisfied by the differences between the measure valued solutions

and classical solutions:

/w[rdat¢-(pﬁ—PU)+éV¢:(pu®u—PU®U)—€l2¢-(p_u—PU)
/ /T ~divo(p(p) p(P))+#qﬁ-(prn*p—P-an*P)—gb-e(P,U)

¢($, 0) . (pgllo — PoUo) dx = 0.

Td
We consider the test function ¢ = 05(¢)U so that after letting 6 — 0 we obtain
U - (pu—PU)
Td

+ /0 5 évu . (pu@u—PURU)+ édiv(U)(m —p(P))dzdr

’ t
d:l::/ 0.U- (pu—PU)dzdr
7=0 o Jrd

1 [ 1 [
——/ U~(m—PU)dxdT+—/ U (pVw, * p—P - Vw, * P)dzdr
2 T en* Jo Jra

t
— / U-e(P,U)dxdr.
0 Jrd
(6.8.15)

Step 4: First estimate on the relative entropy. Let us observe that when we subtract

(6.8.12)), (6.8.14)) and (6.8.15|) from (6.8.11]) we obtain an estimate for ©(t) — ©(0).

To see this, let us write explicitly the (LHS) after the subtraction (we omit integral

with respect to z for simplicity and we consider only terms at time 7 = ¢; of course,

for 7 = 0, they will be analogous):

1— — 1 1
PP+ F )+ 105 [ wnlwlole) = ol — )2 dy - 3PIUP — F(P)
" Jrd 2

1

e ) wy(y)|P(z)=P(z—y)[* dy— (F’(P) + B,[P] - %!UIQ) (p—P)—U-(pu — PU).
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We claim that this expression equals ©(t). Indeed, the terms containing both density
and velocity sum up to the term p|lu— UJ? as in (6.5.13)). Similarly, terms with
the potential F' and its derivative F’ can be combined to ((6.5.16]). Finally, for the

nonlocal term, the claim is the consequence of two identities:

1

Bn[P]P: 2—772

[ nPe) = Pla = ) (ola) = pla — 1) dy

and the similar one for B,[P|P we can easily see that this expression equals ©(t).
Subtracting all the terms on the (RHS) of (6.8.12)), (6.8.14)),(6.8.15) from (RHS) of
(6.8.11]) we obtain

t —_—
o(t) — 0(0) < ——/ plu2 — P|U]> - U - (7 — PU) dadr

0 JTd

~ [ [ o (F®)+ 5P = 51UF) (- P+ 0.0 (pu - PO e

_g/ot/wv(F’(PHBW[P]—;UF) - (pu ~ PU) dadr

_ é/o [ VU GuEn -~ PU U) + div(U) (p(p) — p(P)) dr 7

11 [
———2/ U (pVw, * p—P - Vw, * P)dzdr
enJo Jrd
(6.8.16)

Step 5: Terms with 0.U in (6.8.16)). To estimate the right-hand side of (6.8.16]) we

first try to eliminate time derivative from (|6.8.16)). To this end, we compute 0,U

from the equations ((6.8.1)-(6.8.2)) to obtain that U satisfies

e(P,U)

1 1 1 '

We take the scalar product of this equation with pu — p U which yields

o,U - (pu—-PU) + %&]UF(P —p)+ éVU (pu® U - pUx U)

— LUP - U7 - L)+ By[P) - (- p0) + Y m p),
where we used identities

1 1
E(U-V)U-(p_u—pU):gVU:(p_u®U—pU®U),

1
9U - (pu — pU) = 9,U - (pu — PU) + §8t]U]2(P = p).
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Finally, using matrix identity x Ay = A : x ® y where z,y € R? and A € R4 we

easily deduce the formula

VU: (pu@U—-pUxU)=VU: (puu—-PU®&U)

VU U2 m=U)-V (%\UP) (7t — PU),

where

plu—U)®@u—-U)=pu®u—puU-Uxpu+ pUx U.
We obtain

LaIU (P - )+ 0/(0) - (- PU) - 1y (;w) (pu— PU)+

1 - 1
—l—EVU:(pu®u—PU®U):gVU:p(u—U)@)(u—U)—i-

1 1 - e(P,U)
Note that this gives us an estimate on four terms appearing on the (RHS) of (6.8.16]).

Step 6: Terms with F' and B, in (6.8.16). We now consider the expression

= [ [ on @)+ BPY (o= )+ 1Y (F(P) + BP)) - (75— PU)dedr
+/0 3 éV(F’(P) 4 B,[P)) - (71— pU) da dr.

The first integral comes from ((6.8.16)) while the second from (|6.8.18) plugged into
(6.8.16). We can simplify this to get

—/t o, (F’(P)+BT,[P])(p—P)+§V(F’(P)+Bn[P])-U(p—P)dxdT. (6.8.19)

We split the term with B,[P] = % — % for the local and non-local parts. Now,

concerning the terms with potential F', we use (6.8.1]) to deduce

1 1
OF'(P) = F'(P)OP = ——F"(P) VP - U — —F'(P)PdivU =

1 1
= —_VF(P)- U~ _F'(P)PdivU.
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Similarly,

1
—atP = ——VP U - —PdivU.
n? en’ en’

Therefore, the local parts of (6.8.19) sum up to

_é (F”(P) Pt %P) divU (p — P) = —ép’(P) divU (p — P)

which together with —2 div(U)(p(p) — p(P)) divU from (6.8.16)) gives p(p|P) divU,

where

p(pIP) == p(p) — p(P) — p'(P) (p — P).

Now, we consider the nonlocal parts in (6.8.19) and the last nonlocal term coming
from (|6.8.16f). which equals
I 1
— ((L(P*wn)(p—P)—i-—V(P*wn)-U(p—P)dxdT
1 T e’ (6.8.20)
———/ U (pVw, * p—P - Vw, * P)dzdr,
Td

Using (6.8.1) and properties of the convolution we can rewrite the first term in
(6.8.20)):

—/ [ 0.(Pewn) (o - P)dde————//TddlvPU «(p—P))dedr

=—-— PU - (V —P))dxd
[ [ PU s - Py arar
so that (6.8.20]) boils down to

———// p—P)U-Vuw, *(p—P)dzdr.
Td

Step 7: Final estimate on the relative entropy. Using the steps above and ((6.8.16))

we obtain

—pU)dxdr

o(t) — <——//p|u—U|2da:dT—
Td

1
——/ VU: p(u-U)®(u-U dl‘dT——/ / div(U) p(p|P) dz dr
9 0 Td Td

———// p—P)U-Vw,*(p—P)dedr=A+B+C+D+E.
Td
(6.8.21)
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By definition of U we notice that
Ul . VU], le(P,U)| < e C(||P]lc21),

where C(||P||¢21) is a numerical constant which depends on ||P||¢2: and blows up
when 1 — 0 since we don’t have estimates in C? of the solutions of the local Cahn-

Hilliard equation. Now, we estimate the terms appearing on the (RHS) of (6.8.21)).

Term E. For the nonlocal term E we use boundedness of U to have

I
——//(p—P)U~an*(p—P)dxdT <
en* Jo Jra

CU||s

e I
Using (6.8.7)) for n € (0,79) we obtain

C(IPllcz1) [

Term B. Using (6.5.3) and (§ we can write

B=— (/tAd< P_U V(N = VAU), wz>dxd7

Using Cauchy-Schwartz with a parameter

t 2
<[ L5
0 Td 2

Now, e(P—’U)‘ < eC(||P|c21) H%H . Moreover, expanding the square in |\ — /A, U|?

and using - we recognize that

t —_—
// <|)\/—\/X1U|2,Vt7x>§/ / plu — U2
0 Td 0 Td

Therefore, we have the estimate
1 [t —
— — U2
5 | [ =
1

t
—/ VU :p(u-U)® (u—-U)dzdr| <
0 J1d

£
t
Ny
€ o Jrd
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d+3
n+

IA

= Pl [[Vewn x (p = P) [l < lp —PlI2-

2

1
M+ — N = VNUP by, Ydedr
2e2 ’

1 2
Betoqplen |5 +

Term C'. We have

®(u—U)|dzdr



Estimating directly under the integral in ((6.5.14|)

’((/\’ — VN0 ® (N — VAU, )
and using ((6.5.18) we arrive at

|/\/ \/_U| Vtac

t —
C< C(”PHCZ,l)/ / plu—UP2dzdr
0 J1d

Term D. Using (6.5.16) and (6.5.10]), we can write

POIP)| < (o) = () = /() = P + ™0 0
The first part can be estimated using :

(P(M|P), i g) < Crr(F(M|P), v ) + (CER + %) (A — P)*, vp,) (6.8.22)
The concentration measures part can be estimated using :

/ 1 1 >
im0 4 mFe) 4 = m?” < (Cp + 1)mF (CF + = ) mP”. (6.8.23)

Summing up (6.8.22)) and (6.8.23)) we obtain
- - 1\
AP < CFGIP +C (14 ) o= PP

The last term can be estimated by the nonlocal term appearing in the definition of ©
due to the admissibility condition ([6.5.23]). As F'(p|P) also appears in the definition

of ©® we obtain

//le p(p|P) dz dr
Td

We conclude that for n < 1:

< C(IPfle=n) (1 ; ni) / "o dr

2

C(IPllc=1) [* 4 1
@(t) < @(O)—Fw/(; @(T)dT+€ C(HPHCQl) 5 N
Using Gronwall’s lemma, we obtain (6.8.5)). O

Proof of Theorem[6.2.5. The proof is a direct consequence of (6.8.5)). Indeed, we

consider the relative entropy © as in (6.8.4) with p = p,., u = u, ., P = p, and
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U = —eV(F'(p,) — By(py))- As n € (0,m) is fixed, P (which depends on n!) is a
C?! function bounded away from 0 (Theorem Lemma [6.7.2)). Furthermore,

0(0) < C (2 + [[uoe |72 (pa)) — 0 (6.8.24)

(here, we use that the initial density py belongs to C? so that ||U(0, z)|| ey < C'e,
cf. (6.8.3)). Therefore, we get that ©(t) — 0 as ¢ — 0. By (6.8.6) and (6.8.7)), we

obtain convergence in L?(T¢), even uniformly in time. ]

Proof of Theorem [6.2.4. We write p, (note that it does not depend on ¢, cf. (6.8.1)
and (6.8.3))) for for solutions to (6.8.1)—(6.8.2]) and we note that they depend on 7.

From [123]| we know that there exists a subsequence 7, — 0 such that

o, — p||L2((O,T)><11‘d) — 0,

where p is a weak solution to the local Cahn-Hilliard equation. Now, let p,, ., be

a measure-valued solution of non-local Euler-Korteweg equation. Using ((6.8.24]),
(6.8.6) and (6.8.7), we have

Hpnk - pT]kﬁkHLQ((OvT)XTd) <

1 2

Mk oo

<C ( + [ Wo.c, 172 (ray + €3 [l 122 ) eTlenillo2/n*?.

2
d+3 . .
‘—pl ’ eCTlpalic2a /7™ s blowing up as 1, — 0
Mk

Of course, the quantity |p,,[|Z2.

(because we loose parabolicity), nevertheless we can choose €5 so small to obtain

convergence to 0. The conclusion follows by triangle inequality. O]

6.9 Convergence result for the parametrized mea-

sure v and the concentration measures m, .

Theorems[6.2.4]and [6.2.5 answer the question of what happens with the function p,, .

when 7,e — 0. However, the measure-valued solution (p, ., \/pyUye, V7, M, ) is in
fact a collection of four components. Below, we address the question of convergence
of the other components: ,/p, -u, ., v, m, .. We provide a detailed proof only for

the situation in Theorem [6.2.5] Adaptation to the case analyzed in Theorem
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is straightforward.

We first recall some basic notions from measure theory. We consider the set R* x R?
and we write (A, \') for a given element of this set where \; € RT and X' € R? as
in Section . For two probability measures i, v on RT x R? with a finite second

moment, that is,
[ P+ P it x) < o0
Rt xR4

the Wasserstein distance Wh(u, v) is defined as

Walur? = nt |
2(,U V) Wehr%u,y) (R*XRd)2|:

where the set TI(u, ) is the set of couplings between p, v; that is, the set of measures

2

M= M| N =N

2] dr (Al,X,Xl,X'> . (6.9.1)

7 on the product (RT x R%)? such that
(A x (R x RY) = u(4), m((R* x RY) x B) = v(B).

Furthermore, for a measure p on some space X, the total variation of u is defined

as

lellzy = [ul(X),
where |u|(A) = uT(A) — p=(A) and p*, p= are positive and negative parts of pu,
respectively. Note that if ;1 is a nonnegative measure, ||u||7y = p(X). For more on

spaces of measures and related norms, we refer to [116, Chapter 1].

Theorem 6.9.1. Under the notation of Theorem the function \/py-u,. con-
verges to 0 in L>(0,T; L*(T?)):

€ss SUPye (0.7 /d |\/Prettyel?dz — 0 as e — 0. (6.9.2)
T

Moreover, the parametrized measure v € L ((0,T) x T4 P([0, +00) x RY)) con-

weak

verges 1o 0p, (1.0) ® 0o in the following sense

€sS SUDye(0.7) /d (W (U™, 6y, (1,0) © 50)]2 dz -0 ase— 0. (6.9.3)

T

Furthermore, the concentration measures vector m, . converges to 0 in the total

variation norm, uniformly in time:
ess suPye (o, 1) M (¢, ) [lrv — 0 as e = 0. (6.9.4)
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Proof. From the proof of Theorem [6.2.5, we know that supc ) ©(t) — 0 where
O(t) is defined as in (6.8.4) with p := p, ., P :== p,, u:=u,. and

U = —eV(F(py) — By(py))- (6.9.5)

Due to Lemma this yields

1
Sup/ Pneltiy . — U2 da+
te(0,T) 2

(6.9.6)

//w (e = po)(@) = (Pre — po)( — 9)|2 dy dae = 0

and these two quantities are nonnegative. First, by admissibility (Definition [6.5.5))

and (6.5.12), we have
e85 SUDe 0.7) / / At — py(t,2) 2 v (A, N) i+ (£, T =5 0. (69.7)
+xRd

In particular,

esssupteOT/// A= At 2) 2 s (A, X) dd,, 1.0y (A1) dz — 0. (6.9.8)
Td JRt JR+ xR4

Second, due to (6.5.13)), we can expand the term [, %pn,s\un,g — UJ? into three in-

tegrals:

1 [ —— 1
—/ Pne [0ye? doe — / PyeUpe - Udr + —/ pne |UI? dz. (6.9.9)
2 Td Td 2 Td

We claim that the second and third term converge to 0. For the third term, we can
deduce it from ([6.9.5)), conservation of mass [, ppedz = [1, po dz and nonnegativ-
ity of p,.. Concerning the second term, by the dissipativity (Definition [6.5.4)) and

nonnegativity of the energy (Lemma|6.5.6]), we have the uniform estimate

1 1
/ Pre Uy do <\/)\1 N, V”’E> dz| < —/ (A1, V%) dx—l——/ (N2, ™€) da
Td ’ ’ Td 2 Td 2 Td
1 1 _— 1 1 -
<3 Ppeda + 5 VP> dz = 3 podx + S |V Pnetye?de < C
2 Td 2 Td 2 Td 2 Td

As |U| < Cé, we conclude that esssup,c | fraPre e - Udz| — 0as e — 0 so

that implies

1 -
ess Supte(O,T)§ /d P |pe|?dx — 0.
T
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Again, we can write it as

e85 SUPycio.1 / / Vv, N) de 4+ mfP (T 50 (6.9.10)
Td JR+xRd

which implies
€SS SUDye (0,7 /Td /Rd A+XRd N — N2 duz (A, X') ddg(N) dz — 0. (6.9.11)

Now, as the product measure v, (A, ) ® 5,,"()\1) ® Jo(N) is an admissible coupling
between 1} and 8, ® d we can estimate the infimum in (6.9.1]) by

t,x

[WQ (Vz;caa 5Pn & (50 / / A1 — )\1 t, x)’Z dI/7 (LA ) d(spn(t@)()’\vl) +
R+ JR+xRd

+// N — N2 Ay (A, ) ddo (V)
Re JR+ xR4

so that integrating over T? and taking ess SUpPye (o) We conclude the proof of (6.9.3)
due to and ( . Furthermore, by Jensen’s inequality

/ Vo = [ WP de < [ Qxpo)
Td Td Td
Taking ess sup;e (o 7y and using (6.9.10)), we arrive at (6.9.2)).

Finally, we study the concentration measures. From and (6.9.10) we know
that
ess suptE(OVT)mZi_:(t, TY), ess suptE(O,T)mZ’leu‘Q(t, T4 — 0as e — 0.

Using (6.5.18) we obtain the same for [m#"|. It remains to study mb® and mé; ),

F(p) -

In fact, since mpe" is nonnegative, if we prove that esssup,¢, T)mng (t T?) con-

9| due to (F510).

verges to 0 as € — 0, the same will be true for ‘mn,s

By sup;c(.r) O(t) — 0 and (6.9.6), we have that

sup / F(pyelpy) = 0as e — 0.
te(0,T) J1d

We can write F(p,c|p,) as (cf. (6.8.9))

F(pyelpy) = (F1(\) = Fi(py) — Fi(py) (M — py), V") +

(6.9.12)
+ (Fa(A1) = Falpy) — F3(py) (M — py), ™) + ml ),
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The first term is nonnegative while the second converges to 0. Indeed, it can be
bounded by || FY||oo (A1 — py)?, Vix) which can be estimated due to inequality (cf.
(6.8.10))):

1Bl [ (O = o) do <
11—k

25l =m0 — (0 g - p)dyda
e Jrd Jd
for some € (0,1). Thanks to (6.9.6),

<

€ss SUPye (o1 /Td [(Fo(M1) — Fa(py) — Fy(py) (M — py), v7°)| do — 0 as € — 0.

Due to (6.9.12)), the proof of (6.9.4)) is concluded. O

We can also formulate a similar result to Theorem [6.9.1] in the context of Theorem

6.2.4. The proof is the same as the one of Theorem [6.9.1

Theorem 6.9.2. Under the notation of Theorem the function \/pp. = Wy, e
converges to 0 in L>°(0,T; L*(T%)):

€SS SUP¢e(0,1) /d |v Prpex, uﬁk75k|2 dz — 0 as e, e — 0.
T

Moreover, the parametrized measure v™ € L ((0,T) x T P([0, +o0) x R?))

weak

converges to 0p(t.z) @ 0o 1n the following sense:

T
/ / [Wg(y”k’a’“, dp(tz) @ 50)}2 dzdt — 0 as eg,mp — 0.
0o Jrd

Furthermore, the concentration measures vector my, ., converges to 0 in the total

variation norm, uniformly in time:
esS SUPye (0.7) My e, (8 )l 7y — 0 as ex, i — 0.

6.10 Appendix: Some inequalities

Lemma 6.10.1. Let v > 0 and a final time T > 0. Let u be defined by u(t) =
v exp (— fot ||div b|| o () ds) and ¢5 defined in (6.7.6). Then

/]I‘d A¢ps(u)sgn™ (u —u) > 0.
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Proof. We note f, a concave approximation as 7 — 0 of the function f : z —

min{z,0}. Then f/ approximates f’: x > sgn™(z). We have
[ Aost st = == [ o2 ]Vl
Td Td
Since ¢ > 0, f! < 0 by concavity and we conclude by sending 7 — 0. ]

Lemma 6.10.2. Let F satisfy Assumption (6.2.1]), p(p) = pF'(p) — F(p) + -L and
F(p|P), p(p|P) be defined by (6.5.17). Then there exists a constant Cpg such that
p(p|P) is bounded in terms of F(p|P) and |p — PJ? i.e.

1
oIP) < Crr FoIP) + (Crnct 5 ) lo— PP (6.10.1)
Stmilarly, there exists constant Cp such that
|p F'(p)| < Cp F(p) + Cr p* + Cp. (6.10.2)

Proof. We write

p(olP) = (p — P)? / / " (sp+ (1— 5)P) dsdr,

1 T
F(p|P) = (p— P)Q/ / F"(sp+ (1 —s)P)dsdr.
o Jo
We note h(s) = sp + (1 — s)P to simplify the notations. By definition p/(p) =
p(F"(p)+ n%) Therefore we obtain

p(p|P) =(p — PY? / / " F(h(s)) + FY(h(s)) + h(s)FP (h(s)) + h(s) FS (h(s)) ds dr
+ sl PP
=F(p|P)+ (p—P) / / (s)) + h(s)F} )(h(s))dsd7+%|p—P|2.

We note I, = [i [T h(s)F (h(s))dsdr and I, = [, [T h(s)Fy" (h(s)) dsdr. By

assumptions on |[uF®| we obtain

11<C'—|—C'/ / F'(h dsdT<C+C/ / F'(h(s)) + Fy(h(s))dsdr,

where the value of C' changed in the last inequality, using the boundedness assump-

tion on Fy. For I, we simply use boundedness of |uF3(u)| so that
I, <C.
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This concludes the proof of (6.10.1f). Concerning (6.10.2f), we have

pF'(p) = pFi(p)+pF3(p) < CL+Fi(p))+Cp < C(1+F(p)+C @ + %) e

where we used estimate on p F{(p), boundedness of F}, Fy and inequality 2p < 1+ p2.
The proof is concluded. n
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Part 11

Rough behavior
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Chapter 7

Non-standard growth spaces

We now briefly recall theory of Musielak - Orlicz spaces. They are natural general-

ization of L? spaces. Recall that f € LP(Qr) if

/ |f(t,2)|P dedt < co.
Qp

Musielak-Orlicz spaces appear when one replaces function £ +— |£|P with a general
function, called N-function, M (t, z,£). Of course, there are some conditions on M
that one has to assume in order to be able to define assosciated Banach space with
M and they will be given in Definition [7.1.2] Nevertheless, let us point out that the
content of this chapter will be our basic toolbox in Chapters [8HI0} For a detailed
discussion of Musielak-Orlicz spaces, we refer the reader to the classical book [223]

as well as to a modern presentation [77] aimed at applications in PDEs.

7.1 N-functions

In what follows,  C R? denotes a bounded domain and T > 0 is arbitrary. We set
QT = (O,T) x €.

Definition 7.1.1 (Young function). We say that m : [0,00) — [0,00) is a Young
function if the following holds true:

(Y1) m(s) =0 <= s=0,
(Y2) m is conver,
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m(s)

m(s)

(Y3) m is superlinear, i.e. limg_,g =0 and lim,_, = 00.

Definition 7.1.2 (N-function). We say that M : Qp x R? — R is N-function if the
following holds true:

(M1) M(t,z,&) = M(t,x, =€) for a.e. (t,x) € Qr and all £ € R,
(M2) M(t,x,&) is a Carathéodory function, i.e. for a.e. (t,x) € Qr, the mapping
R? > & — M(t,x,€) is continuous and for all ¢ € R, the mapping Qr >

(t,x) — M(t,x,&) is measurable,
(M3) for a.e. (t,x) € Qp, the map RY > & v M(t,z,€) is conve,

(M4) there ezist two Young functions my, mo such that for almost all (t,x) € Qrp

and all £ € R? we have

Example 7.1.3. The motivation for introducing Definitions and is to
generalize the role of the function £ — |£|? in the definition of the L? space. Examples
of the Young functions include |£[7, |¢|elél and |¢|log(1 + [€]) (this type of growth
appears naturally in the kinetic theory). Examples of N-functions include |¢[P(t®)
and [£[PB2) 4 a(t, 2)|€]75®) where p(t,x), q(t,z) are strictly separated from 1 and

+o0o while a is a bounded, nonnegative function.

Definition 7.1.4 (Convex conjugate). Let m be a Young function. Then, we define
1ts convexr conjugate m* as
m*(s) = sup (st —m(t)).

te[0,00)

Stmilarly, if M is an N-function, we define its convex conjugate M* as
M*<t7 xz, 77) = Sup(f /. M(t7 T, 5))

£cRe

Remark 7.1.5. The motivation for Definition is that we want to generalize

the natural duality between L? and L? space where p/ is the usual Holder conjugate

of p, see Lemma [7.2.3] Indeed, if m(s) = §|s|p, then m*(s) = }%|s|p/.
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Remark 7.1.6. Condition is not necessary for the basic functional analytic
properties of Musielak-Orlicz spaces (for instance, being a Banach space or basic
convergence properties outlined in Section. We should think about this condition
as the one guaranteeing good properties of the dual spaces. First, it is needed for
M* to be well-defined (in the critical case of M (£) = ||, M* is not well-defined). Of
course, one can imagine a situation when for each fixed (¢, z), the map & — M (¢, z, §)
is superlinear so that M* is well-defined, yet is not satisfied. Nevertheless,
autonomous lower and upper bounds in terms of Young functions are necessary
for the proof of Lemma (see |77, Theorem 3.5.3]) which is essential in most
applications in PDEs. Indeed, it provides the good representation of the preduals
Ly (Qr) = (Ea+(27))* and Ly+(Qr) = (Ep(Qr))* which allows to apply weak*

compactness in these spaces.

Lemma 7.1.7 (Properties of N-functions). Let m be a Young function and M be
an N-function. Then:

(N1) function @ is nondecreasing,

(N2) m* is a Young function,
(N3) M* is an N -function,

(N4) limg|q ess sup(tvx)eQT% = 0 and lim¢—,0 essinf zyeq, M(rgcvﬁ) = 00,

(N5) if fn:Qr — R is a sequence of functions and fQT M(t,z, fu(t,z))dzdt < C
independently of n, then {f.} is equi-integrable,

(N6) if fn: Qp — R is a sequence of functions and fQT M(t,z, fo(t,z))dedt < C
for some C > 1 then ||fullr,, < C,
(N7) if fn : Qr — R is a sequence of functions such that f, — f a.e. in Qr and

| fullo < C independently of n, then

M(t,x, fo(t,x))dxdt — M(t,x, f(t,x)) dz dt.

QT QT

Proof. Let t < s. By convexity of m, we have

S S
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which proves [(N1)|

To see property |(N2)| we observe directly from Definition that m*(0) = 0 as
m > 0 and m(0) = 0. The convexity of m* follows as it is a supremum of affine

maps. Hence, it remains to check in Definition [7.1.1} For any A > 0

m*(s) S As —m(A) >\

lim inf >
S$—00 S S

which proves lim,_, mT(s) = 00. Now, let 6 > 0 and s € (0,9) be arbitrary. Then,

m*(s) m(t) m(t) 1 m(t) 1
— 2 = sup (t——2% )= sup t({1——==|< sup t|1—-—~=
5 te[0,00) s te[0,00) t s te[0,00) t 9

m(t

However, for t such that > 0, the maximized expression is negative. By property

(N1) and [(Y3)|in Definition [7.1.1} we find ¢s, such that ™ t“) = ¢ and we get that

m*(s) < sup t( _@%) < ts.

S te[0,ts]

We claim that t5 — 0 as 6 — 0. For if not, Cy > t5 > C7 > 0 for some constants C;

and Cy. But then
m(ts) _ m(Ci) _ m(0)
= >
R A o)

since m is strictly increasing and m(0) = 0. This proves [(N2)| To see [(N3)| we

=0,

observe that
mi([¢]) < M(t,z,§) < ma(§) = ms([¢]) < M*(t, z,&) < mi(§).

Since mj and mj are Young functions, the conclusion follows. Property |(N4)| is a

consequence of in Definition and superlinearity of Young functions|(Y3)|
To deduce [(N5), we note that

ma (| fu(t, z)|)dedt < C
Qr
and it is well-known that such bound for superlinear function m; is equivalent to
uniform integrability on bounded domains, see |11}, Proposition 1.27]. Property [(N6)

follows by convexity:

1
/ M (t,x, fn(t,:c)) drdt < = M (t,z, fo(t,z)) dedt < 1.
Q7 ¢ C Jar
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Finally, as Young function are increasing, property [(N7)| follows by Dominated Con-

vergence Theorem. O

Remark 7.1.8. In previous works on PDEs in Musielak - Orlicz spaces, N-functions
were defined slightly differently using combination of conditions in Definition [7.1.1]},
Definition and Lemma (see, for instance, [53}(78,[79]). We believe that
Definition makes our work more accessible for readers not familiar with this

setting.

7.2 Musielak - Orlicz spaces

Definition 7.2.1 (Musielak - Orlicz space Ly (Q27)). Let M be an N - function.
Then, the Musielak - Orlicz space Ly(S2r) is defined as

t
Ly () = {f :Qp — R 3IN > 0 such that / M (t,x, @) dedt < oo} )
Qr
This is a Banach space equipped with the norm
1€]lL,, = inf {)\ >0 / M (t,x, M) drdi < 1} . (7.2.1)
Qr A
If m is a Young function, we can similarly define the Musielak - Orlicz space L,,(Qr).

Remark 7.2.2. The idea to define the norm ([7.2.1)) in a variational way comes from

the fact that the usual LP({27) norm can be equivalently defined as

inf{/\>0:/ £, 7)
Qr

A
The advantage of this approach is that one does not take p-th root which allows to

P
dedt < 1}.

define, for instance, LP(:*) spaces. They will be discussed in detail in Section .

The following form of the Young and the Hélder inequalities are true in Musielak-

Orlicz spaces (see [263, Lemma 2.4]):

Lemma 7.2.3. Let M be an N -function and M* be its convex conjugate. Then, for
all € € Ly (Qr) and n € Ly+(Qr):

(11) fQT E(t,x)n(t,x)dedt < fQT M (t,z,&(t, z)) de dt + fQT M*(t,z,n(t,x)) dxdt,
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(12) Jq, &t x)n(t, ) dzdt < 2|, 0|y,

As convergence in norm in space Ly (£2r) seems to be too strong for applications in

PDEs, we introduce the concept of modular convergence.

Definition 7.2.4 (Modular convergence in Ly (€2r)). We say that sequence of func-
tions {&,} C Lar(Qr) converges to & modularly if there exists X > 0 such that

/ M <t,x, Enlt, ) — g(t’“”)> dzdt — 0.
Or A

We write &, M, €. By convexity, if follows that if {£,} C La(Qr) and &, %5 then
€€ Ly Q).
Note that modularly converging sequences converge in L'(€27) and so, they have

a subsequence converging a.e. As in the case of classical Lebesgue spaces, simple

functions are dense in Lj/(€27) with respect to the modular convergence:

Lemma 7.2.5 (Density of simple functions). Let & € Ly (7). Then, there is a

sequence {&,} of simple functions such that &, M, €.

Due to Vitali Convergence Theorem (Theorem [7.3.2)), we have the following charac-

terization of modular convergence and its corollary.

Theorem 7.2.6. Let {€,} C Ly(Qr) and € € Ly (). Then, & -5 € if and only
iof the following hold:

(V1) {&,.} converges to € in measure,

(V2) {M (t,z, %")} is uniformly equi-integrable for some A > 0.

Corollary 7.2.7. Let {¢;} C Ly(Q2r) and {¢;} C L+ (7). Suppose that ¢; Ao
and ¢; 25 ¢. Then, @; ¢; — @ ¢ in L1(Q).

Proof. By Theorem [7.2.6, ¢; — ¢ and ¢; — ¢ in measure, and so ¢; - ¢; = ¢ - ¢
also in measure. To conclude, we have to prove uniform integrability of {¢; - ¢;}.

However, by Young’s inequality, for any ) C Q7:
/ o;(t, ) - ¢;(t, x) dedt <
Q

A
S/M(t,x,(pj(t’x>>dxdt+/M* (t,x,M> dz dt.
Q A Q A
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Again, Theorem [7.2.6] implies existence of A;,As > 0 such that both sequences

{M <t,x, %ﬁgﬂ)} and {M* (t,a:, %)} are uniformly integrable. Taking A =

max (A, A2) in ([7.2.2)), we conclude the proof. ]

Finally, we discuss some compactness results allowing to extract converging subse-

quences.

Definition 7.2.8 (Subspace Ey(21)). En(Qr) is a closure of bounded functions

in the norm (7.2.1)).

It is easy to see by approximation with simple functions that Fy,(€Qr) is separable.
Therefore, [263, Theorem 2.6] and the Banach-Alaoglu-Bourbaki Theorem (cf. |49
Theorem 3.16 and Corollary 3.30]) yields:

Lemma 7.2.9. We have the following duality characterization
(Ey (7)) = Lo (Qr).

In particular, if {&,} is a bounded sequence in Ly« (), it has a weakly-+ converging

subsequence.

For Young functions, we also define Orlicz—Sobolev spaces and we recall their basic

properties (cf. [5, Chapter §]).

Definition 7.2.10 (Orlicz—Sobolev space). Let m : R — R be a Young function.
We define Orlicz—Sobolev spaces W L,,(Qr) as

Wo Lin(Qr) = {€ € L0, T W5 ()« [€]lL.... V|1, < o0}
and we equip it with the norm
I€lwiz,, = €z, +1VE[L...
We also consider its subset Wy E,,(Qr):
Wo En(Qr) = {£ € Wy Ly, : £ € Ey(Qr) and VE € E,(Qr)}

Lemma 7.2.11 (Properties of W3 E,,,(Qr) and W} L,,,(Qr)). Spaces Wi E,,(Qr) and
Wo Ly (Q7) have the following properties:
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(P1) Wi E,.(Qr) is separable,
(P2) space C3°((0,T) x Q) is dense in Wi E,,(Qr) with respect to || - ||, norm,

(P3) (Poincaré inequality, cf. [76, Corollary 4.1]) there are constants ¢y and ¢z such
that for all uw € Wy L,,,(Qr),

/ m(01]u|)dxdt§62/ m(|Vul) dz dt.
QT QT

In particular, ||Vul|r,, is an equivalent norm on Wy L, (7).

7.3 The A, condition and variable exponent spaces
In Chapter [J] and [I0] we will make an additional assumption on the N-function,
namely that M satisfies so-called A, condition, i.e.

M(t,z,26) < CM(t,x,§), (7.3.1)

for some constant C'. We collect the main consequences of ([7.3.1]) below. The most
important one is that if (7.3.1)) holds then the modular and strong convergences

coincide.

Lemma 7.3.1. Let f, f,, : Qr — R?%. Then,

(C1) The following are equivalent: ||f||L,, < 0o <= fQT M(t,x,cf(t,x))dedt <
o0 for some c >0 <= fQT M(t,xz,c f(t,x))dzdt < oo for all ¢ > 0,

(C2) || fn—FfllL, = 0 < forsomec>OfQTM(t,x,c(fn(t,x)—f(t,x)))dxdt—>
0 < for allc>0fQT M(t,x,c(fu(t,z) — f(t,x)))dadt — 0,

(C3) if ||fllL, < oo and any of the conditions in is satisfied then we have
fQT M(t,z, f(t,z))de dt — fQT M(t,z, f(t,x)) dxdt,

(C4) if fo — [ ace. on Qp, || fllL, < oo and the sequence {M(t,z, fr(z))}nen is

uniformly integrable then ||f, — fllo, — 0.

For the proof we need the following convergence result (see |36, Theorem 4.5.4]).
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Theorem 7.3.2. Let (X, F,u) be a finite measure space (i.e. u(X) < oo). Let
{fu} C LY X, F,pn) and f be an F-measurable function. Then, f, — f in LY(X, F, )

if and only if f, = f in measure and {f,} is uniformly integrable, i.e.

Ve>030 >0VA e F ,u(A)<6:>sup/|fn|d/L<5.
A

neN

In fact, we will apply the following corollary.

Corollary 7.3.3. Let (X, F,u) be a finite measure space (i.e. pu(X) < 00). Let
{fa} € LY (X, F, 1) be a nonnegative sequence and f be an F-measurable function.
Suppose that

(J1) f. — f in measure,

(J2) there exists a sequence of functions {g,} convergent in L'(X, F, 1) and func-

tion h € LY(X, F, i) such that

0< fn<gn+h.

Then, f, — f in LY X, F, u).

Proof. In view of Theorem [7.3.2] it is sufficient to prove that {f,} is uniformly

integrable. To this end, for an arbitrary set A, we have

/\fn!duz/fnduﬁ/gndwr/hdué/\gwrh\du-
A A A A A

Let ¢ > 0. As {g,} is convergent in L'(X,F, u), the same is true for {g, + h}. It
follows that {g, + h} is uniformly integrable. Therefore, there exists 6 > 0 such that
if u(A) <6, we have [, |g, + h|dp < e. It follows that

/ |fuldp < e.
A
0

Proof of Lemma[7.3.1 The first equivalence in [(C1)| follows directly from definition
of the norm so in fact it is sufficient to prove that if fQT M(t,xz,c f(t,x))dedt < oo
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for some ¢ > 0 then fQT M(t,z,d f(t,x))dzdt < oo for all d > 0. First, if d < c,
this follows by convexity and Jensen’s inequality:
M(t,z,d|f(¢t,z)|) dedt =

o (7.3.2)
d d
:/ M(t,:v,—cf(t,x)—l—()) dedt < - M(t,xz,c f(t,x))dzdt.
Qr ¢

C Qr

If d > ¢, we find k € N such that d < 2¥ ¢ and apply (7.3.1)) k times:

M(t,x,d f(t,x))dzdt <
Qr

p J (7.3.3)
< CO* / M (t,x, o f(t,x)) drdt < O’f—/ M(t,z,cf(t,z))dzdt.
QT QT

2kc

where we used the first part.

Concerning |(C2), we first prove equivalence:

| fo — flloy = 0 <= M(t,x,c(f, — f))dadt — 0 for all ¢ > 0.
Qr
To prove (=) we fix ¢ > 0 and we note that there exists n. such that for all n > n,

we have c||f, — fllz,, < 1. By definition (7.2.1)), there exists a sequence {0y }ren
convergent to 0 such that c||f, — fllz,, + o < 1 and

C(fn_f) )
K;M(““ﬂn—me+@‘““§L

Using convexity of M and equality M (t,z,0) = 0 we obtain

M(taa:?C(fn_f))dJ?dtS
Qr

(5= P80 [ 20 (05 s

Letting & — oo (so that 6, — 0) and n — oo we conclude the proof. For (<),

we note that for each ¢ > 0, there exists n. such that for all n > n, we have
fQT M(t,z,c(fo— f))dedt < 1, ie. ||fu — fllz,, < % The conclusion follows by
letting ¢ — oo. We are left to prove equivalence
M(t,z,c(fn,— f))dedt - 0 forall c >0 <—
Qr
— M(t,z,c(fn — f))dzdt — 0 for some ¢ > 0.

Qr
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This follows from ([7.3.2)) and ((7.3.3)).

To prove|(C3)[we assume that [, M(t,z,(f, — f))dedt — 0 and || f||,, < oo which
implies fQT M(t,z, f)dx dt < oo. First, we deduce that f,, — f at least in measure.

Second, we can estimate by convexity

Q

<
- 2

N | —

Corollary implies that M(¢,z, f,) — M(t,x, f) in L'(Qr) so in particular,
fQT M(t,x, f,) dz dt — fQT M(t,z, f)dzdt.

Concerning [(C4)| in view of Vitali convergence theorem cf. Theorem [7.3.2] it is
sufficient to prove that the sequence {M(t,z, f, — f)}, is uniformly integrable.
Using convexity and A, condition ([7.3.1]) we obtain

N | ~
Q

M(t,z,2 f) + %M(t,x,Qf) < EM(t,x,fn) + %M(t,x,f).

It follows that M (¢, x, f, — f) — 0 in L'(Q) and the conclusion follows from [(C2)]

7.4 Variable exponent spaces

We conclude with a particular example of N-function that satisfy ((7.3.1)). The related
space is called the variable exponent space. We consider M (t,x, &) = |£[*®*) where

s(t,x) satisfy 1 < s_ < s(t,z) < s; for some s_,s,.

Definition 7.4.1. Given a measurable function s(t,z) : Qr — [1,00), we let

s(t,z)

§(t,x)
)

L*G)(Qp) = {f : Qp — R there is A > 0 such that /
Qr

dxdt < oo}.
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This definition is equivalent to

L5t9)(Qy) = {5 :Qr — RY: / €t 2)["" dudt < OO} '
Qr

This 1s the Banach space with the norm

s(tx) — lIlf A > 0 . /
Qr

Let us observe that due to Lemma [7.3.1]

1€

£, — € in L9 (Qr) «— &, — €5E dadt — 0
Qp

and, as a consequence of Theorem we have:

Theorem 7.4.2. Suppose that ¢, — ¢ in L*E)(Qr) and 1, — 1 in L (Qy)
where ﬁ + ﬁ = 1. Then, ¢p 1, — G2 in L'(Qr).

7x)

Now, we consider the special case of exponent depending only on the time variable,
that is s(t, z) = ¢(t). In this case, many inequalities including Poincare’s and Korn’s
inequality are valid. We formulate it using a these two examples but Reader can

easily adapt it to several other inequalities.

Lemma 7.4.3. For all f : Qr — R such that f € L'(0,T; WOM(Q)) and V/ €
LID(Qrp) we have
Hf”Lq(t) <C ||vf||Lq(t)-

for some constant C which is independent of f. Similarly, if f € L*(0,T;, Woll(Q))
and Df € L1D(Qr) then V f € LY (Qr) and we have the following Korn’s inequality

vaHLq(t) S C HDfHLq(t).

Proof. For a.e. t € (0,T), we have f € W,"'(Q) and [oIVf11Wdz < oo due to
in Lemma We consider a cube @ of side 2diam(2) such that Q@ € Q.

Therefore, by usual Poincare inequality

/ lp]?® dz < (2 diam(£))"" / Vo|"Wdz Ve e C2(Q).
Q Q
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As f(t,-) € W, (Q), we may extend it with 0. Then, we consider a usual mollification

sequence which after passing to the limits implies

/ F70) dz < (2 diam(€))1® / IV F|7O dg = / 12 diam(Q)V | da.
Q Q Q

We divide by A\?® and integrate in time to obtain

q(t)
/ / dedt < /
QT QT

By definition of the norm (Definition [7.4.1)), we choose a sequence

q(t)

2diam(Q)V f dedt

A

2di 0 q(t)
A = 1|2 diam(Q)V £ Laco, / 2diam( VT <1
Qr
so that
f q(t)
/ — dedt <1 = ||fllpaey < An.
Qp )\n

The conclusion follows by sending n — oo. For the proof of Korn’s inequality, the

strategy is the same: we use classical Korn’s inequality [100, Chapter 7|:

IV fllzay < Clq, Q) | DfllLae

for fixed value of t and we integrate in time. The small difficulty here is that the
constant is not explicit with respect to the exponent q. However, one can quantify
it in terms of the norm of Riesz transform and the norm of the maximal operator
(see |[100, Chapter 7]) which shows that the constant is continuous with respect to

the exponent. Thus, the final constant will depend on ¢_ and ¢,. ]
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Chapter 8

Parabolic equations with roughly

changing growth

The results in this chapter have been published in:

e M. Bulicek, P. Gwiazda, J. Skrzeczkowski. Parabolic equations in Musielak —
Orlicz spaces with discontinuous in time N-function. Journal of Differential

Equations, 290, 17-56, 2021, cited as [56].

8.1 Introduction and the main results

In this chapter we consider parabolic PDEs where the parabolic operator changes

discontinuously with respect to time. To motivate, consider the following equation

divVu in (0, 1] x €,
u = (8.1.1)

div (|[Vul[*Vu) in (1,2] x Q,

which can be solved piecewisely (first on time interval (0, 1] and then on (1, 2]) so one
can develop well-posedness theory for (8.1.1). Moreover, Vu is expected to belong

2 tel0,1],
to the space LP®)(Qr) where p(t) = so that the natural functional

4 te(1,2],

space changes discontinuously in time.
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A continuous generalization of (8.1.1)) is the p(¢, x)-Laplace equation (studied, for
instance, in |16},39,191])

up = div(Vau|Vu[PE972) 4 f (8.1.2)

where p(t, ) is discontinuous in time. Here, we expect Vu € LP®®)(Q7) so again,
the space changes discontinuously with respect to t. The target of this chapter is to
establish well-posedness (existence and uniqueness) of solutions without any regu-
larity assumption with respect to time. This is the first result of this type as all the
previous works assumed so-called log-Holder continuity of p(¢, z), cf. .

To generalize a bit, we write both equations (8.1.1)) and (8.1.2) as

w(t,x) = divA(t, z, Vu(t,x)) + f(t,z) in (0,7) x Q. (8.1.3)

We equip (8.1.3)) with the homogeneous Dirichlet boundary condition and the initial
value ug(z). Here, @ C R? is a bounded domain, T denotes the length of time
interval, f : (0,7) x 2 — R is a measurable bounded function and A is a monotone

operator with coercivity and non-standard growth controlled by a so - called N-
function M : (0,T) x Q x R? — R (see Definition [7.1.2)), i.e. for almost all (t,z) €
(0,7) x Q and all £ € R?, we have:

M(t,x, &)+ M*(t,z, A(t,x,&)) < cA(t,z,€) - £ + h(t, x) (8.1.4)

where M* denotes the convex conjugate to M (see Definition|7.1.4) and h € L'((0,T)x

). Many equations fall into this abstract setting (see, for instance, |78, Corollary

1.2]); for instance, (8.1.2) can be written in the form of (8.1.3)) with
Alt,,€) = g JeP 2, M(t,w,€) = |,

where we need to assume that 1 < p_ < p(t,z) < py < 00, see Example [8.2.6 Let
us also comment that as we will see in Chapter [J] the abstract theory developed in

this chapter can be applied to non-Newtonian and electrorheological fluids.

184



Originally, problem (8.1.3) was solved with M (¢, x,&) = |£|P where 1 < p < c0. In
this classical setting, (8.1.4)) implies that A, understood as a map

LP(0, T; Wo*(Q)) 2 u v A(t,z, V) € (L7 (0,T; Wy *(Q))) ",

is a bounded continuous operator and standard approaches (Galerkin method and
compactness in Sobolev-Bochner spaces) applies (see |50}/ 185] and references therein)
showing that the Sobolev space is an appropriate functional setting for problem
(8.1.3). However, if the N-function M appearing in has not a polynomial
growth with respect to ¢ and is (¢, z)-dependent, one has to look for a solution u
such that its gradient Vu belongs to the Musielak - Orlicz space Ly ((0,7) x ),

i.e. the space of measureable functions ¢ : (0,7) x © — R? which satisfy

/ M txM dtdx < 0
(0,T)x2 Y A

for some A > 0, see Definition |7.2.1]

A modern approach to such equations is based on looking for hypothesis on M
implying that C§°((0,T) x£?2) is a dense subset of L/((0,7) x2) (at least in the sense
of modular convergence, see Definition so that one can test with the
solution itself. It is a classical fact that for variable Lebesgue spaces (i.e. M (t,z,§) =
€|Pt*)) some continuity of p in (¢, ) is in general necessary (see [84, Example 6.12])
and it is quite simple to understand why this is the case. Let u € Ly ((0,7) x )
and consider its mollification in spatial variable u. = wu % n.. Then, even to prove
that u. € Ly ((0,7) x ) we need some continuity of M in the spatial variable .
Indeed,

4 1
/ /M(t,a:,—/ ng(y)u(t,x—y)dy) dedt <
o Ja A JB(0,e)
T J—
g/ // m(y)M(t,x,M) dy da dt
o JaJBoe A

and continuity is necessary for approximating

R S L G

(8.1.5)

A A
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so that the (RHS) of can be seen as a convolution of two integrable functions.
Similar reasoning works for the mollification in the time variable t. There are many
recent works developing approximation and well-posedness theory for in this
spirit [8},78,79,251].

Motivated by , in this chapter we establish the existence of solutions to (8.1.3])
in the Musielak - Orlicz space Ly ((0,7") x Q) without any assumption on conti-
nuity of M(t,z,£) with respect to ¢ (see Theorem [8.2.8). Moreover, for isotropic
N-functions of the form M(t,z,|{|) we obtain the uniqueness in a given class. To
illustrate the result, in the particular case of , for p(t,z) := p(t), the only
assumption we need on p(t) is that 1 < p_ < p(t) < py < oo and p is measurable.
Our result seems to be completely unexpected as the natural functional space for
, that is LP®*)(Qp), changes discontinuously in time but still we can prove
the complete well-posedness theory for (8.1.2)).

The main idea to obtain this result is that we do not try to approximate every
function in Ly ((0,7") x2) but only the distributional solution to (8.1.3)). If u. = wxn.
denotes mollification in spatial variable z and u solves (8.1.3)), then

(ue)e(t, z) = divAL(t, x, Vu(t,z)) + fo(t,z) in (0,T) x . (8.1.6)

Therefore, if u is mollified in space, it immiedately gains Sobolev derivative in
time. As we will see, this makes u. an admissible test function for (8.1.3)). Simi-
lar approaches have been used for renormalized solutions to the transport equation,

see [112] and [95] Section 2.1].

The approximation is necessary to identify the limit of A(¢,x, Vu,,) where u, is a
suitable approximation of the desired solution. When Vu,, — Vu (in some weak
sense), we do not know a priori that A(¢,z, Vu,) — A(t,z, Vu) (at least weakly, in
some topology). A priori, we only know that A(t, z, Vu,) — « and we need to prove

that a = A(t,z,Vu). To prove the latter, we use classical Minty’s monotonicity
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trick [217] which (informally) amounts to proving

limsup [ A(t,z,Vu,) - Vu, ¥(z)dxdt < / a-Vuy(x)dedt

n—oo  JQrp Qr
for all test functions ¢ € C°(Q2). The information about A(t,z,Vu,) - Vu, and
a - Vu comes from testing equations for u, and u by wu, and u respectively. The
latter is rigorously correct if we first approximate u,, and u. Let us also remark that
this identification argument can be performed locally in space: in particular, for the

existence part the regularity of the boundary does not play any role in the argument.

Finally, let us note that there is another strategy to study PDEs with non-standard
growth. This is based on assuming that the N-function M and its convex conjugate
M* satisfy Ay condition . The first implies that Ly () = Ey () while the
second that Ly« (Qr) = En+(Qr), cf. |77, Theorem 3.3.2]. Combined with Lemma

[7.2.9] they imply that
(Lar(Qr)" = (Em(Qr))" = Lar- () (Lar(Q7))" = (Enr= ()" = L (Qr).

so that together they imply that Ly, (2r) is reflexive. For elliptic equations (where we
have no time variable), one can use this to construct solutions via Galerkin method
(with the basis being a dense subset of W} E);, the space of functions in W, (Q)
such that Vu € Fy(Q2)). In fact, in this case it is sufficient to assume that only M
or M* satisfies Ay [53]. However, in the parabolic case, even for equation , we
cannot use Galerkin method because space LP(:)(Q) cannot be factorized into the
Bochner form LP®(0,T; L9 (Q)) for some exponents p(t), ¢(z) so that the basis
cannot be time independent. Nevertheless, in some special cases, for instance when
p(t,z) = p(x) (the exponent is time independent) one can still obtain well-posedness

result without continuity assumptions basing only on A, condition, see [167].

8.2 Rigorous formulation of the main results

We start with the continuity assumption on N-function M. Its formulation for a
general function M is fairly difficult but it simplifies a lot for isotropic N-function,

that is when M (¢, z,€) depends only on ¢, z and ||, see Remark [8.2.2
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Assumption 8.2.1 (Assumptions on M). We assume that M : Qp x R — R is an
N-function. Moreover, we assume that there is a function © : (0,7") x[0, 1] x [0, c0) —
[0, 00), which is nondecreasing with respect to the second and the third variable, such

that

VC > 1V, > 0 3R > 0 such that for a.e. t € (0,7)
and all § < dy there holds O(t,5,C6 ') < R.

This function describes relation between Mg(t,§) = essinfconsg M(t,z,§) and
M(t,z,€), where Q C R? is an arbitrary cube and 5Q is a cube with the same
center as () with five times longer edge. More precisely, we assume that there exists
& € R and &, > 0 such that for every cube @Q C R? with edge 6 € (0, ) and all
¢ € R? with |¢| > & we have

M(t,x,§)

Mg (¢,€)
where M@ = (Mf)* is the second convex conjugate to Mg, see Definition [7.1.4, [J

< O(, 9, [¢]), (8.2.1)

Remark 8.2.2. In the particular case of an isotropic N-function M (¢, x,|¢|), As-
sumption boils down to existence of the function © : (0,7") x [0, 1] x [0, 00) —

[0, 00) which is nondecreasing with respect to second and third variable such that

lim sup O(t, 6, 06~ 1) is bounded uniformly in time ¢ € (0,7) (8.2.2)

6—0t

and
M(t,x,r)
M(t,y,r)
See [78, Lemma A.4] for the proof.[]

S @<t7 |l‘ - y|,7”).

We remark that Assumption mimics the one made in |78|, namely
M(t, z,§)

Mg (€)
where Mg (&) = essinfyconsgienoryM(t, x,§), @ is a cube with edge of length 4,

< 0(, ¢)),

I is a subinterval of R with |I| < § and function O satisfies:

VC > 0V, > 0 IR > 0 such that for a.e. t € (0,7)
and all § < &y there holds ©(5,C5~%) < R.
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Several other equivalent conditions can be formulated, see condition (A1’) in [168|

Definition 4.1.1], (Al-n) in [168, Chapter 7.3] and [169].

The relaxed regularity in time allows for N-functions which are merely measurable
in time. On the other hand, we need to control the quantity ©(t, d, C 6~ 1) rather than
O(8, C' 6~%) which results in better exponents regimes for some well-known examples
of N-functions, see Example This improvement is based on the observation
that in the approximation result one needs to approximate in the modular topology

functions of the form
V(Tk(u) + ¢) where Vu € Ly (Qr), ¢ € CZ(Qr)

The observation described above can be easily implemented in the previous works
on this topic cf. [78,79]. This will be also of great importance for our new results

concerning double-phase functionals presented in Chapter [10]

Example 8.2.3. We list here N-functions satisfying Assumptions 8.2.1] For the

proof, we refer to Appendix [8.8|

(B1) M(t,2,€) = [P with 1 < p_ < p(t,z) < p; < 0o and p(t, z) € L(0, T; Ciog(62)).
Here, Co4(2) is the space of log-Holder continuous functions on €2, i.e. func-

tions v : €2 — R such that

G
log | — y|
for all x,y € €2 and some constant C'. Note that only very low regularity of

p(t, x) in time is required.

(B2) M(t,x,&) = [§["“ + a(t, z) [§]*"*) where

e 1 <p <p(tz)<ph<oo, 1<q <qt,r) <q" < oo,
o p(t,x),q(t,x) € L=(0,T; Cis(2)),
e a(t,x) € L*>(0,T;C*()) for some a € (0,1) and a > 0,

e q(t,z) —p(t,x) < a.
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Here, C*(Q2) is the space of a-Hélder continuous functions on Q. We stress
that only very low regularity of p(¢, ) and ¢(t, z) in time is required. We also
observe that for p_ < d, our admissible regime of exponents is better than

q(t,r) — p(t,z) < *Z= known from [7§|.

Assumption 8.2.4 (Assumptions on A). We assume that A : Qp x RY — R?

satisfies:

(A1) Aisa Carathéodory’s function, i.e. for a.e. (t,x) € Qp, map R > £ — A(t, x, )

is continuous and for all £ € RY, map Qr > (t, ) — A(t, x,€) is measurable,

(A2) (coercivity and growth bound) there is a constant ¢ and function h € L*°(Qr)
such that for all £ € R? and a.e. (t,z) € Qr:

M(t, 2, &) + M"(t, x, A(t,z,§)) < cA(t, 2,§) - { + h(t, x),

(A3) (monotonicity) for all n,& € R? and a.e. (t,z) € Qr:
(A<t7x7§) - A(t,:)?, 77)) ) (5 - 77) >0,

(A4) for a.e. (t,z) € Qr we have A(t,z,0) = 0.

Remark 8.2.5. In classical papers, condition could be deduced from coercivity
and growth bounds. Here, implies only that

0 < M*(t,z, A(t,z,0)) < h(t,x).

We believe that [(A4)| can be waived. Nevertheless, we make this assumption as it is

natural and it simplifies many technical computations.

Example 8.2.6. We list here functions A corresponding to N-functions in Example

which satisfy Assumptions [8.2.4] For the proof, we refer to Appendix [8.7}
(F1) A(t,z, &) = |€[PB®)2¢ leads to the equation with p(t, z)-Laplacian

u(t, z) = div [|Vu(t,x)|p(t’$)_2 Vu(t,z)] + f(t,z)
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and the governing N-function M(t,x,§) is given by |(E1)[ in Example m
Such problems have been considered recently for instance in |6}, 18] under as-
sumption that p(t, z) is log-Holder continuous jointly in ¢ and z. In our setting,

we only need p(t,x) € L*=(0,T'; Ciog(€2)).

(F2) A(t,z,€) = [£[PB™72¢ +a(t,z) |€]92)~2 ¢ leads to the double phase problem
w(t, z) = div [|Vul(t, z)|PEO 2 Vu(t, ) + a(t, z) |Vu(t, )| 702 Vu(t, z)] .

Such problems were studied with variational methods [38,207] but mostly with
constant or only z-dependent exponents. The case of p(t,z) and ¢(¢, x) which
are log-Holder continuous jointly in ¢ and x was studied in [78]. Our theory

requires only p(t, ), q(t, z) € L>(0,T; Ciog(£2)).

Lemma 8.2.7. Let A satisfy Assumption[8.2.4. Then, for every K > 0, there exists
a constant C(K) depending on K such that |A(t,z,€)| < C(K) for a.e. (t,z) € Qr
and all ¢ € R? fulfilling €] < K.

Proof. Let €| < K. Assumption |(A2)[implies that
M*(t,x, A(t,z,€)) < cA(t,x,&) - £+ h(t, x). (8.2.3)

Let m be a Young function such that m(|£]) < M*(¢,z,§) for a.e. (t,x) € Qr as in
point [(M4)| in Definition [7.1.2} If |A(¢,z,£)| < 1, the assertion follows by choosing

C(K) > 1. Otherwise, (8.2.3) implies

m(|A(t, z, §)])
AL, 2, €]

Since map s — @ is nondecreasing (property |(N1)| in Lemma D and m is
superlinear (property |(Y3)|in Definition [7.1.1)), the assertion follows. O

< clel + Il < K + Al

Next, we define a function space relevant for the problem (8.1.3) as follows:

VM = {u: Qr — Rsuch that u € L'(0,T; Wy (), Vu € L (Qr)
and u € L>(0,T; L*(Q))}.
The main results of this paper read:
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Theorem 8.2.8 (Existence of solutions). Suppose that Assumptions|8.2.1 and|8.2.4|

are satisfied. Let Q C RY be a bounded Lipschitz domain, uy € L>(Q) and f €
L>(QY). Then, there exists u € VM (Q) which is a weak solution to (8.1.3). More
precisely, there exists u € VM(Q) such that A(t,z,Vu) € Ly+(Qr) and for all
p € C§e([0,T) x ), there holds:

_/Q u(t, z)0,p(t, 1) dtdx—/uo(x)gp((),x) dz+

Q

+/ A(t,x,Vu) - Vp(t,z)dtde = ft, x)p(t,x)dt dz.
QT QT

In addition, u satisfies the global energy inequality, i.e. for allt € [0,T] there holds
1 2 2 '
B [W*(t,2) — uj(z)] do < — A(s,xz,Vu(s,z)) - Vu(s,z) dzds
Q 0o Jo

t
—I—/ /f(s,x)u(s,a:) dzds.
0 Jo
Theorem 8.2.9 (Uniqueness of solutions). Let all assumptions of Theorem

(8.2.4)

be satisfied. Moreover, suppose that the N-function M is isotropic, i.e. it is of the
form M(t,z,|&|). Then, weak solution to (8.1.3)) is unique and it satisfies the energy
equality, i.e. for allt € [0,T] there holds

%/Q [W2(t, ) — ud(2)] dx:—/ot/QA(S,x,Vu(s,x))-Vu(s,x) d ds

+/Ot/9f(s,x) u(s,z) d ds.

8.3 Approximation in Musielak-Orlicz spaces

(8.2.5)

In this section we prove that if u € V2 (), then u can be approximated in the
modular topology of the gradients. We formulate this result locally in €2 but we
remark that the similar approach has already been used in |78, Theorem 3.1|, where
approximation was performed globally for Lipschitz domains 2 by using a decom-

position on star-shaped sets, see |145, Lemma I1.1.3].

First, we recall the definition of truncation and mollification operators:
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Definition 8.3.1 (Truncation). Function

s ifls| <k,
Tk(S) =

kﬁ otherwise,

is called truncation at level k. We also denote by Gy its primitive function, i.e. we

set

Gi(s) = /08 Ty(0) do.

Definition 8.3.2 (Mollification with respect to the spatial variable). Letn : R — R
be a standard reqularizing kernel, i.e. n is a smooth nonnegative function compactly
supported in a ball of radius one and fulfills fRd n(x)dx = 1. Then, we set n.(x) =

Eidn (f) and for arbitrary u : Q@ — R and Q' € Q, we define u® : ¥ — R as

ut(z) = /Rd ne(z — y)u(y) dy.

Furthermore, if u : Qr — R, then u® denotes mollification in space, i.e.

) = [ e = pult )y

Definition 8.3.3 (Mollification with respect to time). Let ( : R — R be a standard
reqularizing kernel, i.e.  is a smooth nonnegative function compactly supported in
a ball of radius one and fulfills [, ((x)dz = 1. Then, we set (.(z) = %C (f) and for
arbitrary u : R x Q@ — R, we define R°u : R x Q2 — R as

Reu(t,z) = /RCg(t — s)u(s,x)ds.

For properties of mollified functions, the reader may consult |130, Appendix C.4]. Fi-
nally, we formulate the approximative properties of the mollifications defined above,

which is the most essential tool used in the paper.

Theorem 8.3.4. Let Q C R?, ) : Q — R be compactly supported satisfying 0 <
Y < 1 and u € VM(Q). Suppose that Assumption s satisfied. Then, there

exists €9 > 0:

(S1) (Ti(u®))* € LY0,T;C5°(2)) for all e € (0,ep),
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(S2) Typ(u)p — Ti(u)y a.e. in Qp and in L'(0,T; L' () ase — 0T,

(S3) V (Ty,(u®))* My (Te(u))) as e — 01, where the modular convergence My s
defined in Definition [7.2.7)

The key estimate needed for the proof of Theorem [8.3.4]is formulated in the following

lemma.

Lemma 8.3.5. Suppose that Assumption is satisfied, v : Qp — R? and v €
Ly (Q27) with fQT M (t,z,v(t,x))dzdt < co. Assume that v = Vu+ ¢ for some u €
VM(Q) and p € L>(Q7). Then, there is a constant C such that for any compactly
supported ¥ : 0 — R with 0 < <1 and for all k € N,

lim sup/ M (t, 2, (Ljyej<x v (8, 2)0(2))7) dodt <
Qr

e—0

< ma (‘v(t> x)]w(x)) 1\U(t,93)|1/1($)§§0 dide +C M (t7 Z, U(ta 37)) dx dt,
QT QT

where & is a constant from Assumption |8.2.1] and my is a Young function as in

[(M{) in Definition [7.1.3,

Remark 8.3.6. Since v € Ly(Qr), the condition [, M (t,z,v(t,z))drdt < oo

can be always satisfied by considering appropriate scaling if necessary.
Proof of Lemma[8.3.5. We denote z.(t, ) = (Ljuej<p v°(t, 2)1b(x))" and write:

/Q M (t, 2, (Ljue < v° (8, 2)0(2))7) dzdt <

< M(t,x,zs(t,z)) ]llzg(t,w)lﬁﬁo dt dz + M(t,x,zs(t,x)) ]1|z€(t,x)|>£0 dt dz.
QT QT

(8.3.1)

For the first term, we use [(M4)|in Definition to observe:

M (t,z, 2 (t, 2)) 1. t.0))<o At da < ma (L, 2, 2 (t, ) 1. (1,0)|<e, At dz
QT QT

and so, by [(N7)[in Lemma we get

limsup [ M (£, 2, z(t, 7)) Lz, (ta))<eo S/ ma ([v(t, 2)[¢(2)) Lpa)i@)<g dt dz.
e—0 Qr Qr
(8.3.2)
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Hence, it is sufficient to focus on the second term in (8.3.1]). Let {Q]-}N_E be a family
of closed cubes with edge ¢ such that intQ; Nint@; = 0 for i # j and Q C U=, Q.
Moreover, let 3Q); and 5(); be the cubes with the same center as (); and edges 3¢
and 5e, respectively. Then,

M (Zf, T, Zg(t, .213)) ﬂ\zs(t,w)|>£o dtdx =
Qrp

M t,x, z(t,x))
ME(t, z(t, )12 t0 dz dt,
/ QzﬁQ f; zs(t LE)) Qi( y ( iL‘)) |ze (t,)|>€ AT

where Mg is defined in Assumption [8.2.1] Note that we assume that v = Vu + ¢
for some u € VM(Q) and p € L>®(Qr). We note that

ze(t,x) = (VTk(ua(t, x))qﬁ(a:))a + (]l|us|§k go‘e(t,:zc)@b(x))E = 22 (t,x) + 22(t, 7).

Clearly, using Young’s convolutional inequality, we have |22(¢,2)| < [|¢]loo [|1¥]|co-

Moreover,

Z;(tv l’) - - (Tk<u5) div w) * ns(tv 5(]) + (Tk<us)w) * Vne(t7x>

so applying Young’s convolutional inequality we have:

26 2)] < b divp + I IV

We conclude that |z.(t, z)| < M for e < 1 and therefore, using ({8.2.1)), we get
that for z € Q; N ) the following inequality

M (t,x, z(t, x)) <oflts C(k,p,n) <C
Mt z(t,x) — Y B

holds true for sufficiently small €. Consequently,

Ne T
M (t, 2, 2(t, 2)) Lz () 5eo db dr < C / Mg (t, z:(t, ) dz dt.
Qr i—1 Y0 JQinq

(8.3.3)

To estimate the right hand side in the above inequality, we focus on each summand
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separately. Using Jensen’s and Young’s convolutional inequalities we deduce:

[ ] st aca
- /OT QinQ Ma < / B(0,e) e (y) (Ug(t’f” — YY(@ — Y) Ljue<i(z — y)) dy> dz dt
/ /m/ oE) (y) MG (t, 07 (t, = y) (@ — y) e <k (@ — ) dy da dt
/ /Rd/ 05) ()M (t,v°(t, @ — Y)Y (z — y)Lzginale — y)) dy dz dt

< / M (40712 () g (@) dide

/ / ﬁQM** (t,0°(t, z)(z)) dz dt,
| (8.3.4)

where we used the fact that [|n.||;1 = 1 and the fact that My(¢,£) =0 <= § =0.
Next, by convexity of £ + M (t,€) and thanks to 0 < ¢(z) < 1, we can simply

estimate the last term as

T T
[ [ wgertasw)aas [ M (40 (1, 0))
0 3Q:NQ 0 3Q:NQNsupp(¥)

Then, repeating the procedure from , we deduce

T T
Iy V(o) dears [ M (100, 2) dadt
0 J/3Q:NQNsupp(¥) 0 5Q;NQNsupp(¢))

Finally, as Mg, (t,&) = ess infoeansg, M (t,,§) and since M (t,§) < Mg, (t,§), we

can estimate each summand by the above inequality to get:

T T
/ / M (t,v(t,2)) de dt s/ / M(t, z,v(t, z)) dz dt.
0 5Q:NQNsupp(¥) 0 5Q:N0

Coming back to , we obtain

M (t,x,z.(t,2)) L. (t2)|>¢ dt do < M (t,z,v(t,z))dtdz (8.3.5)
QT QT

for some possibly different constant C' which can be increased due to integration

over repeating parts of overlaping cubes {5@Q;}*,. Combining (8.3.2) with ( (8-3.9)),
we finish the proof. O
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Proof of Theorem |8.5./). First two properties follow from properties of mollification

and continuity of the truncation. To show also the third property, we first compute:

V(L))" = (Lurgen(Va) )" + (T(u) V).

Then, due to|(N7)|in Lemma|7.1.7, (Ti(u®)V1))* M, T (u)V1) and so, it is sufficient

to focus only on the first term. Using Lemma [7.2.5] we find a sequence of simple

functions {®,} such that ¢, — Vu a.e. and ¢, My Vuasn — oo, ie. there is A > 0

/ M (t,x, Vult, z) X_ %(t’x)> dedt — 0.
Qr

Then, for some A1, Ay, A3 to be chosen later, A = A\; + Ay + A3 and some n € N we

such that

write:

Lpye ) —1
/ M (t,x, (Lt (Ve)0) '“'S’“vw) dedt <
Qr

A

< ﬁ M (t,a:, (]l|us|§k(VU)E¢) — (]l|ue|§k(90n)s¢) ) da dt -+
A Jar Al

lluE ns 6_]lu n
NECH Y tx, (Ljus < (0n)*9) i<k ) 4 g
A Jas A2

A n— VU
+ 2 M <t7$7 ]l|u|§kw(p—
Qr

dedt =: A™ + B™* 4+ C™*.
X " ) x + +

Using [(N7)|in Lemma [7.1.7] for any n € N and Ay > 0, limsup,_,, B™ = 0. Also,

we note that

Moy (t,x, (Ljuep < (Vu))” — (lmslgk(%)aw)E) drdt <
Qr

\ M
Tiuet<x(Vu — @,)0)°
<My t,x,(| (Ve =)\ ar
N o M

Therefore, if we choose A\j = A3 = X and use Lemma we obtain

limsup (A™ + C™*) < / M (t,x, ]l|u<k¢%_Tvu) dx dt+
Qp

e—0
n—V
+/ mo (‘—90 e~ Y
Qr A

Since ¢, = Vu a.e. in Qp and ¢, M, Vu, we conclude the proof. O

@D(:I?)) ﬂ|¢n§Vu |o(2)<€0 dtdzx.
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8.4 Standard techniques for PDEs with non-standard

growth

In this section we present two techniques usually used in analysis of the non-standard
growth PDEs. The first one allows to approximate PDEs with operator A by a
sequence of PDEs with operators A, whose growth and coercivity is controlled by
an isotropic Young function. The second one is a local version of monotonicity trick

which allows

8.4.1 Regularization of the operator

In this section, we formulate well-posedness theory for parabolic equations in Musielak-
Orlicz spaces with Young functions. This allows us to construct solution to our
problem by a limiting procedure. The following result was proven by Elmahi and
Meskine [125, Theorem 2| using Galerkin’s approximation and mollification as in
Section (however here N-function is homogeneous and isotropic so the result

can be established significantly easier).

Theorem 8.4.1. Let Q C R? be a bounded domain with segment property. Let
m : R — R be a Young function. Suppose that a : Qp x RY — R? satisfies:

(R1) ais a Carathéodory’s function, i.e. for a.e. (t,z) € Qr, map R > € w a(t, x, )

is continuous and for all € € RY, map Qr > (t,x) — a(t,z,£) is measurable,

(R2) there are ¢ € Ep,«(Qr) with ¢ > 0 and nonnegative constant B and 7y such that
alt,2,6)| < B(e(t,2) + (m*) 7 (m(31€])) ).
(R3) there are d € L*(Q7) and nonnegative constants o and X such that

a(t,z,&) - +d(t,z) > am (|—§|) ,

R4) a is stronly monotone, i.e. for alln,& € R and a.e. (t,x) € Qp:
Ui

(a(t,z, &) —a(t,z,n)) - (€ —n) > 0.
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Then, the problem
u, = diva(t,z,Vu) + g
with u(0,2) = ug(x) € L>®(Qr), u(t,z) = 0 for x € 02 and g € L>(Q2r) has the

unique weak solution u € C((0,T); L*(Q)) N WL, (Qr) (see Definition .

Using Theorem one can define a sequence approximating solutions to (8.1.3)

as follows:

Lemma 8.4.2. Suppose A satisfies Assumption[8.2.4, M is an N-function and m is
a Young function such that M(t,z,&) < m(|{|). For 6 € (0,1], consider reqularized
operator

Aot 2,€) = A(t, 1, €) + OVem(I€]). (8.4.1)

Then, there exists a weak solution to the problem
u! = div Ag(t, z, Vu’) + g (8.4.2)

with w(0,z) = ug(x) € L>®(Qr), u(t,z) = 0 for v € 0 and g € L>(Qr). More
precisely,

u’ € C((0,T); L*(Q)) N L0, T; Wy ().
Moreover, u? satisfies the global energy equality:
t
/ [(u’(t,2))* — (up(z))?] da = — / / Al(s, 2,V (s, x)) - Vu' (s, x) dxds

Q 0o Jo

t
+/ /g(s,x) u’(s,z) dzds.
0 Jo
(8.4.3)

We also have bounds which are uniform in 0:

(C1) sequence {u’} is uniformly bounded in L>=(0,T; L?(2)),

(C2) sequence {Vu'} is uniformly bounded in Ly(Qr),

(C3) sequence {A(t,x, Vu®)} is uniformly bounded in Ly(Qr),
(C4) sequence {m*(Vem(|Vul|))} is uniformly bounded in L*(Q7).
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Proof. First, we observe we observe from the definition of the convex conjugate that

Vem([¢]) - & = m([&]) + m*(IVem(|€])])- (8.4.4)

We also note that Vem([¢]) = m’(\é])% so that Vem(|€])€ > 0. Let us check that
assumptions of Theorem are satisfied with operator (8.4.1) controlled by N-
function m. Assumption is fulfilled trivially. To verify |(R2)| we use (8.4.4),

(A2)|in Assumption and the convexity, to obtain:
cAg(t,@,8) - & > M(t,x, &) + M*(t,x, A(t, x,€)) — h(t,x) + cf Vem([¢]) - €
> 0+ m*(JA(t, 2, §)|) — hl(t, ) + cOm™([Vem([E])])

> 2min(1, ) (Gm (4., O) + 5w @Tem(D) ) = 1,

> 2 min(1, ) m* (% |A9(t,w,§)\) bt @)

(8.4.5)
On the other hand, by Young’s inequality
1
cAp(t,z,€) - & <min(1l,c)m +|§| +min(1,¢)m* | = |Ag(t, z,£)| ) -
min“(1, c) 2
(8.4.6)

Hence, we combine (8.4.5) and (8.4.6) to deduce

C

min(1, ¢) m* G |A9(t,x,§)|) < min(1, ¢) m (mm) At o).

Next, we abbreviate ¢; = 1/min(1,¢) and ¢ = Furthermore, since m* is

e
min?(1,c) "
increasing and convex, then (m*)~! is increasing and concave. Moreover (m*)~*(0) =

0 so (m*)~! is subadditive and therefore
S Ao(t,2, ) < () (m (€D bealht,2)]) < () (m (1) )+(m*) " (ea (e, ),

which proves since h € L*(Q7). Then, repeating computation in (8.4.5) and

applying we deduce:
cAg(t,z,§) - &= M(t,x,&) + M*(t,z, A(t,x,§)) — h(t,z) + cO Vem([€]) - € 547
8.4.7
> cm([¢]) — h(t, 2),
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which proves . Finally, follows easily as the function m can be always as-
sumed to be strictly convex (otherwise, one can add a strictly convex function to
m). Therefore, Theorem applies so we conclude that for each 6 € (0, 1] there
is a unique solution u? as desired. Moreover, energy equality is valid.

Now, we intend to establish uniform estimates |(C1)H(C4)\ Let m be a Young func-
tion such that my(|¢]) < M(t,x,€) as in point in Definition We estimate
by using the Hélder inequality:

f(s,2)ul(s,z)dsdz < ||fllee | |uP(s,2)|dsdz <
Qt Qt

<1l [ (u(s.a) 1) dsda,

Using energy equality (8.4.3)) and noting that A%(s,z, Vu?(s,z)) - Vu®(s,x) > 0 we
deduce that for a.e. t € (0,7T)

[ @)t s [ @@ ar i [ [ (o + 1) s

Therefore, Grénwall’s lemma implies that u? is uniformly bounded in L>(0, T; L?(£2)).

Moreover, in Assumption leads to the estimate:
/ (M*(s,z, A(s,z, Vi (s,x))) + M (s,z, Vu'(s,2)) — h(s,z)) dsdz <
Q

< c/ A(s, 2, Vul (s, z)) - Vul (s, ) ds dz.
Qy

As [, (uo(t,x))2 dz and th f(s,z)u’(s,x) dsdz are uniformly bounded, we deduce
from energy equality (8.4.3)) that for a.e. (¢,z) € Qr, the quantity

M*(s,z, A(s, 2, Vul (s, 2))) ds dz + M (s,z,Vu’(s,x)) dsdx +
Qt Qt

+/ OV em(|Vul (s, 2)]) - Vil (s, ) dsdx < O(f, b, ug),
Q

the constant C(f, h,uo) is independent of #. Due to |(N6) in Lemma [7.1.7, we
have that {Vu?} is uniformly bounded in Ly (Q7) and {A(¢, z, Vu?)} is uniformly

bounded in Ly« (Q7). Finally, using (8.4.4)) we deduce that sequence {dm*(Vem(|Vuf|))}

is uniformly bounded in L'(Q7). O
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Thanks to the uniform bounds established in Lemma [8.4.2] we can now let 8 — 0
in (8.4.2)). The starting point for this limiting procedure is the observation that the
approximative term vanishes in the limit, which is formulated in the next lemma.
Lemma 8.4.3. Under notation and assumptions of Lemma([8.4.2, for any ¢ : Qp —
R? such that p € L>®(Qp; RY), we have

6—0

lim [ OVem(|Vu?]) - pdtde = 0.
Qp

Proof. This was also proved in [78] but it was not formulated as a separate result

so we provide the proof here. Consider QF = {(t,2) € Qr : [Vu®| < R} and write

/QT|9V§m(|Vu9|)‘ Z/Q¥|9V§m(|Vu9|)‘+/QT\Q¥|9V§m(|Vu9|)‘. (8.4.8)

For any R > 0, the first term converges to 0 as # — 0. Note that by convexity,
m*(OVem(|Vu’])) < m*(Vem(|Vu'l))

so that due to [(N5)| in Lemma [7.1.7, sequence {§V¢m(|Vu?|)} is uniformly inte-
grable. Therefore, as R — oo, the second term in (8.4.8)) tends to 0 and the conclu-

sion follows. O

The next result deals with the time derivatives of u? and will be used to deduce the

pointwise convergence.

Lemma 8.4.4. Under notation and assumptions of Lemma[8.4.2, for every 6 > 0,

we have O’ € (W'E,,(Qr))" where m is defined in Lemma . Moreover, for all
o € WLE,,(Q7) we have the following inequality:

(0’ 0) < Cllellwi,, (8.4.9)
where the constant C' is independent of 6.
Proof. First, let o € C§°((0,7T") x ). By the weak formulation of we have
—/Q u’ (t, 2)0pp(t, v) dt dz +/ At 2, Vu’) - Vo(t,z) dt dz +
T

Qr

+/ 0,Vem(|Vu?)) - Vo dtdo = f(t,x)p(t, x)dt dz.
QT QT
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Thus, we can estimate the left hand side using Lemma [7.2.3] as follows:

v90”1:7,1"*_

/ u’(t,2)0pp(t, x) dt dz| < [|A(t,z, Vu')||, .
Qr "

+0nHV€m(|Vu9|)HLm*

Vol +1Qrim (1fl) ¢l

Note that M(t,x,&) < m(|£|) implies m*(|¢]) < M*(t,z,&) and so,
(RICEAT] P RGO P

Therefore, we can use uniform bounds provided by Lemma and this (after
application of the Poincaré inequality from Lemma [7.2.11]) concludes the proof of
(8.4.9) for ¢ € C§°((0,T) x ). The general case follows by the density (in norm!)

of C§°((0,T) x Q) in Wi E,,(Qr) (cf. in Lemma [7.2.11)). O

Finally, note that uniform bounds in Lemma [8.4.2] guarantees the existence of sub-

sequences (that we do not relabel) converging weakly-* in appropriate spaces (cf.
Lemma [7.2.9)). We will also need stronger compactness provided by the following

result.

Lemma 8.4.5. Under notation and assumptions of Lemma the sequence {u’}
is relatively compact in L*(0,T; LY(Q)). In particular, it has a subsequence converg-

g a.e. in Qp.

Proof. We recall a version of Aubin-Lions Lemma (cf. [248]):

Aubin-Lions Lemma. Let Xy, X and X; be Banach spaces such that X is compactly

embedded in X and X is continuously embedded in X;. Suppose that sequence of
functions {f,} is bounded in L?(0,7T; X) and L'(0,T; Xo). Moreover, assume that
sequence of distributional time derivatives {9, f,} is bounded in L'(0,T; X;). Then,
{fn} is relatively compact in L*(0,7; X) for any 1 < p < q.

We want to apply this result with X, = W' (Q), X = LY(Q) and X; = W27(Q)
for r such that W7 () is continuously embedded in C'(Q) (r > d is sufficient,
cf. [154, Corollary 7.11]).
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By Rellich-Kondrachov Theorem (or Arzela-Ascoli Theorem if d = 1), X is
compactly embedded in X.

Let f € LY(Q). Then, for o € W3 (Q),

] / fw‘ < Ifluillelm < Clflolollwe.
Q

for some constant C' so that X is continuously embedded in Xj.

Sequence {u’} is uniformly bounded in L>(0,T; L*(Q2)) and {Vu’} is uni-
formly bounded in Ly (Q7). In particular, {u’} is uniformly bounded in

LY0,T; Wy () and L2(0,T; L'(Q)).

Let ¢ € L®(0,T;W2"(R)) with HQDHLOO(QT;WOQ,T < 1 and the plan is to

Q)
prove that (atu‘), gp) is uniformly bounded in ¢ z(md 6 € (0,1]. By the choice
of r, there is a constant C' such that ‘gp| < C and !V(p‘ < (. In particular,
o € WgE,(Qr) and Hcp”wl . < C for some possibly different constant C'.
Using Lemma , we establish assertion. By duality, this shows that {9,u’}

is uniformly bounded in L*(0,T; W ~%"(Q)).

Aubin-Lions Lemma implies that {u’} is relatively compact in L*(0,T; L*(Q2)). O

8.4.2 Local version of monotonicity method

The following procedure allows us to identify weak-* limit of A(t, z, Vu,). We for-

mulate here its local version and provide the proof that is almost identical to the

global case presented in |78, Lemma A.5].

Lemma 8.4.6. Let A satisfy Assumption |8.2.4) and M be an N -function. Assume
that there are o € Ly (Qp; RY) and € € Ly (Qp; RY) such that

/Q (0= At,z,m)) - (€ —n) (x) dt dz > 0 (8.4.10)

for alln € L= (Q7r;RY) and ¢ € C(Q) with 0 <+ < 1. Then,

A(t,z,8) = a(t,z) a.e. in Qp.
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Proof. Consider subsets QF = {(t,z) € Qp : [£(¢,7)] < k} and note that if j < i
then Q]T C Q.. We use the assumption (8.4.10)) with n = é]lQiT +hz ]IQJ% where h > 0
and 2z € L>®(Q7; R?) and we obtain

/ (a — At €l + hz]leT)) (€= Elgy —hzlg ) u(x)dtdr > 0.
Qp
Considering integral on Q% and Q7 \ Q% we deduce

/ | (a—A(t,x,O))-§¢(x)dtdx+h/ (A(t, 2,6+ h2) —a) - = () dtdz > 0.
Qr\Q

2
Note that A(s,x,0) = 0 due to|(A4)|in Assumptionm Therefore, by integrability,
the first term tends to 0 as ¢ — oo. Therefore,
/. (A(t, 2,6+ hz) —a)-z¢(x)dtdx > 0.
Qr
Now, we want to let h — 0. We have convergence A(t,z,£+hz) — A(t,z, ) due to
in Assumption [8.2.4L Moreover, £ + h z is uniformly bounded on .. Therefore,

N7)in Lemma [7.1.7| implies:

D

/. (A(t,z,§) —a) - z¢p(x)dtdz > 0.
Q

J
T

Finally, choosing z(t,z) = —m%]lf;(m@,a(m#o, we deduce

A(t,x, &) = a(t, x) for a.e.(t,z) € Q. N suppy.

Since j and v are arbitrary, the assertion follows. O]

8.5 Equation u; = diva+ f for a € Ly«(Qr) and f €
L>(Sr)
In this section we study the equation
u =diva+ f
or more precisely, the following distributional identity required to be satisfied for all
p e C§e([0,T) x Q):

—/ u(t, x)0p(t, ) dtdx—/uo(az)go(o,az) dz +
T “ (8.5.1)

+/ a(t,z) - Vo(t,z)dtde = ft, x)p(t,x)dt dz,
Qr

Qp
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which is obtained in Section as the limit of (8.4.2)). For u : Qr — R solving

(8.5.1)), we write u to denote its extension:

(

0 fort > T,

ut,x) = qu(t,z) forte (0,7, (8.5.2)

uo(x)  for t <0.
\

We also extend « and f to be zero for t € R\ (0,7):

a(t,z) forte (0,7), _ f(t,x) forte (0,7),
a(t,r) = ft,x) =
0 fort e R\ (0,7), 0 fort e R\ (0, 7).

(8.5.3)
Our goal is to obtain some form of energy equality which will be crucial in developing
the existence theory for (8.1.3). Classical approach (cf. [78]) was based on appropri-
ate mollification in space and time which required some continuity assumptions on
M(t,z,€) both in t and z. Below, we show that mollification of the solution u only

in space has already Sobolev regularity in space and time.

Lemma 8.5.1. Suppose that u € VIM(Q) a € Ly+(Qr) and f € L>®(Qr). Consider
extensions U, @ and f defined in ) and ( - Then,

- /Q /_ it 2)dup(t, @) dt do =
_/gz/_za(t,x)~VSO(t,x)dtdx+/Q/j;?(t’x)(p(t’x)dtd%

for arbitrary ¢ € C((=T,T) x Q). Moreover, u* € WU ((=T,T) x Q) where
e

(8.5.4)

Proof. To verify (8.5.4), let ¢ € C3°((—T,T) x Q). We compute using (8.5.1):

- / / )0t 2) dt de =
QJ-r
—//0 u(t, x)0pp(t, ) dtdx—//Tﬂ(t,x)atgp(t,x) dtdx =
/ o(x) Oxdx—// (t,2)0p(t,x) dt dox =
// a(t,x) Vc,otxdtd:l:+// f(t,z)p(t, z)dt dz.
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Mollifying (8.5.4)) in space (by testing with mollified test function), we deduce dyu® €
LY((=T,T) %) proving the Sobolev regularity in time. Asserted regularity in space

is obvious. O

Remark 8.5.2. Extension procedure above can be applied to obtain that u® &
WH (=M, T) x ') for any 0 < M < T. However, we only need Sobolev regularity

on (—0,T) x ' for some § > 0 which can be arbitrarily small.

Lemma 8.5.3 (Local energy equality). Suppose that u € V2 (Q) is a solution to

(8.5.1) with o € Ly (Qp), f € L>®(Qp) and Assumption is satisfied. Then,
for arbitrary k € N, for arbitrary ¢ € C§(Q) fulfilling 0 < b < 1 and for a.e.
t € (0,7, the following energy equality is satisfied:

[ ) Gututt. ) ~Guluo(o)] i =
=—/t/a<s,x>-V[Tk(u(s,w))@b(x)] dz ds (8.5.5)
0o Ja
w [ [ fs 0 Tutats ) i) de s,
where the function Gy and the function T} are defined in Definition |8.5.1.

Proof. For s1,s, € R and 7 > 0 we define the approximation of 1, 4,

;

0 fors <sy—7Tors> s+,

Vo () = 1 for s € [s1, sa),

affine  for s € [s; — 7, 1| U [s2, 59 + 7].
\

Let ¢ € C*(Q), k € N, £,§,7 be small positive parameters and n,8 € (0,7).
Consider test function in (8.5.4)):

A5 () = (RO (Te@ (t,2)) (@) 77, 5(0)) ) € Ca((~T.T) x ),

see Definitions and for mollification operators and Definition for
truncation Tj. Note that since 1 € C§°(£2), mollification in space is well-defined for

sufficiently small € > 0.
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Now, we want to take limits in (8.5.4): first 6 — 0, then 7 — 0 and finally £ — 0.
We denote:

T
Ag’;’s = —/ / u(t, x) 8t<pf]’gs(t, x)dtdz,
7 Q _T K
T
Bf]”g’s = —/ / al(t, ) - Vgpf]”ga(t, x)dtde,
aJ-r

T
0,7, r 0,T,&
c, —// ft, ) @5 dt da.
QJ-T

and we study each term separately.

Term Ag’g’s. Note that Sobolev derivatives and mollification commute so using Sobolev

regularity in time from Lemma [8.5.1}

T
Af{ﬂ,s _ /Q/T O (t, x) <R6 (Tk(ﬂe(t7x))l/}(m)vznﬁ(t))) dt dz.
Using Dominated Convergence (we still have € > 0),

B
lim lim 437 = /Q O (t, ) To(T (1, ) (x) didr =: AS .

7—035—0 —n

As function G(s) = [; Ti(0) do is C* with uniformly bounded derivative so standard
chain rule for Sobolev maps [154, Theorem 7.8] together with Sobolev regularity in
time from Lemma [8.5.1] shows that G(a®(t,x))¢(x) is in WH((=T,T) x Q), in

particular it has Sobolev derivative in time. Moreover,
0,G(us(t,x)) = Tp(u(t, x)) Qu(t, x)
Therefore, we can write:

8
n = /Q O,G (u(t,x)) dt(x) dz.

-1
Now, using absolute continuity on lines for Sobolev maps [131, Theorem 4.21], fun-

damental theorem of calculus applies for a.e. x € Q and 7, € (0,7") so we obtain
K= [ (60 @ (5,2)) = Gu (@) ¥(a)
However, using definition of extension , this can be rewritten as
A= [ 1GLT(.2) = Gu ()] ¥(a) di,
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Note that this step would not be achieved without extension for negative times
as then, absolute continuity of Sobolev functions could be only applied for almost
all times in (0,7). Finally, using a.e. convergence of mollification and Dominated

Convergence Theorem,

iy 45 = | (G (5. ) = G uo(@))] ()

e—0

for almost all 5 > 0.

Term Bf]:g’s. First, we use commutating properties of mollification to write:
T
By == [ [ @) VR (T )il o)) de e
T
= /Q/Tdivaa(t,x)@b(x) R° <Tk(aa(t,x))yiw(t)> dtdz.

Mmm%%5%OMMT%QR%Mﬁ@MﬁW@»%ﬂ@@@WWMQ
ae. in (=T,T) x Q for @ € Q. As divac(t,z)v(z) € L'0,T;C5()), we use

Dominated Convergence Theorem to obtain

B
mmm@gzé/ﬂmwm@w@nwmmmmngﬁ
-n

7—06—0

Then, we write:

B
mﬁ:iézfmxva@n@%@mmmx

Due to Theorem [8.3.4) V (¢(2)T5(w (¢, 2)))° 25 V (1(2) T (4(t, x))) so using Corol-

lary 7.2.7) we finally conclude that B]";° converges to
B
—//ammvwmnmmmmmz
QJ—n
B
= —/ / a(t,z) -V (Y(z)T(u(t,z))) dt da.
aJo

Term C’g:g’s. This is the easiest part. Note that ©27%° — T, (u(t, x))(x)1_,5(t) a.e.

.8
in (=7,7) x Qasd — 0, 7 — 0 and ¢ — 0. Moreover, since f € L*({2r) and
@f]’%’s < k, we use Dominated Convergence Theorem to deduce

B 8
ey = [ [ FeamGas@ards = [ [ oo .
-
Finally, we obtain (8.5.5) for ¢ = / concluding the proof. H
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Remark 8.5.4. The same energy equality as is satisfied by the solution to
. Indeed, as the operator (8.4.1)) is controlled by a Young function, Assumption
B.2.1] is satisfied. Therefore, for ¢ € C§°(2) such that 0 < ¢(z) < 1 and a.e.
t e (0,7):

/Qi/ﬁ(x) [Gk(ue(t,m)) - Gk(uo(x))} dx =
== [ ] s,V 9 [l (5.0 0] dads - (856)
+/0 /Qf(sux)Tk(Ue(S,SU))w(x)dxds.

Note that u’ also satisfies the global energy equality (8.4.3)), see Lemma m

8.6 Proof of existence result (Theorem [8.2.8)

Consider sequence of solutions {u’}se(o 1] to the regularized problem (8.4.2)). Using
Lemma as well as uniform bounds from Lemmata [8.4.2] and [7.2.9] we can

extract a subsequence denoted with u, := u’* and 6,, — 0 such that:

e u, = uin L'(0,7; L' () and a.e. in Qr,

o u, = u weakly-x in L>(0,T; L*(Q)),

o Vu, = Vu weakly-* in Ly (Qp),

e u, — u weakly in L'(0,T; W1(Q)),

o A(-,-,Vu,) = a weakly-+ in Ly-(Qr),

o u,(t,x) = u(t,z) in L2(Q2) for a.e. t € (0,T) (see Lemma[8.6.1] after the proof

of existence)

for some u € VM(Q) and a € Ly (Q7).

For solutions to the regularized problem (8.4.2)) we have the weak formulation.
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Namely, for all ¢ € C5°([0,T") x §2):
—/ un(t, x)0p(t, ) dt de — / up(2)p(0, z) dz +/ A(t,x,Vu,) - Vo(t,z)dt dz
QT Q QT

—|—/ 0,Vem(|Vu,|) - Vedtdr = f(t, x)p(t, x) dt de.
QT QT
(8.6.1)

Using Lemma [8.4.3) we can pass to the limit with n — oo (or 6,, — 0) in (8.6.1)) to
obtain:
—/ u(t, z)Opp(t, z) dt do — / uo(z)p(0,z) dr =
Qr

“ (8.6.2)

=— / a-Vo(t,z)dtde + ft, x)p(t,z) dt dz.
QT QT

Thanks to (8.6.2), the theory from Section can be applied and by using Lemma
we obtain that for ¢ € C§°(2) with 0 < <1 and a.e. t € (0,7):

v Gatutt.a) - Gutuats / [ ats.2) - ¥ (u(uls.0) v drds
_/0 /Qa(S,I)-Vw(:v)Tk(u(s,x))dmds+/0 /Qf(s,rc)Tk(u(s,x>)w(x)dxds.
(8.6.3)

Due to Remark [8.5.4] a similar energy equality holds for sequence {u, }nen:
| 4(@) Gatun(t,2)) = Ga(uofo))] d =
Q
[ ] Aol V) 9 Balan) vl deds + [ [ o) Tulwn) wla) dods,
0o Ja 0 Ja
(8.6.4)

We note that the term with operator Ag, (s, x, Vu,) can be decomposed into four

parts:

° f(f Jo As, 2, Vug) - V(Ti(un)) ¢(2) do ds
k(

° fngA (s,x,Vuy,) - Vi(x)T,

u a.e. (so that Ty(u,) — Tk(u) a.e.) and Dominated Convergence Theorem,

)
converges to [ [, - Viy(x) Ty(u) dz ds,
)) ¥

u,) dx ds which, due to A(s,z, Vu,) = a, u, —

o [ [, 0.Vem(|Vun|) - V(Ti(un)) ¥(x) da ds, which is nonnegative,
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o fot Jo 02V em(|Vu,|)- Voo (x) Ti(uy) dzds, converging to 0 due to Lemmam

Therefore, (8.6.4) implies:

lim sup/0 /QA(s,x, Vu,) - V(Ti(un(s, 2))) ¥(z) dzds <

”:O_ /Ot/ga-vw(x) Ty (u(s, ) dxds—/gw(iv) [Gr(u(t, ) — Gr(uo(x))] dx
- t [ 6.0 Tututs ) vy aas,

which combined with (8.6.3)) yields:

limsup/t/ A(s, 2, Vun)-V (Ti(un)) ¢(z) dzds <
n—oo Jo JQ

t (8.6.5)
§/0 /Qoz(s,x) -V (Tr(w)) (z) dz ds.

Now, let ay = aljyue)<k- We claim that for any & € N, n € L> (QT;]Rd), Y €
C° () such that 0 <9 <1 and a.e. t € (0,7):
/Q/Ot (o, — A(s,z,m)) - (VTi(u) —n)(x)dsdx > 0. (8.6.6)
Indeed, by monotonicity in Assumption we have that
[ [ At Vi) = Al ) (V) = 1) 0) s > 0.

By denoting Q; = (0,t) x 2, we see that:

o [o, A(s,2,VTi(uy)) - VTi(up) Y dsde = [, A(s,z,Vu,) - VIi(uy) ¢ dsda
since we have V [T}, (un)] = Vg, Ljy, <k,

o th A(s,z,VTi(uy))-nydsdr — th L jy(s,)<k N dsde = fﬂt ap-ndsda.
Indeed, we can write A(s,z, VTi(u,)) = A(s, 2, V)L, (s2)|<k and pass to
the limit with n using A(s,z, Vu,) — a(s,z) and u, — u a.e.,

o Jo, Als,2,n) - VTi(u,) Y dsde — [ A(s,2,1) - VTi(u) 1 ds dz due to Vuy, RN

Vu and u,, — u a.e.

Therefore, (8.6.6) follows. By monotonicity trick (Lemma [8.4.6) we obtain oy (t, x) =
A(t,x,VTy(u)) for any k € N and this finally implies o = A(¢, z,u) concluding the
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proof of existence.

Finally, to establish global energy inequality (8.2.4]), we note that for a.e. t € (0,7

/QUQ(t,x) dr < liminf/g(u"(t, r))? dx (8.6.7)

n—oo
as L? norm is weakly 1 iconti 1 it is st 1 t1 d
y lower semicontinuous (since it is strongly continuous an

convex). We claim that

t
liminf/ /A(s,x,Vun(s,x)) -Vuy(s,z) dvds >
0o Jo

n—oo

t (8.6.8)
2/0 /QA(S,:L‘,VU(S,$))-VU(S,I) dz ds.

Indeed, let £ € N. We can write
A(s,z,Vu,(s,x)) - Vu,(s,z) =
= [A(s, x, Vu,(s,z)) — A(s, z, Vu(s,x)]1|vu|gk)] . [Vun(s,x) — Vu(s,x)]hvu‘gk]

+ A(s, 2, Vu(s, 2) vy <k) - [Vun(s, x) — Vu(s,x)]l|Vu|§k]

+ A(s, 2, Vuy (s, x)) - Vu(s, 2) 1<k,
where the first term is nonnegative due to in Assumption . Recall that
we already know that Vu,, — Vu weakly-* in Ly (Qr) and A(-, -, Vu,) — A(-, -, Vu)
weakly-+ in Ly« (7). Lemmal8.2.7|implies that the map (s, z) — A(s, z, Vu(s, )1 |vu<k)
is bounded. Therefore,

t
liminf/ /A(s,x,Vun(s,x)) -Vu,(s,z) dvds >
Q

n—o0

¢
2/ /A(s,m,Vu(s,x)]l|Vu<k)-Vu(s,a:)]qu|>k dzds
0o Jo

¢
+/ /A(s,x,Vu(s,x))~Vu(s,x)]l|vU|§k,
0o Ja

where the first term vanished due to presence of two characteristic functions 1|y

and 1|vy <. Finally, we let k& — oo and deduce (8.6.8).

By energy equality for the regularized problem (8.4.3), we have:

/ [(un(t, 2))? = (uo(x))?] dz / / 8,2, Van(s, 2)) - Van(s, z) dzds

//9V§m|Vun| -Vun(s, ) dxds—i—//fsxunsx)dxds.
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We note that [ [, 0, Vem(|Vun|) - Vu, (s, 2) dods > 0 so that

/Q [(un(t, 2))* = (uo(2))?] dz < — /0 t /Q A(s, 2, Vi (s, 2)) - Vug(s, ) dz ds

+/Ot/Qf(s,:v) un(s,2) da ds.

Using (8.6.7) and (8.6.8), we let n — oo and conclude the proof of the energy
inequality (8.2.4) for a.e. t € (0,T). Finally, as the map [0,T) > ¢ — u(t,-) € L*(Q)
is weakly continuous, energy inequality holds for all ¢t € [0,7). O

Lemma 8.6.1. Let 1 < p < oo and {u,} be a sequence such that u, — wu in

LP((0,T) x Q). Then, there exists a subsequence {uy, }ren, such that
for a.e. t € (0,T) Un,, (t,x) = u(t,z) in LP(Q).
Moreover, if {un, }ren is bounded in L>(0,T; L*(Q2)) we have for a.e. t € (0,T)

/\ut:c| dx<hm1nf/|unktx )|? da.

Proof. Consider sequence of functions {f,} defined with

1/p
</ |un(t, z) — tx)|pdx> :

Then, f, — 0in LP(0,7') so it has a subsequence f,, that converges a.e. on (0,7).
It follows that u,, (t,z) — u(t,z) in LP(Q2) for a.e. t € (0,T).

Concerning the second statement, let A/ be a subset of (0, 7)) consisting of times for

which the latter convergence holds and let M be a subset of (0,7) for which

s (&g < 80P [fttn [l o3

Clearly, (0,7) \ (M N M) is a null set. For t € N we have u,, (t,z) — u(t,z) in
LP(§2). Moreover, standard subsequence argument combined with Banach-Alaoglu
shows that for ¢ € N'N M we have u,, (t,7) — u(t,z) in L*(2). The conclusion

follows by weak lower semicontinuity of the (squared) L?(Q2) norm. O
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8.7 Proof of uniqueness result (Theorem [8.2.9)

To obtain the uniqueness of a weak solution, it is standard in the theory of parabolic
equations to test the equation for the difference of solutions with the difference of
solutions itself. In the Musielak-Orlicz framework, it is unfortunately not so straight-
forward. In fact, we want to improve the result of Lemma where we showed the
local energy equality, to the global energy equality, i.e. we want to remove the pres-
ence of the cut-off function. Next lemma shows that under the additional structural

hypothesis on M (the radial symmetry), such procedure can be made rigorous.

Lemma 8.7.1. Let ) be a Lipschitz domain. Suppose that the N -function M is

isotropic (as in assumptions of Theorem and Assumption 18 satisfied.
Then, there is a family of functions {1;} compactly supported in 2 and fulfilling

Y; — 1 as j — oo, such that if u € L®(0,T;L>(Q)) N L'(0,T; Wy (Q)) with
Vu € Ly (1), we have

AICE

where the constant C, can be chosen as C, = C||Vu||r,, where C depends only on

Q.

Vi, (z) u(s, z)
Cu

)d$ds—>0 as j — oo,

Proof. Since €1 is a Lipschitz domain, we can flatten the boundary locally with bi-
Lipschitz homeomorphisms so that using appropriate partition of unity, €2 can be
assumed to be flat. This argument relies heavily on the isotropy of M as otherwise
it is not clear if Vu € Ly (Q2r) implies V (wo W) € Ly (Qr) for some bi-Lipschitz

homeomorphism W.

Let Q; = {m € Q : dist(x,00Q) > %} so that ©Q; A~ Q as j — oo. Moreover, let
;€ C§°(€) such that ¢; = 1 on ;. Note that Vi; = 0 on Q; and |V;| < Cj for
some constant C. We cover Q \ 2; with the family of disjoint cubes {Qi VN5 | with
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edge of length % Then, we write for some constant C', to be chosen later:

/Ot/QM (S’L 'wj(:g:(s’x) ) dods =
X /t /Q\Q y (S% Vi () u(s, ) ) dr ds

Cl
u(s, x)

<z/ Lo ( -

)
Cu
S Z, ‘
//am\g Mz (s, ‘ij( )u(sx)

¢J(x) u(s,x)
Note that ‘ij(fguu(s,x)

) dx ds
e, (o[ T ten

e

<1 Hg!” so that we can apply Assumption [8.2.1/ and deduce:

) dx ds.

(8.7.1)

M <S T Vip;(x) u(s,r) >
. Y ) Cu
lim sup = < C.
i M, (s,’_wmguu(s,z))
Therefore, reads:
[ [ ( T 551 470,

(8.7.2)

CE L[ (P

Now, for any = = (21, 29, ..., xq) € Qm, we write x* = (z1, x, ..., 0) for its projection

on the face of the cube Q7 sticking to the boundary 9 (see Figure . Note that

we assumed that the face of the cube is perpendicular to the axis of the last variable
x4 which is not restrictive and can be obtained by choosing appropriate straighten-

ing bi-Lipschitz homeomorphisms.

For a.e. € (7, using absolute continuity on lines for Sobolev maps (cf. Theorem

4.21 in |131]), we can write:

Tq
u(s, x) :/ Uy, (S, 21, gy ..y dr
0

where u,, denotes derivative with respect to the last variable. Note that since |z,4| <

1 Ju(s, )| can be bounded as

Td Jl
lu(s, z)| < / |ts, (S, @1, T2y ooy g1, 7)| dr < / \Vu(s, x1, g, ...y xq_1,7)| dr.
0 0
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o0}

[ AL

D N

R?-! (variables z1, ..., T4_1)

Figure 8.1: The boundary 02 with some part of it flattened after change of coordi-

nates. Gray cubes from the family {Q7 } ’_, correspond to the area that is relevant

for further computations after application of partition of unity.

Using this inequality in (8.7.2)), we can continue as follows:

Vb, (z) u(s, x)

Nj t
M** s
Z/ /jm\ﬂ ’”( Cy
1
-, \ij(:c)\/j
= M e ooy T dr | dzd
Z/ /JmQ\Q <S’ Cy 0 [Vu(s, z1, %, ..., xa—1,7)| dr | dzds
C 1
B Z/ / M** 8’_j/] \Vu(s, 1, g, ...;xq_1,7)| dr | deds
7,NQ\Q; C.” Jo
Si:/j/ / ng; <8,£|Vu(s,x1,x2,...,xd1,r)|> dx ds dr
i1 70 Jo Johno\, m C,

) drds <

where we used the bound |V;(z)] < Cj and Jensen’s inequality. Note that the

integrand does not depend on x4 and so, the integral over this variable cancels with
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the factor j. Finally, as cube has edge of length %, Fubini’s theorem implies

/ R A
7, N0\Q; Cu
C
// M (S,—|VU(S;CC1’:L‘27"'7xd—17md)|> dzds
7N\, Cu

C
< s,x,— |Vu(s,x1, T, ..., 2451, dzds
Z//er\g ( g, IVl e iy d)‘)

-/ Lo (5.0 IVuls.)] ) dads.

Now, as Vu € Ly(Q2r), we can choose C, = C||Vul|r,, so that the integral

// ( o Vuts, g;)|) dz ds

is finite and the conclusion follows by Qj S Qas ] — . n

) dxds <

Lemma 8.7.2 (Global energy equality). Under assumptions of Lemma and
Theorem the following energy equality is satisfied for a.e. t € (0,T):

/Q (Gr(u(t,x)) — Gp(ug(x))] dz =

—/Ot/ga(s,x)~V[Tk(u(s,x))] d:cd8+/0t/gf(s,x)Tk(u(s,x)) dz ds.

Proof. The main idea is to consider local energy equality (8.5.5)) with a sequence of
cut-off functions {¢;},  from Lemma m

(8.7.3)

Note that, as j — 00, 9; — 1 in €. Therefore, to conclude (8.7.3) from (8.5.5)) we
only have to establish:

/Ot/ga(s,x) Vi (x) Ti(u(s, x)) dzds — 0 as j — oo.

Since V;(z) = 0 for z € Q;, we write for some constant C, and C, to be chosen

later:

/ / a(s,z) - Vo (x) Tp(u(s,z)) deds <
0 Jo\,

t
C’aCu/ / (M* (s,x, ) +M (s,
0 Jo\Q;
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Ca

Cly

. V¢j($)Tk(U(S7$))D> do ds,

(8.7.4)



where we have applied Young’s inequality (Lemma|7.2.3|). Since o € L. (27), there
is C, so that M* (5,
the (RHS) of (8.7.4) tends to 0 as j — oo due to integrability of the integrand.

x, %D dxds < oo. Choosing such C,, the first integral on

Moreover, the second integral on the (RHS) of (8.7.4) converges to 0 due to Lemma
BZI O

Remark 8.7.3. Using Dominated Convergence Theorem, (8.7.3]) implies that for
a.e. t e (0,7):

5 | [t — @) ds -

// s,x) - Vu(s, ) dxds—i—//fsac s, x) dz ds.

Proof of Theorem[8.2.9. Energy equality (8.2.5) - follows from Remark [8.7.3] Now,
suppose there are two solutions u and v to . Then, their difference satisfies

(8.7.5)

weak formultion for
(u—v)y = div[A(t,z, Vu) — A(t, z, Vv)]

with zero initial condition. Using (8 with a(t,z) = A(t, z, Vu) — A(t, z, Vv), we
obtain for a.e. t € (0,7):

% /Q (u(t, 2) — v(t, 2))? da =

—/Ot/Q [A(s,x,Vu) — A(s,x,Vv)} : [Vu(s,x) — Vu(s,z)| deds

which due to weak monotonicity in Assumption implies u = v a.e. in
Qr. O

8.8 Appendix: Details on Examples [8.2.3 and [8.2.6

Example [8.2.3

Let M(t,z,&) = |¢|Ph®). We want to establish condition in Remark Fix
t€(0,7) and z,y € Q. When [{| > 1

M(t,z,§) _ |§|p(t7x)—p(t,y) < |§|Ip(t,x)—p(t,y)\ < |5|—1og\%y|
M(t,y,§) - B
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C ~
since p(t,z) € L*(0,T; Ciog(2)). We let O(t,6,&) := |£] ™2 so that for all C' > 1
we have

7Clog5’

o(t,5,061) < (55—1)“’25 - (5/6)”2‘5 _ Toes 10800/0) _ O o~

so that limsup,_, ©(, 8, C6™1) is bounded.

Similarly, let M (t, x, &) = |£|PE®) 4 a(t, z) |€]94®) and suppose that q(t,y) —p(t,y) <

a. Then, for |£] > 1 we have
M(t,z, &) _ [EPU +a(t,z) g7 |g]e) [grtrmab) + aft, 2)
M(t,y,6)  [glPt® +a(t,y) [glat) — Jg|rto) [glptn=ato) + a(t,y)

at)—aty) [[EPEI7IED T a(t,x) — alt,y)
< [¢] 1
|§ |p(t,y)—q(t,y) |§|p(t7y)—q(t,y)

<

q(t,x)—q(t,y) p(t,z)—p(t,y) q(t,y)—q(t,x) a(t’ .I') — al(t’ y)
<l [ € e 1

< |§|_m |:|§|_log \g—yl |§|_10g \g—yl + |a|a |.T - y|a |§|q(t,y)—p(t,y) + 1]

__<c _ C _ C
< J¢l e [[e] "R g TR Jala |z — y|* €] + 1]
where |a|, is a constant such that |a(t,z) — a(t,y)| < |a|a |z — y|*. Hence, we define

__C __C_ __C
O(t,8,€) = |¢l 755 [[€] w5 Jg| 75 + Jala 07 ¢ +1]

lo;

We have already seen that (6 5_1)_ *’ is bounded when & — 0. It follows that

O(t, 9, 55*1) is bounded for such 4.

Example [8.2.6

In both examples, the only nontrivial condition in Assumption is (growth
and coercivity). For , we study A(t, z, ) = |€[PE2) =2 ¢ with M (t, z,€) = |€[PE2) =
A(t,z,€) - € so that we only need to verify

M*(t7$7A<t7$75)) < CA(t7$7£) 5
for some numerical constant C. As we know that M*(t,z,&) < C[£[P'®) where
p'(t, ) is Holder conjugate of p(t,z) (i.e. zﬁ + m = 1) we have

MY (t 3, A(t,2,€)) < C |lgfre-2¢""") =

= O [P YD < g = C At 9) -6
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For [F2] we have A(t,2,€) — [€PED2¢ + a(t,z) [€[10=)2¢ and M(t,z,¢) —
€PE2) - a(t, z) |€]7) . Again, since A(t,x,&) - & = M(t,z,€) we only have to prove

M*(t7 L, A<t7 €, g)) < CA(t7 Ly £) ’ g
for some numerical constant C'. Using Definition [7.1.4]

neR4
< sup {n- (|72 +alt, o) 072 — (1107 + at, @) ¢]7) }
neR4
< sup {n- P2 — ¢t +a(t,x) sup {n- €[]0 — ¢t}
neRd neRr?

We introduce auxillary notation M (t,z,&) = [P®2) 0 Ay (t,2,&) = [€PBD72¢ as
well as Ms(t,x, &) = [£]77)) Ay(t, 2, &) = [£]75®)~2 ¢ and we recognize that

M*(t, 2, At z,8)) < My (t,z, Ai(t, 2, ) + alt,v) M5 (t,z, Aa(t, 2, €))
<At z,8) - E+alt,x) Ay(t, z,€) - &£ = A(t, x,€) - €

which is justified by computations for the variable exponent case.
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Chapter 9

Non-Newtonian fluids with

discontinuous-in-time stress tensor

The results in this chapter have been published in:

e M. Bulicek, P. Gwiazda, J. Skrzeczkowski, J. WozZnicki. Non-Newtonian fluids
with discontinuous-in-time stress tensor. Available at arXiv:2209.10695, cited

as [54].

9.1 Introduction

We consider the system of partial differential equations

Owu + div, (u ® u) + Vp(t, z) = div, S(t, z, Du) + f(t, x) ©0.1.1)

div,u=20
describing the flow of incompressible, homogeneous, non-Newtonian fluid. Here,
u = u(t,z) is the velocity of the fluid, p denotes pressure, S is the constitutively
determined part of the Cauchy stress tensor depending on the symmetric gradient
Du, f represents a given density of the external body forces and for simplicity, we
consider that the density of the fluid is equal to one. The system of equations
is formulated on a space-time cylinder Q7 := (0,7") x 2, where Q C R? is a Lipschitz

domain and d denotes the dimension. The above system is completed by the no-slip

boundary conditions, i.e., u vanishes on 02, and by the initial condition wug(z).
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Most of the papers devoted to the analysis of non-Newtonian fluids assume Cauchy

stress tensor to be of power type
S(t,z, Du) ~ (vo + vy |DulP~2) Du.

First existence results concerning were proved for p > 1—51 (in 3D) by Lions
and Ladyzhenskaya in [184}(193|. Since then, many improvements have appeared,
from the higher regularity method in [199] giving the bound p > g, followed by the
L*>-truncation method for p > %, see [140], the Lipschitz truncation method for
p > %, see [55,(107,/141], up to a new definition of a solution in [1] leading to the
theory for all p > 1. We refer to the extensive review in [35] in context of fluids with
very complicated rheology. Nevertheless, let us remark that such equations are still a
topic of research - recently they have been analyzed in the context of nonuniqueness
and convex integration |58|, extending the groundbreaking paper of Buckmaster and

Vicol on Navier-Stokes equation [52].

In this chapter, we are interested in the case when S has the so-called non-standard

growth. The iconic example is
S(t,z, Du) ~ (v + vy | Dul*“~2) Du, (9.1.2)

where the exponent s(¢, x) depends on the time variable ¢ and the spatial variable x.
The motivation for considering comes from the behaviour of electrorheologi-
cal fluids whose mechanical properties dramatically change when an external electric
field E is applied, see [235]. Then, the exponent s(¢,z) in (9.1.2) can be assumed to
be a smooth function of |E|* cf. [240, eq. (4.10)-(4.12)]. The topic has been exten-
sively studied over the last years from the mathematical point of view, here we refer
to [3,4,:33},/103},/104},106},240]. These considerations have been recently generalized to
the micropolar fluids [33,|128] and also chemically reacting fluids [108,/179,/180,/181].

A natural assumption on S, which reflects the structure (9.1.2)) involves the growth

and the coercivity formulated as the following inequality
cS(t,,€) 1 € > [P +|S(t, 2, )" — h(t, @), (9.1.3)
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where c is some constant, h € L'(Qr) and s'(¢,z) is the Holder conjugate exponent
to s(t,x), ie., s’ := *5. Analysis of with the Cauchy stress tensor of the
form requires the concept of generalized Lebesgue spaces L°**®)(Q7). One
can also generalize by replacing power-type function with a generalized N-
function. The resulting analysis requires application of the general Musielak—Orlicz
spaces [77] as in [164}/166,[264,265]. We remark that all results of this chapter can

be formulated in this setting but we decided not to do so for the sake of clarity.

In this chapter we establish the existence of global-in-time and large-data solutions
to for exponents s(t, x) being discontinuous in the time variable. The former
approaches were based on the so-called log-Holder continuity of the exponent s(t, x),
which allows one to use the density of smooth functions in the space L*%®)(Q7),
see [8,84]. In fact, the log-Holder continuity is necessary for the density to be true,
see [84, Example 6.12]. Nevertheless, inspired by Chapter |8, where the following

problem was treated

Owu + div (\Vu|s(t’m)_2Vu) =f

with s(¢, ) being discontinuous in time and log-Holder continuous in space, we do
not require the smoothness of s with respect to the time variable here. In addition,

we also do not require any relationship between the minimal and maximal values of

3d+2

s(t, r). The only restriction is due to the convective term and has the form s > =725

Note that in case we consider a generalized Stokes problem only, i.e., we consider
the system ({9.1.1)) without the term div, (u(t,z) ® u(t,z)), there is no restriction on

s except the log-Holder continuity with respect to the spatial variable.

When compared to Chapter [§, the main difficulty of the present work lies in the
fact that can be tested only with a divergence-free function. In particular,
we cannot test it with the truncation of solution as it loses divergence-free property
after applying truncation operator. Even when one recovers pressure p by the Necas
Theorem, one obtains terms which are not treatable as we have only weak conver-

gence of both the pressure and derivatives of the solution. We remark that one can
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try to overcome this problem by applying approximation called Lipschitz truncation
method, see [2,1441145.[105,|109]. Nevertheless, this approach does not seem to be ap-
plicable here as our work uses equation satisfied by the exploited approximation in
the crucial way. Contrary to the mollification, as Lipschitz truncations are defined

by the maximal function, it is not trivial to write equation satisfied by them.

9.2 Preliminaries and the main result

Functional analytic setting

We work in the variable exponent space L*®®)(Q). We refer to Chapter [7.4| for the
definition and in particular, to Lemma for basic inequalities.

Assumptions on data

Let us now state the needed assumptions on the exponent function s(¢, z):

Assumption 9.2.1. We assume that a measurable function s(¢,x) : Qp — [1,00)

satisfies the following:

(A1) (continuity in space) s(t, z) is a log-Hélder continuous functions on €2 uniformly

in time, i.e. there is a constant C' such that for all z,y € Q and all t € [0, T

C

s(t,x) —s(t,y)| < ———,
st ) = s(t9)] < o

(A2) (bounds) it holds that 3:%22 = Smin < $(t,2) < Spay for ace. (t,z) € Qrp.

For later purposes we also define an exponent sq as
2

We remark that the condition is somehow standard, as it guarantees good ap-
proximation properties (with respect to spatial variable x) in the variable exponent

space. Assumption [(A2)|is related to the continuity of the three-linear form

v —> v®v: Vodxdt
Qr
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that appears in the analysis and is somehow “necessary" to obtain the so called
energy equality. Note that the same problem appears in the classical Navier—Stokes

equations.

Assumptions on the stress tensor
Concerning the stress tensor S : (0,7) x  x R4 — R4 we assume the following:

sym Sym

Assumption 9.2.2. We assume that

(T1) S(t,z,§) is a Carathéodory function and S(t,z,0) =0,

(T2) (coercivity and growth conditions) There exists a positive constant ¢ and a non-

negative, integrable function h(t,z), such that for any ¢ € ngxngf and almost

every (t,x) € Qr

cS(t,w,€) : € 2 |6 +[S(t, 2,61 — h(t, )

(T3) (monotonicity) S is monotone, i.e.:

(S(taxagl) - S(tﬂx7£2)) : (51 - 52) >0

for all £ # & € R and almost every (t,z) € Q.

sym

Notice that the assumption is assumed just to simplify the approximating
scheme. On the other hand, the monotonicity is the key property. One could
consider a more general setting of maximal monotone graphs here without any prob-
lems, but to avoid the technical difficulties we consider S to be a Carathéodory map-
ping. Finally, the assumption is a natural setting to get bounds for gradient of

an unknown velocity as well as bound on the stress tensor.

Main result

Having introduced all the needed notation, we may finally state the main theorem.

Theorem 9.2.3. Let S(t, z, &) satisfy the Assumption[9.2.4 with the exponent s(t, x)
satisfying Assumption|9.2.1, Let f € L'(0,T; L*(Q))UL%min (0, T; (Wy*™"(Q))*) and
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uy € L 43, (Q). Then, there exists u € L>(0,T; L*(€2)) N L*mn(0, T} Wy mm(Q)) with

Du € L*“9(Qy), such that divu = 0 almost everywhere in Qr and

/ —u-0p —u@u:Vo+S(t,z, Du) : Dopdxdt =

o (9.2.2)

= f-¢dxdt+/u0(x)-¢(0,a:)dx
Q

Qr

for any ¢ € C°([0,T) x Q) fulfilling div¢ = 0 almost everywhere in Q.
We would like to point out here that the assumption
f € LY0,T; L*(Q)) U Lwin (0, T; (W, ™" (Q))*)

can be relaxed, namely the second part. But because we do not want to complicate
the paper we do not consider it here. Even more, in the proof we consider only the
case f € L'(0,T; L*(€)) to avoid difficulties. Finally, we want to emphasize again
that the assumption is not needed in case of generalized Stokes system, i.e., if
the term fQT u®u: Vo is omitted.

9.3 Approximation in variable exponent spaces

In this section we discuss a method to approximate functions u such that Du €
Ls(m)(QT) in spatial variable. Moreover, we will guarantee that the convergence
Duf — Du holds in L*®®)(Q7). The main difficulty here is that we cannot use trun-
cations as in Section because truncation of a divergence-free vector field is not
divergence-free in general. Therefore, we use embeddings to get sufficiently big inte-
grability of u together with a suitable decomposition of €2, cf. Lemma [9.3.2] Reader
should recall Definitions and 8.3.3

The main result of this section reads:

Theorem 9.3.1. Let Q C R?, and ¢ : Q — R be arbitrary such that ¥ € C=(1Q).
Let u satisfy u € L=(0,T; L*(Q)) N LY(0,T; W, (Q)) and Du € L*)(Qy). If we
extend u(t,z) by zero for all x & QQ, then there exists eg > 0 depending on ¥ and Q
such that:
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(S1) (u)° € L=(0,T;C5(RQ)) for all e € (0,¢ep),
(S2) (u)* — utp a.e. in Qr and in L*(0,T; LY(Q)) ase — 07,

(S3) D (us)® € L*E)(Qp) and D (u¥)° — D (urh) in L*4®(Qr) as e — 0F.

The rest of this section is devoted to the proof of Theorem [0.3.1]

We start with the following decomposition of 2 which will be used several times.
The motivation for this decomposition is as follows. Suppose that we have a se-
quence {u,} such that w, — wu a.e. and we have uniform estimates on {Du,}
in L*®9(Qg) and {u,} in L>(0,T; L*(Q)). Locally on some ball B C 2, we can
use Korn’s inequality and obtain estimate on {Vu,} in LI®((0,T) x B) where
q(t) = inf,ep s(t, ). By the parabolic interpolation (Lemma [9.8.1)), we deduce an
estimate on u in space Lq<t)(1+%)((O,T) x B). If we manage to guarantee r(t) :=
sup,ep s(t, z) < q(t) (14 2), we obtain u, — u in L*®*)(B). In the decomposition
below, we cover ) with such balls B and so we overcome the problem of loosing
integrability when applying embedding theorems/Korn’s inequality in the variable

exponent setting.

Lemma 9.3.2. There exists v > 0 and an open finite covering {B:}X, of Q by balls
of radii v such that if we define
¢;(t) := inf s(t,x), ri(t) := sup s(t,x), R;i(t) := ¢(t) <1 + —)
ﬁeB%r IEB;T

we have for alli=1,..., N
Smin < ¢i() < s(t,x) < 1i(t) < Ri(t) on (0,T) x (B, NQ)
and

Ri(t) — ri(t) > SZZ'".

Proof. We cover 0 with balls B? of equal radius r and the only problem is to find
radius r satisfying assertions of the lemma. By |(Al) in Assumption we can

choose r such that

sup s(t,z) — inf s(t,z) <
z€BL, NQ z€B;, N d
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Since Syin < ¢i(t), the conclusion follows. O

Notation 9.3.3. In what follows, we always consider the covering constructed in
Lemma [9.3.2] We also write (;, i =1,..., N for the partition of unity related to the
open covering {B:} of Q, that is supp ¢; C B% and Y. ((x) = 1 for all z € Q.

Let us first observe that the fact Du € L3®%*)(Qp) implies certain regularity proper-

ties.

Lemma 9.3.4. Suppose that Assumption holds true. Let u be a function such
that Du € L&) (Qr), u € LY(0,T; Wy (Q)) N L=(0,T; L*(Q)). Then, u belongs to
LeO (0, T; W (B ) N Lemin (0, T; Wy *™(Q)) for alli = 1,...,N. The norm of

u in these spaces depends only on || Dul| psct.a), [|u]|poeor2-

Proof. As q;(t) < s(t,x) on B, we deduce Du € L% (0, T; L% " (B )). Then, the
generalized Korn inequality implies that (for fixed ¢ and 7)

IVull s, ) < OO Sumins Sma) (1Dl o s + ).

Then rasing the inequality to the ¢;(t) power, integrating over ¢ € (0,7 and using
the assumptions on u we have the first part of the statement. The second statement
can proved exactly in the same way using that sy, < s(t,z) on Q7 and the standard

Ko6rn /Poincare inequalities. O

t,x)

The most important tool is to approximate function & — |¢]*®) with functions

independent of = or ¢. This is obtained in the following lemmas.

Lemma 9.3.5. Suppose that Assumption is satisfied. Then, for a.e. t € (0,T)

and all balls B, (x) such that B,(x) N Q is nonempty, there exists x* € B, (z) N Q,
z* = z*(B,(x),t), such that for all & with |{| > 1, we have

inf [ = [¢*0),

yEB~ (z)NQ2

Remark 9.3.6. Note carefully that the minimizing point z* is independent of &.
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Proof of Lemma[9.3.5. First, we note that for a.e. t € (0,7, the map = — s(t, z)
is continuous and so is the map z ~ [£]*®®) (for fixed ¢). Using compactness of

B,(r)NQ and |£] > 1, we have

inf |£|S(t,y) — |£|infyemmﬁ s(t,y)
yE€B,(z)NB

and we choose * such that inf, 555 s(t, y) = s(t,2"). O

Lemma 9.3.7. Let E > 0 be given. Then, there exists a constant M = M(E), such
that
€ <M inf g < Mg

z€B ()N

for all balls B,(z), ally € B,(z)NQ, all £ € [1, Ey~Y] and all v € (0,3).

Proof. Let y1,y2 € B, (). As |£] > 1, we have

).
s(t,

:5: E y1; — |§|S(t7y1)—5(t,y2) < |§|\S(t,y1)—8(t7y2)|
5 s tva -

Using log-Hélder continuity (9.2.1]) in Assumption we get

c C (d+1)

|§|Is(t,y1)—s(t,yz)l < |§|—m < (EV—(dH))—% = F vy ey < E& oC (d+1).

The conclusion follows from setting M := FE T2 o€ (d+1), ]

Proof of Theorem[9.3.1]. Properties |(S1)| and [(S2)| follow from the standard proper-
ties of the convolutions. To see [(S3), we first estimate D (u®y)® in L norm. By

product rule,
(uf @ Vi) + Vip @ uf)®
5 :

The first term on the right hand side can be estimated with the help of Young’s

D (u*)” = (Du” )" +

inequality as

[(Du® w)EHLgoLgo < ||DU67/)||L;><>L3<> < 1Y)l ||Du6||L;>°Lg° <
1
< 1Wlloe Nellpgers 1DMElloe < 1¥llog Nlull ey I1DMMloe 7

Similarly, we have for the second term

[ (u ®v¢)EHL5;°Lg° < v ®V¢|’L§0Lgo < 1DVl ||U8||L§°Lg° <

1
< 1DVl lullggory llnlloo -
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It follows that there exists a constant E depending only on W1 norm of ¢ and
L>=(0,T; L*(2)) norm of u, such that

: E
1D (w)" oo < g7 (9.3.1)

Now, we estimate |D (u))°|*™. Clearly, when |D (u)°| < 1, we have
D (ueep)* ") < 1. (9.3.2)
Suppose that |D (u®)°| > 1. We fix 2 € Q and consider a ball Bs.(z). Then,

from Lemmas and the estimate (9.3.1) we obtain minimizing point z* €
Bs.(z), such that

D ()" < M D (u o) (9.3.3)
Combining two estimates (9.3.2)) and (9.3.3]), we deduce
D (wF) " <14+ M D (ufy)? " (9.3.4)

Next, the function v ~ |v|*®*") is convex. Therefore, Jensen’s inequality implies

s(t,x*)

) D (u(t,x —y)Y(z —y)) n-(y) dy

< / D (w(t,x — y) db(x — )" na(y) dy
B:(0)

|D (u ) () =

< Olomax) / ©) D (t, 2z — y) ¥z — y)""") n(y) dy +
B:(0
F Clmax) / ) s (t,x —y) @ Vio(z — )" n(y) dy
(0
< C(Smax) [|10]] 2me / o |Du (¢, 2 — )" . (y) dy +
B:(0

F o) IV [ itz = )P () dy = A+ B

=(0)

Concerning term A, we expand convolution, then we apply Jensen’s inequality again

and finally we observe that x — y — 2z € B3 (), which allows us to apply Lemma
[0.3.7 to get
Aol [ utt—y - n) ) dyd:
B:(0) J B:(0)
<clolz [ Dult -y ) ) dyds = a(to)
=(0) J B:(0)
(9.3.5)
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Concerning term B, we proceed similarly, in the last step using partition of unity

{¢;} from Notation m
B < C||Vy| i / ( )/ o lu(t,z —y — Z)|s(t,x*) n-(y) n(2) dy dz
=(0 (0

<opveliz [ ] (e -y =) ) ay:

w [ (14l -y -2
<(0) v B:(0)

N
<CY Gla) VY ") n(y) m(2) dy dz
i=1

= C ) bi(tx).
_ (9.3.6)

where in the last line we used that when z € B: N, we have s(t,z —y — z) < r;(t)

as long as 2¢ < r. Combining (9.3.4), (9.3.5)), (9.3.6) we obtain

N
0< |D (uew)€|s(t,x) <C (1 + aa(t, $) + Z bi(t, ZL‘)) . (937)

i=1
Now, the map (t,z) ~ |Du(t,z)|*® € L'(Qg) so that due to Lemma [9.8.2] a.
is convergent in L'(Qr). Similarly, Lemma together with interpolation result
from Lemma shows that the map (¢,z) — |u(t,z)[""®) € L'((0,T) x By,).
Thanks to Lemmal[9.8.2] bl is also convergent in L((0,T) x BL) so that taking into
account the supports of ¢;, b is also convergent in L'(Q7). Now, from (0.3.7)), we

deduce that the map (¢, z) — |D (us¢)°|*™ is uniformly integrable. Together with

pointwise convergence as ¢ — 0, this is sufficient to conclude D (u®1))® — D(u 1)) in

L5t (). O

9.4 Local energy equality

Following the presentation in Section [8.5] we first discuss a general abstract identity

/ —u-0p—u@u:Vot(a+0p8): Dopdrdt =

T (9.4.1)

= / up(z) - ¢(0, ) do + f-odadt,
Q

Qr
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which is required to be satisfied for any vector-valued ¢ € C2°([0,7) x Q) fulfilling
diveg = 0 in Qp. Here, o, B : Qp — R4 9 > 0 and the term 6 3 can be seen as a

sym

regularizing term. In case § = 0 we are inspired by our setting and assume only

we L®0,T; LA(Q) N LW ((0,T) x By, )N L*(Qr), Du e L*“(Qg), (9.4.2)

o e LY (Qr) is a symmetric matrix, feLY0,T; L*(Q)), (9.4.3)

where, we recall (9.2.1)), i.e., that so = 3 + %l. In case # > 0, we can additionally

assume that
B € L= (Qy) is a symmetric matrix, Du € L™ (Qy), 6> 0. (9.4.4)

Nevertheless, the uniform estimates can be obtained only in terms of f
as we expect to lose (9.4.4)) when 6 — 0. This becomes more visible in the next
section when we apply results obtained for the particular a and . Notice also here,
that so < Ri(t), which follows from the definition of R;(¢) in Lemma [0.3.2] the defi-
nition of sq in and the assumption sy, > 42

dr2

Our first target is to transform this identity to be satisfied by all test functions, not
necessarily divergence-free. Here, the main difficulty is that we consider the problem
with Dirichlet boundary condition. Hence, we cannot apply Hodge decomposition
theorem. Instead, we apply Necas theorem and use the method of harmonic pressure

of. [107,[139,1262].

First, we extend all functions to R? with zero and we define pi, pi, ps, ps as the

unique functions satisfying for almost all ¢ € (0,7)

—Ap! = divdiv(a () in RY, pi(t,-) € LO(RY), (9.4.5)

Aph = divdiv(u ® u¢;) in RY, ph(t,-) € LEW2(RY), (9.4.6)
—Aps = div f in RY, ps(t,-) € WE2(RY), (9.4.7)
—Apy = divdiv(d 8) in RY, pa(t, ) € Lmax(RY). (9.4.8)
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These functions have to be defined globally as we expect them to have only Lebesgue

regularity so their trace is not well-defined. The main result of this section reads:

Theorem 9.4.1. Let u be a solution of (9.4.1). Then, with p; as above, there
exists a uniquely determined function p, € L®(0,T; L*==(Q)) (up to condition
Jopu(t,x)dz =0 for almost all t € (0,T)), such that for all ¢ € CL([0,T) x Q)

—/ (u+Vph)-8tg0+(—u®u+a+06):V(pdxdt—/uo(x)-gp(o,x)dx
Qr Q
N . .
o= (v +p) dive — (ps+pa) divpdudt
Qr

i=1

(9.4.9)

Moreover, py, is harmonic and so, it is locally smooth in the spatial variable, i.e., it

satisfies

App, =0 in Q for a.e. t € [0,T]. (9.4.10)

In addition, we have the following estimate valid for all ¥ € Q

thHLtooL;{nax + thHLOO(O,T,Ck(Q/)) S O? (9411)

where the constant C' depends on k, ', T and the norms | L3

|
holds: for any ¢ € C°(2) and for a.e. t € (0,T)

'(t ) HDU

L [ fllzizzs lullzeorz and |luollz. Finally, the following local enerqy equalzty

%/Q lu(t, ) + Vpu(t,z)|*1p(x) do — %/ﬂ luo(2)|* ¢ (x) dz
+ / /Q(oz +08) : D (@)(u+ Vpu)(r, 2)) da dr =

o , (9.4.12)
= / /(u@u) : V(w(u+Vph))dxdT+/o /Qf(u%—Vph)wdxdT

//( pl +p2 +p3+p4> (u+ Vpp) Vo dzdr

The rest of this section is devoted to the proof of Theorem [9.4.1] First, we establish

regularity of p’i, pé, P3, D4.
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Lemma 9.4.2. There exists uniquely determined p', pb, ps, ps satisfying (9.4.5]) -
(9.4.8). Moreover, there exists a constant depending only on T and ) such that

1940 < Clla il I3l o < Cle v/l
||p1| gmanx — C ||O[| gmax’ ||p22||Lfs’0T/2 S C ||u| i:?z
Hp?)HLth;’Q S O HfHL}L%? Hp4HL:§£ax S O HQ/B”L‘;;;&X

Moreover, for each bounded ' @ R%\ Bi we have

< C(T k) llall -

smax ?

lel ”Lf;nax (07T§C§(Q/)) —

< C(T,k, ) |ul?

S0 -
Lt,z‘

Hp;| L:O/Q(O,T;Cf(fl’))
Proof. For pt, pb and p, this follows immiedately from Theorem because we
have a §; € LW(Qr), a € Lo (Qr), u®u (; € L%®/2(Qp) (with a norm controlled
by ||u /G ||? L7 (i)) uRu € LSO/2 and § € Ly max To see the result for ps, we fix ¢ € (0,7)

and solve the problem

Vps-Vo=— [ f-Vy forallpcC,(RY
Rd

R4
with the assumption ps3(x) — 0 as |x| — oco. Therefore, the classical theory implies
there exists a uniquely defined ps(t,z) fulfilling ||[Vps(t)|2 < |[f(¢)|z2. Conse-

quently the statement of the lemma for ps follows from the embedding theorem.

Finally, we obtain better estimates for p} and pi,. We observe that these functions are
harmonic in R?\ Bi. Therefore, by Weyl’s lemma, pi and pj are smooth in the spatial
variable. To obtain uniform local estimate, we first consider p¢, we fix (' € R?\ B:

and apply [75, Theorem 4.2] to deduce

< C(T.9) |l < C(T,9) [lall,

Y|

L:;nax(O,T;WIQ’S;naX(Q/)) g;nax — gnxlax
As Api =0 in R?\ B!, we may iterate to get
Iy < C(T)k, )

/ /
L:max (07T;W12kasmax (Q/)) —

L max

and this concludes the proof by the Sobolev embedding. The proof for p is com-
pletely analogous. O]
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Lemma 9.4.3. There exists uniquely determined function py, satisfying (9.4.9) and

Jopn(t,z)daz = 0. Moreover, (9.4.10) and (9.4.11)) hold true.

Proof. We divide the proof for several steps.

Existence of pj,. For fixed time ¢ > 0, we consider functional

Q(SO)II/( (t, ) — uo(x // —u@u+a+608): Vo — //fgo
//p1+p2 d1vg0+//p3+p4 div ¢

acting on vector-valued functions ¢ : @ — R? Now, we establish regularity of

functional G by estimating terms appearing in its definition. First, thanks to ((9.4.2)—
(19.4.4) we have

/Q (ult, 2) — uo(z)) - ()| <

/Ot/g(—u®u+a+95):V<p‘§

< @) (k2 IVl o + (

(||U||L§°L3 + lluollz2) el 2,

+105

S0
Lt,x L max

Smax) ||VSO‘

s
L 3max > .

Here, the constant C'(T') comes from applying Holder’s inequality in the time vari-

able. Next,
t

/ f-so‘ < CT) Ifllurz s
0 Q

For the terms with p¢, pb, p3, p4 we apply Lemma to obtain

t
/ / P divo| < O(T, [la]] ) IV ] i,
0 Q t,x

¢
//pg divp| < C(T, ||u
0 Jo

t
/ / ps diveg| < O, | flusz) [Vl
0

ifgc) IVl orar

t
/ / pi divip| < O(T 18] ) IVl e
0 9] e

We conclude that G is a bounded functional on Wy ** () because (s0/2) = ?’jT*; <

Smax- Moreover, if divp = 0, we obtain from (9.4.1)) that G(¢) = 0. Hence, applying
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the Necas theorem, we know that there exists a distribution pj(t) fulfilling G(p) =
—(Vpu(t), ) in the sense of distributions. Using then the above estimates and the
Necas theorem about negative norms, cf. Lemma we get that for a.e. t €
(0, T) there exists uniquely (up to function depending only on time) defined function

pn(t, z) fulfilling

/( (t,x) — up(x // (—u®@u+a+06p)- Vgo+//f Y+
//101—|—102 d1v<p+//p3—|—p4 ~divp — /Qph(t,x)divgo—o.

(9.4.13)

, <O,

Smax —
Lq

Moreover, if we require that [, py(t,x) = 0 for t € (0,T), then ||p4(t,-)

where C' is a constant

G (T, | Dl

Here, we used the fact that ||u

1z 1080, W Dl Dol )

L&) et

10 < C(|Du

=), [|Ull Lo r2). Furthermore, we in-
t,x x

into [|a||, s¢t.s). Taking supremum over all ¢ € (0,7"), we deduce that
t,x

L max

<(7.

Function py, is harmonic. Let ¢ = V¢ in (9.4.13) where ¢ € C°(Q2). From (9.4.5))—
(9.4.8]) we deduce

é/ot/g(p’ﬁpé) diV<,0+/0t/Q(p3+p4) divp =
:g/ot/g(pil+pé)A¢+/0t/Q(p3—{—p4)A

0 JQ

because Zf\il ¢; = 1 on (). Furthermore, the incompressibility condition yields
/Q(u(t,x) —up(z)) p(x)dr = 0.
Therefore, implies
/Qph(t, ) A¢(z)dz =0

238



so that App(t,z) = 0 in 2 in the sense of distributions.

Estimate on p,. By Weyl’s lemma, py(t,x) is smooth in the spatial variable. To

obtain uniform local estimate, we fix Q' € 2 and apply |75, Theorem 4.2] to equation

to deduce

().

||thLoo 0,7 W2 Smax Q’ C ||ph||Loo(0TL5max(Q))

As the (RHS) of equation Ap, = 0 is zero, we may iterate to prove

~ O
thHLtoo(QT;Wfk’S{nax (Q’)) S 0(07 Q ) k)

The conclusion follows by Sobolev embeddings.

Weak formulation for p,. Multiplying ([9.4.13)) by an arbitrary 9,7, where 7 € C1[0,T),

integrating over ¢t € (0,7") and using integration by parts with respect to time and
space, using also the fact that p;, is smooth in the interior of €2, we deduce with the

help of (9.4.13)) that for all smooth ¢ € C°(2)

O (u+ Vpp) - p= KTu-p— 07 pp, div
Qp Qp Qr

:/ 0T ug - — / (8,57// —u®@u+a+60p): Vgo+//f go)dt—l—
_Z/ 3t7(//]91+p2 dlvgo+//p3+p4 le(p)dt

—— [ wl@) - e@rO)de+ [ r(cusutat08):Vorrs ot

Qr

+Z/ 7 (P +pb) div + 7 (ps + pa) dive
The relation (9.4.9) then follows directly. O

To prove Theorem [9.4.1] we need to extend the equation for negative times in a
way that keeps in mind the initial condition uy. We also include here a simple yet
important regularity assertion: a solution mollified in spatial variable gains Sobolev

regularity in time.
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Lemma 9.4.4. Let u be as in (9.4.9) and let us extend u to u by the following:

(

0 when t > T,

u(t,x) = u(t,z) whent e (0,T],

up(z)  whent <0.
\

In addition, let f, p_i, p_g, 73, P1, Ph, U@ u, @, OB denote the extension by 0 outside
of the time interval (0,T) for the quantities f, pi, ph, p3, pa, Ph, U @ u, a, 0
respectively. Then

T
/ /—(ﬂ+vp—h)-at¢—u®u :Vo+ (@+0p): Vodrdt =
-1 Jo
N T o T
=— Z/ /(pﬁ +pb) div ¢ dx dt —/ /(p_3+19_4) div ¢ da dt (9.4.14)
i=1 /T /Q -T JQ
T pa—
+/ /f-gbdxdt
-TJo
holds for any ¢ € C((—T,T) x ). Moreover,
0T + V) € LY(=T,T; (Wy ™ (Q))"). (9.4.15)
Proof. From ((9.4.9) we obtain (using also the zero extensions)
T
/ / ~(@+Vpn)0p—u@u:Vo+ (@+08): Vodrdt =
-rJa
0 T
/ / —uoﬁtgbdxdt—i—/ / —(u+Vpr)op —u®u:Vo+ (a+0p): Dopdrdt =
-rJo o Jo
T
- / ug(a:)gb(o,x)dx—i—/ / —(u+Vpp)0p —u®u:Vo+ (a+0p): Dopdrdt =
Q o Jo

—Z/ (p} + pb) divedadt — /(p3+p4)div¢dxdt+ fodrdt =
Qr Qr

Qp

—Z/ (Pt + pb) divgbdxdt—/ (75 + P1) div¢dmdt+/ /fgbdxdt,
i=1 Y Qr Qp -TJQ

which completes the proof of (9.4.14). The assertion ((9.4.15) follows directly from
(9.4.14)) and the assumptions on data. n

Proof of Theorem[9.4.1. Most of the statements of Theorem [9.4.1 have been proven
in Lemma [9.4.2H0.4.4] The only missing, but essential point, is the energy equality
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(9.4.12)). Hence, we focus on it in what follows. We use the following approximation
of the indicator function 1, ,:
Ofort<m—7Tort>p+r7
Tnolt) =9 1forn<t<p (9.4.16)
affine for t € [p — 7,n] U [0, 0 + 7]
Here, n might be both negative and positive. When 7 = 0, we will mean the function
Oon [o+7,1]
%,0(t) = 1 on [0, ]
affine otherwise

as the needed approximations.

For o,n € (0,T) and 6, T, e nonnegative and sufficiently small we define

Vo (ta) = (RO (t0) + Vp(E2)) () 77 (1))
and we use it as a test function in ((9.4.14]). We recall here that mollification operator

R is defined in Definition [8.3.3] We obtain five different parts and we will study

their limits as 7 — 0, 6 — 0 and € — 0 separately.

Term (u + Vpy) - 0p¢. First, thanks to (9.4.15)), we can deduce for the distributional

derivative that (@ + Vpy) € Lmax (0, T; (Wy "> (€2))*), consequently, mollification

with respect to the spatial variable leads to the fact
o+ Vpp): € LN=T,T; L*(2)) for any Q' € Q.

Therefore, we can use integration by parts and Fubini theorem applied to mollifier

to deduce

_/T /(ﬂ‘*'vp_h)~5t¢dxdt
= — /_T /Q(ﬂ + VP_h) . Bt(Ré(us(t, $) + Vpi(t, I)) ¢(gj) 7;779@)))5 dz dt
__ / ) /Q (T + VER)° - (ROl (¢, ) + Vi (1, 2)) () 77, (1)) d dlt

- /_T /Q Oh(a+ Vpn)(t, @) - RO(@ (t,2) + Vi©) (@) 17, (1)) de d.
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We observe that u € L>(0,T; L*(2)) and p, € L>(0,T; L°.(2)) so that we have

loc

(T + Vpp)® € L>=(0,T; L2 (9)). Moreover, 9y(u + Vpy)°(t,z) € LY(Qr) and so we

loc

can apply Lebesgue’s dominated convergence to converge with 7 — 0, 6 — 0 and

obtain convergence to

/_Q /Qat(ﬂ+ Vo) (t,x) - (T+ Vpr)(t, ) Y(x) de dt.

Now since (uw + Vpp)® € L*(0,T; L2 (), we may apply chain rule for Sobolev

loc

functions, similarly as in Lemma [8.5.3] to obtain
o
/ /(ﬂ + VoR)(t, x) 0w+ Vpp)* (t, z) Y(z) de dt =
—nJa

-5/ / oWl (@ + V) (1, )| () da dt.

By the absolute continuity of Sobolev functions on lines, we get that for all time

arguments 7, 0 € (0,7)
/_Q /QOt|(E—I— Vp_h)e(t,as)\z@/z(a:) dx dt
- / @+ VB (0, 2) () da — / @+ VB (=, 2) () da
Q Q
- / (u+ Vpu) (o, 2)P () dr — / ()P () da

Recall, we used the fact that p(t, z) = 0 and u(t, ) = ug(x) for negative t’s. Now, we
want to let e — 0. Note that for a.e. o € (0,T) we have u(g, )+ Vpp(0,z) € LL _(Q)
and vy € L?(Q2). Thanks to Lemma this implies

[ Om e vt an - [ v ar -
= [+ Vo) vl do - [ (o) vl e

Terms (a4 03) : Do. As (u+ Vp,)® € L>(0,T; L2 (€2)) and time derivatives are

loc

not involved, convergence results with 6 — 0 and 7 — 0 are trivial. Therefore, we

focus on convergence ¢ — 0. We first write

/Q \/Q(E—FQB)@,ZL‘) : D(¢($)(ﬂ+ Vp_h)g(t,m))e do di —
B /Og/g(a +08)(t, ) : D(¢(z)(u+ Vpp)*(t, x))" dz dt.
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When 6 > 0, we can simply use that « + 08 € L*max(Qp) and Du,u € L¥(Qyp)
(the latter by Koérn’s inequality) to obtain

0
/ / (a4 08)(t, ) : D) (u + Vp)E(t, 2))° de dt —
0o Ja
0
— / /(a +0B)(t,x) : D((z)(u+ Vpp)(t, z)) dz dt.
0o Ja
For the case § = 0 we apply Theorem to obtain
D((x)(u + Vpr)*(t, ))° = D(¥()(u(t, x) + Vpp) modularly in L2 (Qr).
Then, since o € L*'*)(Qr), we may apply Theorem and conclude
0
/ / a(t,z) : D(Y(z)(u+ Vpy)®(t, ) dedt —
0o Jo
0
— / / a(t,z) : D(y(x)(u(t,z) + Vpy)) dzdt.
0o Ja
Term f ¢. We have
°o 0
/ / T ((@+ VPR ) dedt = / / £5 - ((u+ Vpu)) ddt.
-nJQ 0 Q
Next, thanks to the assumption on f, we know that
f¢ — f strongly in L'(0,T; L*(2)).
On the other hand, we also have the weak* convergence result
(u + Vpp)¥ —* (u + Vpp)p weakly* in L>°(0,T; L7, .(Q)).
Hence, we get

/OQ/S]f'((u+vph>Ew)sdxdt_>/og/Qf'(quVph)wdxdt.

Terms 17; diveg for i =1,..., N and j = 1, 2. Due to incompressibility of u and thanks

to the fact that py is harmonic, we can write
e 0 ‘
/ / pi(t, ) div((w + Vpn)*)* dz dt = / / (P})F (u+ Vpn)* - Vipda dt.
—nJ8 0 Ja
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Next, we decompose the integration domain onto Bgr /2 and '\ Bgr /2- When e < 7,

we can write

0 ) e )
/ /(p;)s(u + Vpp) Vo dedt = / / () (ulp + Vpp) Vi dodi+
0o Ja 0o Jans

3r/2

g .
+ / / (Lo, ) (u+ Vi) Ve dadt,
0 JO\B

3r/2

We discuss now the cases j = 1,2 separately. For j = 1, we have p} € L”é(t)(QT) from
Lemmam and u € L"®((0,T) x By,) from (0.4.2)) (recall that r; < R;), so we can
pass to the limit in the first term. For the second one, we use harmonic regularity
of p} outside B;. Namely, we have u € L>(0,T; L*(Q2)) and Vp,, € L>(0,T’; L;5.(Q))

so that (u + Vpy) € L=(0,T; L*(suppt))). As pb € Lomax(0,T; L*(Q \ Bér/4)), cf.
Lemma [9.4.2 the convergence is clear.

For j = 2 the proof is similar. More precisely, for the first term we observe that since
py € LRO2(Qy), it is sufficient that u € LW/ ((0,T) x B, ,). This is the case

because

(Ri(t)/2) < Ry(t) <= Ri(t) > 3.

Recalling the definition of R; in Lemma , using the fact that ¢;(t) > spin > ?’C?TJ“QQ,

we see that

2 3d+2 (d+2 2
. > . — > = = — .
Rz(t)_smln(1+d>_ T2 ( y > So 3+d>3

The second term is controlled in exactly the same way as for j = 1.

Terms p; div ¢ for j = 3,4. Similarly as above, it is sufficient to study the integral
Jo Jo 05 - (u+ Vpp)*Veo dz dt. For j = 3 the proof is simple as ps € L'(0,T; L*(Q))
so it is sufficient that (u+ Vpy) € L*>(0,T; L2 .(Q)) which is of course the case. For

loc

7 = 4, we observe that § > 0 so that we can use additional regularity from (|9.4.4))
which yields v € L*=>x(Qr) by Kérn’s and Poincaré’s inequalities. As py € Lmax(Qp),

the conclusion is clear.

244



Term u ® u : Vo. We write as in the previous step

[ [ vtota s Ty asa
:/OQ/Q(U ®u)®: (VY @ (u+ Vpy)®) dedt
+ /OQ/Q(U ®@u): (¢ (V(u+ Vpp))°) dz dt.

First, u®u € L*°/?(Qr) and Vu and u belong to L¥n(Qr). As Vpy, € L=(0,T; L2.(Q)),

loc
it is sufficient that (s9/2)" < Smin- In fact, we have Sy = (80/2). Indeed, sy =
Smin (1 + (21) so that

S0 . Smin(d + 2) 3d + 2

2V = = = = Smin
(so/2) = s = d+2) —2d  3d+2—2d  °

and this concludes the proof. O

9.5 The approximating problem

The crucial step of the existence proof is the approximation of the stress tensor S.

Namely, we set
SO(t,x,€) = S(t,,€) +0Vem(€]),  m([¢]) = [¢]. (9.5.1)

The advantage of such an approximation lies in the fact that function S? satisfies
Assumption with s(t,z) = Spmax, see Lemma below. In particular, the
analysis of problems with function S% is substantially easier and can be performed

in usual Lebesgue spaces.

Now, we formulate the result concerning existence of solutions to the approximation

problem

N
0(u + Vph) + div(u’ @ u) = div S°(t,z, Du®) + £ + > Vi’ +p5") + V(ps + p5),
i=1

divu? = 0.

(9.5.2)
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Theorem 9.5.1. Let S satisfy Assumption and S? be defined in (9.5.1)). Then,
for any f € L'(0,T; L*()) and any initial condition ug € L§ 4,(R), there exists a
function u® € L®(0,T; L*(Q)) N Lomax (0, T; Wy *™(Q)), Du’ € L¥(Qy), such that
SO(t,z, Du’) € L¥wx(Qr) and

/ —u? 0,0 —u @u’ : Vo+S°(t,x, Du’) : Do dx dt =

o (9.5.3)
= f-(bdmdt—i—/uo(x)-gb((),x)dx
Qr Q

for any vector-valued ¢ € C'([0,T) x Q) fulfilling div ¢ = 0. Moreover, the following
global energy equality is satisfied for all t € (0,T)

1 1 !
—/ |uf(t, )|* do — —/ |u0(a7)|2dx+/ /SG(T,x,Dua) - Dul dedr =
2 Ja 2 Ja 0o Jo

t
:/ /f'uedxdT.
0 Jo

In the construction of a solution to (9.2.2), we want to let # — 0in (9.5.2) and (9.5.3]).

(9.5.4)

To this end, we need certain estimates independent of 6, which is the content of the

next result.

Theorem 9.5.2. Let {u’} be the sequence of solutions to constructed in
Theorem [9.5.1, Let {pi"}, {p"}. {ps}, {p}. {ph} be the sequences of pressures
obtained by Theorem with o = S(t, z, Du?) and B = Vem(|Dul|). Then,

(B1) {u’} is bounded in L>(0,T; L*(R)),

(B2) {Du%} is bounded in L*%)(Qr),

(B3) {u’} is bounded in L¥=(0,T; Wy **(Q)) and L% (0, T; Wt (B ),

(B4) {u’} is bounded in L*(Qr) and L% ((0,T) x Bj,),

(B5) {S(t,z, Du®)} is bounded in L¥ ) (Qp),

(B6) {0 |Du’|*=} is bounded in L*(Qr),

si"a"} is bounded in L'(Qr),

(B7) {0 5max |0 Vem(| Du?|)

(B8) {p*} is bounded in L™V (Qr) and Lmax(0,T; L2 (R4 \ BL)),

loc

(B9) {ps’} is bounded in L®W/2(Qr) and L¥o/2(0,T; L2, (R4\ BL)),

loc
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(B10) {0~/smax pf) is bounded in L% (Qp),
(B11) {p}} is bounded in L>®(0,T; L*mx(Q)),
(B12) {p}} is bounded in L>(0,T; W2 (Q)),

(B13) {0,u’} is bounded in L'(0,T; Vs,

(B14) {0,(u® + Vp})} is bounded in L'(0,T; (W, "™ (Q))*),
where Vaq is closure of {¢ € C=°(Q)|div ¢ = 0} in W24(Q).

The rest of this section is devoted to the proofs of Theorems [9.5.1] and [9.5.2] We

begin by establishing certain properties of function S°.

Lemma 9.5.3. Function S° satisfies the following:

(R1) S°(t,x,€) is a Carathéodory function and S(t,z,0) = 0,

(R2) (coercitivity and growth in L*&®) ) there exists a positive constant ¢ and a non-
negative, integrable function h(t,z), such that for any & € R¥? and almost

sym
every (t,x) € (0,T) x Q
cSP(t,x, &) € > | + |S(t, 2, &[T + 0Vem(I€]) - € — h(t, 2);

the constant ¢ and function h can be chosen independently of 0,

(R3) (coercitivity and growth in L*== ) there exists a positive constant ¢ and a non-
negative, integrable function h?(t,x), such that for any & € R4 and almost

sym
every (t,x) € (0,7) x Q

SOt 2, &) & > ¢ + SOt 2, )| mex — ROt 2)

(R4) (monotonicity) S is strictily monotone, i. e.:

(Se(t7$751) - Se(t7x7§2)) : (51 - 52) >0
for all & # & € R4 and almost every (t,x) € (0,T) x Q.

sym
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Proof. Properties [(R1)[ and [(R4)| are fairly obvious. To see (R2)| and |(R3), we first

note that by the definition of the convex conjugate we have

Vem([€]) - € = [¢[ + O [Vem(E])[m,  Cui= ——— (9.5.5)

-1
/ max
Smax Smax

As S satisfies in Assumption , we have
¢SOt 2, 8) - € > € + [S(t, 2, )" — h(t, z) + cOVem(|€]) - €
so that we obtain To see (R3)l we estimate term S%(¢, z, &) - € more carefully
using :
¢St 2,€) - € > €] + |S(t, 2, &)Y — h(t,x) + cOVem([€]) - €
> 04+ [S(t, 2, )% — 1= hlt,2) + cO|g" + 0 C, [Vem([€)| oo,

where we estimated [S(t,z,&)|¥®® > |S(t,z,&)|%m== — 1 which follows from the

inequality s'(t,z) > s!... Applying Jensen’s inequality, we obtain with h = h(t, )

|S(t, 2,€)|"max — b+ cO|E]*> + cOC, [Vem([¢])[max >

1 / 1 /
> 2umin (1,6C.) ( 31500, + I0TermlleDl= ) + Ol ~ -1

!
Smax

> omin(1,e0,) [15%(,2.6)| " +eflef b1

> min (min (1, ¢ C,) 21 Stnax c0)(1S°(t, x,ﬁ)\si’l‘""‘ + |€]*) —h —1

Thus, taking

9 c 0 h(t,x)+1
= h(t,x) =
¢ min (min (1, ¢ C)21 = $max, ¢ )’ (t.z) min (min (1, ¢ C')2'%max, ¢ 6)
concludes the proof of |(R3)} O

Proof of Theorem 9.5.1 The proof of this theorem follows the lines of the proof

in [163]. The only difference is the dependence of stress tensor S on time variable. [

Proof of Theorem[9.5.3 We combine the energy equality (9.5.4) and coercivity es-
timate in Lemma to deduce

1 1 /
5 / Wf(t, )2 dat~ / (\Du|3(m)+]S(T,:);,Du)ls(m)—|—09V5m(|Du9|)-Du9> da dr
Q CJa,

1
:—/ |uo(x)|? do + f-uedxdT—l—/ h(r,z) dz dr.
2 Jg Q 7
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Using the Holder inequality, we can estimate [, f-u® < || f[l2(||u’||3+1) on the right
hand side. Using the Gronwall lemma and also the assumptions on f, ug and h,
we deduce the right hand side is bounded independently of # and consequently, we
conclude the proof of|(B1)|, |(B2)|and|(B5)l Moreover, it shows that fQT OV em (| Dul|)-
Du? dz d7 is bounded uniformly in 6 € (0,1). But then, using we deduce

/ (Q\Du]Sm"“‘+OC’T|V§m(]Du\)|S§HaX>d;z:dT:/ OV em(|Du’)) - Dl dz dr.
Qr

Qr

This implies [(B6)| and [(B7)!

To see |(B3)], we observe that implies that {Du’} is bounded in L*min(Q7) and
L?ff)(((),T) x By ) (because we have sy, < s(t,z) on Qp and ¢(t) < s(t,x) on
(0,T) x Bi,). Then, Kérn’s inequality implies that {Vu’} is bounded in Lsmin ()
and ijx(”((o, T) x Bi,). To conclude the estimate, we note that the [;, u®(¢, z) dz is
controlled in L>(0,T") by so that the claim follows by the Poincaré inequality.
Next, estimate follows from [(B1)| and [(B3)] together with Lemma

To obtain estimates on the pressures we apply Theorem [9.4.1 and Lemma [9.4.2] with
_ b 0 _ 0
a= S%(t,x, Du’), f = Vem(|Du’|)

so that (B12)| follows from [(B4)] [(B5)| and [(B7)}

The bound|(B13)|can be obtained by the following argument. We have (for divergence-

free distributional formulation):

O’ = —div(u? @ u®) + div S°(t, z, Du’) + f

J/

::4‘9
We want to prove that A? defines a functional on L*°(0,T;Va4). This is clear be-
cause functions in L*>(0,7"; V54) have spatial derivatives in L>°(0,7"; L*(2)) for all
z < oo and all the functions v’ ® v’ S%(t,z, Du’) and f belong at least to some

LY(0,T; L*()) with a > 1, with the norm independent of 6 € (0, 1).
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Now, we move to establishing the regularity of the time derivative d;(u’ + Vpf) as

in|(B14)| In view of (9.5.1)) and (9.5.2)), we can write (in the sense of distributions)

N
0’ +Vph) = — div(u’ @ u’) + div S°(t,x, Du’) + f+ > V(pi’+p5")+V (ps+1).

i=1
We observe that all of the functions v’ @ u?, S%(t,z, Du®), f, p! are uniformly
bounded at least in L' (0, T'; L*==x(€2)) (this uses inequalities s/, < s/, and equality
s0/2 = s..) so that Oy(u? +Vp?) is bounded in L(0, T} (W(}’S;“aX(Q))*), hence|(B14)

min

holds. [l

9.6 Proof of existence result via the monotonicity

method

Proof of Theorem (9.2.5. The proof is divided into four steps.

Step 1: Approximating problem and compactness. Let u’ be a solution to ([9.5.2))

constructed in Theorem . Let pi’a, p;’e, p3, P}, P) be the sequences of pressures
obtained in Theorem [9.4.1] First, thanks to Theorem [9.5.2] we can extract appro-

priate subsequences such that

(C1) u? = win L®(0,T; L*(9)),

(C2) u’ — w ae. in Qp and in L¢(Q7) for all ¢ < s,

(C3) u® — win L(0,T; L2(Q)) for all ¢; < oo and ¢ < 2,

(C4) v’ — win LTO=9((0,T) x By,) for all § > 0,

(C5) GYsmaxqif — 0 in Lome(Qy),

(C6) S(t,z, Du’) — xin le(t’fc)(QT) and L;“ff’((o, T)xBi ) for some x € LS/(W)(QT),
(C7) Du’ — Du weakly in L*®2)(Qy),

(C8) OVem(|Duf]) — 0 in L¥==<(Qr),

(C9) py” = pi in L and Lok (0, T LS, (RY\ BL)),

(C10) pi’ = ph in L2 and L20/2(0, T; LS (RY\ BL)),

loc
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(C11) pf — 0 in Lmax(Qp),

(C12) pf = pp in Lomex(Qp) and L(0, T; W2°(Q)),

loc

(C13) Vpi — Vpy, in LE(0,T; LE,.(2)) for all ¢ < oo,

loc

(C14) V%) — V2py, in Le(0,T; LS () for all ¢ < oo,

loc

(C15) D(VpY) — D(Vpp) in L0, T; LS, () for all ¢ < oo,

loc

(C16) [, [(u? + Vpi)(t, )2 () dz — [, [(u+ Vpp)(t, z) > (x) dz for a.e. t € [0, T
and 1 € C(Q),

Indeed, the strong convergence in L¢(€)7) in follows by interpolation: the se-
quence {u} is bounded in L*(Q7) (see and {u’} is strongly compact in
L'(Qr) by Aubin-Lions lemma [9.8.5] (this uses [(B3)| and [(B13)]). Similarly, we ob-
tain [(C3)| and [(C4)| this time exploiting uniform bounds of {u’} in L2(0,T; L>(Q))
and L%®((0,T) x Bi,). To see |(C5), we note that and Korn’s inequality im-
ply uniform bound {f"/*mxVu’} in L*=>x(Qr) so that by Sobolev embedding and

Dirichlet boundary condition we have uniform bound {'/*m=x¢,%} in L¢(Qy) for some

¢ > Smax. As 0Y/5maxqf 5 () in LY(Qr), we conclude by interpolation. Next, conver-

gence results |(C6) follow from Banach—Alaoglu theorem and estimates |(B5)
(B2)| and [[B7)H(B12)] respectively. Next, we can use [(B3)], [(B12)] [[B14)| and the

Aubin—Lions Lemma (Lemma [9.8.5) to conclude that

(' +Vp) = (u+Vpn)  in L0, T5 Ljy(2)).

Thus, follows from Finally, since p! is harmonic with respect to the
spatial variable, we have that ||p} — pp|lwrz@n < C(k, ", )Pl — Pl @) for all
Q" € ¥ C Q and all k. Consequently, [(C14)] and [[C15)| follow from [(C13)] The last
property holds true because of the presence of the function ¢ having compact

support in € and thus we can combine |(C13)| and |(C3)| and use the classical prop-

erties of the Lebesgue spaces.

Now, for each 6 € (0,1) we use Theorem to have a distributional formulation
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without pressure:

/ —u? 0,0 —u @’ Vo+SP(t,x, Du’) : Do dx dt =
o (9.6.1)
f- ¢dxdt+/ o(z) - ¢(0, ) dz.

Qr

satisfied for all vector-valued ¢ € C°(]0,7) x ) fulfilling divp = 0. We can let

6 — 0 in (9.6.1]) to obtain

/ —u-0p —u®u:Vo+x: Dodrdt =
o (9.6.2)
f'¢di€dt+/u(>(:v)-¢(0,x) az.

Qr Q

The only nontrivial step in the passage to the limit above concerns the stress ten-
sor S9(t, z, Du?). However, by , we may write SO(t, z, Du) = S(t,z, Du’) +
OVem(]Dul|). Then, by |(C8)l we know that the regularizing term converges in
L' () which is sufficient to perform the desired passage to the limit § — 0.

In view of (9.6.2)), the proof of existence of solutions will be concluded if we prove

x(t,x) = S(t,z, Du).

Step 2: Local energy equalities. Applying Theorem , we also have a distribu-

tional formulation with pressure

/ —(W? +Vph) -0 —u’ @u’ Vo + St x, Du’) : Dpdaxdt =
Qp

N
= / uo(z) - $(0, ) dx — / (Z(p§’9+p29>+pg+pi> divgdedt+ [ f-¢dedt
Q Qr

i=1 Qr

(9.6.3)

satisfied for all ¢ € C2°([0,T) x ). We can let § — 0 in (9.6.3)) similarly as above

to obtain

/ —(u+Vpp) O —u®u:Vo + x: Dopdrdt =
Qp

/ o(z) - ¢(0,2)dx — (/ Zpl—i-pQ +p3+p4> div o dx dt + f-odxdt.
Q

T j—1 Qr

(9.6.4)
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On the other hand, we may apply Theorem directly to (9.6.2]). This yields
pressures pt, ph, p3, py and p;, with a distributional formulation as (9.6.4)) but with
pNg-, p; and pj, replaced by pé-, p; and pj, respectively. By the uniqueness (linearity) in

the Lemma [9.4.2] we obtain ];v; = pé and p; = p,; almost everywhere. On the other

hand, pj, is obtained from the Necas theorem [9.8.4] uniquely up to the condition

/ph(t, x)dz = 0.
0

But from the weak convergence|(C12)} the strong convergence|(C13)|and the Poincaré
inequality, we may deduce that for almost all ¢ € (0,T)

0=1lim [ ph(t,z)de = /pNh(t,x) dz.
Q

Hence p;, = py. For further reference, we recall local energy equalities obtained from

(9.6.1) and by Theorem |9.4.1] There hold
3 | W) + VP v de = 5 [ o) o) da
+ /t/ S(r, 2, Du’) : D(ap(x)(u® + Vpi) (7, 2)) dzdr
0 Jo
! (9.6.5)
= - / /(u9 ®@u’) : V((u’ +Vp))) + f - (v’ + Vpp ) dedr
0 Ja
¢ N
-1/ (Z(p’f o) +pZ> (o + V) - Voo dr
0 i=1
and also
5 [ lutts)+ Vanlt o) P o) do = 5 [ fuo(a) o) da
—I—/ /X(T, z): D((z)(u+ Vp)(r,2))dedr =
(9.6.6)
—+/ / (W(u+ Vpp))f - (u+ Vpp)dedr

/ / < p1+p2 +p3> (u+Vph)dexdT,

for a.e. t € (0,T) and all test functions ¢ € C°(€2). The idea is to compare (9.6.5])
with in the limit # — 0 to identify y via monotonicity arguments.
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Step 3: Limits of the pressure terms p;.’e. In this step, we prove for i = 1,..., N and

j =1,2 and that
/ / (u? + Vp)) V1/)d$d7'—>/ /pj (u+ Vpp) - Vipdadr (9.6.7)

Let j = 1 and i € {1,..., N} be fixed. First, we split the integral for Q N B, and
Q\ Bi,. We treat the resulting terms separately.

e On Bi we have the weak convergence of pil’e in L"®(Qyp) so it is sufficient

to have strong convergence of u? + Vpf in L"®(0,T; L’ ri(t )(Q)) thanks to the

loc

compact support of ¢. This follows from|(C4) and ((C13)|as R;(t) —r;(t) > ===,

e On O\ Bi we use the weak* convergence of p? in Lsmax(0,T; L(Q)) from
and local strong convergence of u’+Vp? in L¥==(0,T; L}, .(Q2)) from

and [(C13)}

Now, let j =2 and i € {1,..., N} be fixed. As above, we split the integral for QN B,
and Q \ B,.

e On Bj, we have the weak convergence of pé’a in L#®/2(Qr) so it is sufficient to
have strong convergence of u’ + Vp! in LF®/2'(0, T; Ll(ii(t)/Q)l(Q)). However,
we have (RiT(t)>/ < R;(t) because R;(t) > 3 (note that we already checked
this in Section below ) Therefore, the required strong convergence
follows from |(C4)| and [(C13)}

e On 0\ Bi we use the weak* convergence of pi? in L*/2(0,T; L(2)) from
and local strong convergence of u’ + Vp in L*/2(0,T; L} () from
[(C3)| and |(C13)]

Step 4: Limits of the other terms. First, we notice that a direct application of
f,p3 € LY(0,T; L*(Q)) (Lemmal9.4.2),[(C12),, [(C13), [(C1)[and |(C2)| yields for almost
all t € (0,7)

3 | WD) + Vv de = 5 [ jutta) + Vo) o) o, (0.69
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/t/f.(u9+foL)1/dedT—>/t/f-(u+Vph)z/1dxdT, (9.6.9)
0o Ja 0o Ja

¢ ¢
/ / ps(u’ +Vp)) - Vpdrdr — / /pg(u + Vpy) - Vi da dr. (9.6.10)
0 Ja 0 Ja
Similarly, we also have
t
/ /pi(zﬁ +Vph) - Vepdzdr — 0 (9.6.11)
0 Ja
because we can estimate
< ||pz efl/smax

t
/ / Pl + Vpl)Vip dx dr |91/ smax (1,0 4V pf YV
0 Q

L?z}ax — O

Sinax |
Lt,z

due to estimate and convergences [(C5)|and [(C13)} Now we want to prove that

/t / (W @) : V(b + V) de dr — /t / (u® ) : V(ib(u+ V) de dr.
b v (9.6.12)
We split ¢ (uf + Vp)) = yu’ + 1 Vp?. The convergence for the term Vp{ is a simple
consequence of and v/ — u in L?(Qp) from . Therefore, we focus

on ) [,(u’ ®@u’) : V(yu?)dxdr. We easily compute

/ot /Q(ue ®u’): V(ypu')dedr =

1/t 1/t
:5/ /|u9\2u9-vwdxd7—§/ /wdivue\ua\zdxdr
0 JOQ 0 JQ

9 — w strongly in

The first term converges to %f(f Jo [ul?w - Vip dz dr because u
L3(Q7) as in (note that sy > 3). The second term vanishes by the incompress-

ibility condition so that we obtain (9.6.12]).

Collecting (9.6.7)—(9.6.12)), we conclude that for almost all ¢ € (0,7")

lim sup /t/ S(r,2,Du’) : D((x)(u® + Vpl) (7, 7)) dedr <
0—0 0 JQ

t (9.6.13)
§/0 /Qx(T,x):D(@/)(x)(u—kVph)(T,x))dxdT.
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Step 5: monotonicity inequality. In this step, we will prove for a.e. ¢t € (0,7)) and
€ CX(2) we have

lim sup /t/QS(t,x, Du?) : Duly(x) dzdr < /t/ﬂx(t,x) : Dutp(x) dedr.
0 0

6—0

(9.6.14)

We decompose term on the (LHS) of into six parts X1, X, X3, X4, X5, X
as follows:
[ 575, Du) Do) + T i =
— /t/ﬂS(T,x,Du(’) . Dult(z) dxdT‘F/t/QS(T,x,Du‘)) DY) ()] da dr

0 0

+ / t / S(r,x, Du’) : [Vip(x) @ (u’ + Vpj)] dzdr
/ /9V§m (|Du’]) - Du’ () d$d7‘—|—/ /Hng (|IDu®]) : D(Vph) ¢ (x) da dr

:IX1+X2+X3+X4+X5—|—X6.

Term X, is the one we want to estimate. For term X5, we have

/t/ S(r,z, Du’) : [D(Vp))(z)] de dr —>/ / 7,2) : [D(Vpp)y(z)| dedr

v (9.6.15)
because S(t,x, Du’) — x in L¥®®(Qg) so that S(t,x, Du’) — x in L¥max(Q7) and
D(Vpl) — D(Vpy) in L= (0, T; L7 (Q)). For X3 we claim that

loc

/t/ S(r,z, Du?) : [Vy@(u’+Vph)] dvdr — /t/ X(7,z) : [VY@(u+Vpy)] dedr.

v o (9.6.16)
To prove this we write 1 = 31 ¢; where {(;} is the partition of unity from Notation
9.3.3|so that we only need to study the integral

/ /Ci S(r,z, Du’) : [V @ (u° + Vpl)] dz dr.
0 Ja

As (; is supported in B¢ we can use weak convergence of S(7,z, Du’) in L") (Qr)

from |(C6)| and the strong convergence u’ + Vp§ — u + Vpy, in L0 (0, T; Lt )(Q))

loc
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from and (this uses also R;(t) — r;(t) > 2mn).

Next, for the terms Xy, X5, X we have
X, >0, X5 — 0, Xg — 0. (9.6.17)

where the convergence X5 — 0 follows immiedately from and estimate |(B12)
Concerning Xg, the argument is the same as in ((9.6.11)) because we have exactly the
same integrability of 0 Vem(|Du?|) as of pf. Plugging (9.6.15)—(0.6.17) into (9.6.13))

we obtain (9.6.14)).

Step 6: conclusion by monotonicity trick. By the assumption we have

/ (S(t,2, Du®) — S(t,2,m)) : (Du’ — ) (z) > 0 (9.6.18)
Qr

for any n € L>(Qr). Now, let us study limits of two terms appearing in ((9.6.18]).
First, we claim

/ S(t,z,n) : Du’ (x)dedt — S(t,z,n) : Dut(z)dzdt. (9.6.19)
Qr

Qr

Indeed, since n € L>(§r), then S(t,x,n) € L>®(Qr) so that (9.6.19) follows by weak
convergence |(C7)| Second, as a direct consequence of we have

/ S(t,z, Du’) : nap(x) dz dt — x(t,z) : n(x)dedt. (9.6.20)
Qr

Qp

Hence, using (9.6.14)), (9.6.19) and ((9.6.20]), we may take limsup,_,, in (9.6.18]) to

deduce

/Q (x(t,z) — S(t,z,n)) : (Du—mn)p(z)dzdt > 0.

Using Lemma[8.4.6] (Minty’s monotonicity trick), we finally obtain x(¢,z) = S(¢, z, Du)
a.e. [

9.7 Appendix A: Poisson equation in L?(R?)

The classical theory (see [130, Theorem 1], p. 23) states, that given f € C>°(R?) the
equation

—Au = f on R, u(z) — 0 as |z| — oo.
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admits the unique smooth solution given via Newtonian potential

—5= log |z] if d = 2,
u(z) =T f, [(z) =

1 —d 3
Ta—2)ald) |2 if d > 3,

where a(d) is the volume of the unit ball. Here we focus on the theory for LP(R?)

Spaces:

Theorem 9.7.1. Let g € LP(2) and consider its extension to R with 0. Then, there

exists the unique distributional solution to
—Au = divdivg in RY, g € LP(RY).
Moreover, ||| ro@ay < C||g]|Lr()-

To prove the theorem, we will need a few simple lemmas.

Lemma 9.7.2 (decay estimates for the Poisson’s equation). Let f € C*°(R%) and
let R be such that suppf C Bp.

(A) Let w =T xdiv f. Then, there is a constant depending on || f||r1 such that for
|z| > 2R
[u(z)| < C'laf' ™, Vu| < Clal ™

(B) Let w = T % f. Then, there is a constant depending on || f| |+ such that for
|z| > 2R
C|z|* if d > 2
u(z)] < [Vu| < Clal'
Clogllz| — R| ifd=2.

Proof. First, we consider (A). Let |z| > 2R. We observe that

Padiv fe) = [ Tl —y)div )y = [ VTG -y) fl5)dy,

BR BR
where integration by parts is justified because we are away from singularity of I and

f is compactly supported. Now,
[z =yl > Jz[ — |yl > |2| = R > |]/2.

258



The conclusion follows because VI'(z —y) is of the form # The estimate on Vu
is proved in exactly the same way: this time we note that second order derivatives
of T'(z — y) are of the form ﬁ Finally, the proof of (B) is completely analogous:
the only difference is that we cannot pass the divergence operator from f to I' which

results in a worse decay estimates. O

Lemma 9.7.3 (LP global estimate). Let ¢ € C®(R?) and let u = T * divdivg.

Then, ||ullprray < C||g|l Lo @ay-

Proof. Let ¢ € C*(R?) with [|¢]| 1 gay < 1. Let ¢y := Tk . Then, | D*¢y || < C,
cf. [75, Theorem 3.5]. We have
/ u(z) p(z)de = —/ u(x) Agy(x)dr = / Vu(z) Vo, (x) de.
Rd R4 Rd

The integration by parts is justified here as for large R:

/ uVao, - ndS’ < CORYVYRYIRTL 0.
dBr
and the boundary term disappears. Furthermore,

/R [ Vul(@) Voy(v)de = — /R Au(w) gy () dr = / div div g(z) ¢, () da.

R4
Again, to justify the integration by parts we just compute

log(R)R2R ifd=2
@,Vu-ndS‘S B ( ) — 0.

R*¥™ R R (ifd>2)

dBR

Finally, by compact support of g, we can integrate by parts twice to deduce

< Clgll e wey

/ divdiv g(z) ¢, (x) dz
R4

uniformly in (. The conclusion follows. O]
We are in position to prove Theorem [0.7.1]

Proof of Theorem (9.7.1. To see existence, we consider usual mollification ¢. of g
and define u. = I' % g.. Then, Lemma [9.7.3] gives sufficient bounds to pass to the

limit in the distributional formulation. The needed estimate follows from the weak
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lower-semicontinuity of the norm.

For the uniqueness part assume, that there are two solutions uy, us € LP(R?). Then
from Weyl’s lemma (cf. [247]) u := u; — uy is a harmonic function and so, it is

smooth. Then, the mean value property implies

1 / lullpo@ay 4
u(z)] < ——— u(y)|dy < ———R /v
u(z)]| NEIE BR(I)\ (v)] ()P

Sending R — oo we deduce u = 0.

9.8 Appendix B: Useful results

Lemma 9.8.1 (Lemma 1.17, Chapter 5, [240]). Suppose that v € L*(0,T; L*(Q))N
L0, T; WH(Q)) and q > 2. Then, v € L™(Qr) where ro = q (1+ 2) and

Joll, < Cllolzzess: Iolspzo)
Lemma 9.8.2. Let v € LY(Qr) and n. be as in Definition|[8.5.4. Then

/ / v(t,r —y — 2)n.(y)n.(2) dydz — v(t,z) in L'(Qp).
Lemma 9.8.3. Let f € L*(Q) and ¢ € L>(Q). Then

[ F@r @ [ i@

Lemma 9.8.4. (Necas theorem about negative norms [250, Lemma 2.2.2])
Let Q@ C R, d > 2, be a bounded Lipchitz domain, let 1 < q¢ < oo. Suppose f €
W=L4(Q)¢ satisfies

f(v) =0 for allv e CF(Q), divo=0
Then there ezists a unique p € L1($2) satisfying

/pdx:O, f=Vp
Q

in the sense of distributions. Moreover,

Iplle < Cllfllw-1a@) (9.8.1)

with some constant C' = C(q,$,2) > 0.
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We remark that W~1¢(9) is the dual space of W7 ().

Lemma 9.8.5. (Generalized Aubin—Lions lemma, |[239, Lemma 7.7]) Denote

by
du

dt

Then if Xy is a separable, reflexive Banach space, X5 is a Banach space and X3 is a

WP (I, X1, Xy) = {u € IP(I;X,);— € Lq(I;Xg)}

metrizable locally convex Hausdorff space, X1 embeds compactly into Xo, Xo embeds
continuously into X3, 1 <p < oo and 1 < g < oo, we have

WhP4(T; X1, X3) embeds compactly into LP(I; Xy)

In particular any bounded sequence in WHP4(I; X1, X3) has a convergent subsequence

in LP(1; X5).
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Chapter 10

New results on the absence of
Lavrentiev phenomenon for double

phase functionals

The results in this chapter have been published in:

e M. Bulicek, P. Gwiazda, J. Skrzeczkowski. On a range of exponents for absence
of Lavrentiev phenomenon for double phase functionals. Archive for Rational

Mechanics and Analysis, 246, 209-240, 2022, cited as [57].

10.1 Introduction and the main result

We conclude the thesis with the result in calculus of variations that is based on
our methods in Chapter [§f While this area does not fit to the topic of the the-
sis, we want to show that the presented methods has much wider applications. To
simplify the presentation and omit technical details, the main result will be formu-

lated and proved only in the simplest case. For the most general case we refer to [57].

We consider a class of functionals with the so-called (p, ¢)-growth. The prominent

example we have in mind is

G(u) ::/Q|Vu(x)|pdx+/ (2) | V()| dz. (10.1.1)

a
Q
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Here, Q C R? is a bounded Lipschitz domain, v : £ — R is an argument of the
functional G, a : Q@ — [0,00) is a given nonnegative and continuous function and
1 < p < ¢ < oo are given numbers. Functional G is an interesting toy model for
studying minimisation of functionals with the so-called non-standard growth. In-

deed, depending on whether a = 0 or a > 0, G exhibits either the p- or the ¢-growth.

Roughly speaking, when ¢ is close to p, functional G enjoys all usual properties of the
functionals with standard growth like p-Dirichlet energy [, |VulP dz, for instance
de Giorgi-Nash-Moser theory implying local Hélder regularity of the minimizers,
see |29, Chapter 3| and [183]. One of the well-known new features that appear in
the case of G is the so-called Lavrentiev phenomenon. For instance, there exists

a function a € C%(Q) with « € (0, 1), exponents p, ¢ fulfilling p < d < d+ a < ¢
and boundary data uy € W14(Q) such that

inf G(u) < inf G(u). (10.1.2)

u6u0+W01’p(Q) uEuo—i—WOl’q(Q)

Results of this type are of great importance as they imply that minimizers are not
smooth (they do not even belong to W(Q2)). Consequently, all typical results of
calculus of variations, including de Giorgi-Nash-Moser theory, are simply not avail-
able. They are also usually the first step to prove regularity of the minimizers as
they allow to approximate the minimizer with a sequence of smooth functions and

write the related Euler-Lagrange equation, see [82,83].

On the other hand, it is known that if ¢ < p+a £, the Lavrentiev phenomenon does
not occur for the toy model (10.1.1]), see [127]. Under the additional assumption
ug € L®(9), the range of exponents has been improved to ¢ < p + « [82, Proposi-
tion 3.6, Remark 5|. The latter work heavily depends on the properties of minimizers
and the L*> bound for the minimizer of the functional form a nontrivial part
of the result in [82].

In this chapter we prove that neither the assumption ug € L>(2) nor any additional

property of minimizer (higher integrability, continuity) is irrelevant for the absence
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of Lavrentiev phenomenon. More precisely, in the case 2 = B (unit ball), we prove

that one does not observe Lavrentiev phenomenon if

q < p+ a max <1,§> (10.1.3)

and boundary data ug € W14(Q2). In this case, we have

inf G(u) = inf Gu)= inf  G(u). (10.1.4)

u€ug+Wy P (Q) u€ug+Wy9(Q) u€up+Ce(Q)

This significantly improves the available results for the case p < d. Moreover, our
proof is elementary as it is based on a simple regularisation argument together with
Young’s convolution inequality. In particular, we do not use estimates on minimizers
of functional . Consequently, our method easily extends to the vector-valued
maps and cover variable-exponent functionals as well, see Section and the full

paper [57].

The question of whether (10.1.2)) or (10.1.4) holds true is related to the density of

C(Q) in the Musielak-Orlicz-Sobolev space W, () corresponding to the func-

tional (10.1.1)), see ((10.2.2)(10.2.4)) for definitions. In this context, we prove that
the density result hold true for p, q satisfying (|10.1.3)) which is again better then

so-far known regime of exponents announced in |[8].

Finally, we want to point out and emphasize the main novelties of the paper. Stan-
dard methods [83,|126] for proving are based on regularization of arbitrary
function u € Wy"(Q) satisfying G(u) < oo with a sequence of smooth functions
u® = u* 1. and passing to the limit G(u®) — G(u) as ¢ — 0. The latter is not trivial
because the integrand in (10.1.1]) is z-dependent. More precisely, if the integrand is
convex and autonomous (i.e. it does not depend on x) one can use Jensen’s inequal-
ity and Vitali convergence theorem to prove that G(u®) — G(u) whenever G(u) < oo.

In particular, there is no Lavrentiev phenomenon in this case, see also |42].

The strategy to deal with the non-autonomous case is to approximate locally the

integrand with autonomous function that does not depend on z (see Lemma [10.3.5])
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so that one can exploit Jensen’s inequality. The approximation requires good esti-
mate on ||Vu?||_ which results in constraint on exponents p and ¢. The estimate on
gradient is obtained by writing Vu® = Vu % . and using the fact that Vu € LP(Q).
Our main contribution is an observation that it is sufficient to approximate only
bounded functions u (i.e. u € L®()). It turns out that for p < d, it is a better
strategy to write Vu® = u x V. and exploit the estimate u € L*°(2) rather that
Vu e LP(Q2).

Let us discuss our results within the context of previous works related to this topic.
The first studies concerning functionals changing their ellipticity rate at each point
have been carried out by Zhikov [269,270,271,272|. In particular, in [271] he observed
that it may happen that does not hold, extending thus similar observations
made by Lavrentiev [188] and Mania [200]. As discussed in Chapter [1] the example
of Mania shows that lack of Lavrentiev phenomenon is important for numerical ap-

proximation of minimizers.

Another related direction of research is the regularity of minimizers. Although the
fundamental results for minimizers were obtained by Marcellini [203],204} 205, 206]
more than 20 years ago, it is in fact still an active topic of research and the re-
sults in this area are published in major mathematical journals, see for instance

[21,[25][26],30}[43,[61],[32,[83]/04] 210} 211], 216,226 [245].

Going back to the functional , the available results for boundary data uy €
W14(Q) provide both positive and negative answers to the question whether
holds true. On the one hand, if ¢ < p + 2 then (10.1.4)) is indeed valid [126,127].
On the other hand, if ¢ > p + amax (1, %) then counterexample in |20, Theorem
34| shows that is violated (see also [127, Lemma 7] for a weaker result con-
cerning the case p < d < d + a < ¢ obtained with more elementary methods). In
this paper we establish for ¢ < p+«a max (1, §) which partially fills the gap

between currently known positive and negative results concerning the Lavrentiev
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phenomenon. Moreover, in view of |20, Theorem 34|, our result is the first sharp

result for p < d.

Next, we wish to address two issues that appeared in previous papers on this topic.
First, in 83 Lemma 4.1| there is the following claim: for every e > 0 and ball

B,.(z) C €, there exists p. < ¢. satisfying

gps > (_ZE _pa — Q¢ % > 07 (1015)

a coefficient a, € C%(Q) and a boundary data uy € W4(B,(z)) N L=(B,(z)) such
that
inf G(u) < inf G(u).

u€ug+W, *¢ (By(z)) u€ug+Wy F¢ (By (2)NWL % (B, (2))
Although it is a very nice result, it does not prove that range of exponents ¢ < p+a £
is optimal for absence of the Lavrentiev phenomenon and it does not contradict our
result about the range stated in . In fact, authors refer to the counterexample
from [127] constructed for exponents satisfying p < d < d + o < ¢ i.e. exponents
that do not meet our range because the distance between p and ¢ is greater than a.
In fact, it is shown that there exists p. and ¢. but it follows also from the proof that
they are constructed in the following way: for 6 > 0 to be specified later, we define
pe :=d—190, ¢- :==d+ a+ 0 and find a proper counterexample constructed in [127].

Then, when p. > 1, we have

. o
EPe 2 €, qa_ps_as%:25+aa:5(2+%)

so that (10.1.5)) is satisfied if we let § := m. Consequently, p. — d as ¢ — 0,
which is in perfect coincidence with ((10.1.3)).

Second, we also want compare our result with [82|, where authors proved that the
Lavrentiev phenomenon is not observed for ¢ < p + « in the particular cases when
minimizers of are bounded, but this requires an extra assumption on the
boundary data, namely that the boundary data ug is bounded and apply the maxi-

mum principle [190]. In addition, reasoning in [82] is based on the so-called Morrey
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type estimate on the gradient of minimizer which is not an obvious result itself.
Comparing to our work, we prove that the Lavrentiev phenomenon does not occur
independently of the properties of minimizers or boundedness of boundary data.
Our methods are elementary and are based on simple estimates on convolutions. We
point out that one could naively think that our result is a consequence of [82] and a
simple approximation argument (boundary data ug € W14(9) is approximated with
a sequence {ug,} C WH(Q) N L>(Q)) but it is not necessarily true that sequence
of minimizers has then a subsequence converning again to a minimizer of the limit

problem.

Finally, we want to point out that such functionals as ((10.1.1)) appear in mathemati-
cal hyperelasticity theory which studies the stress-strain behaviour of the hyperelas-
tic materials. In this theory, the optimal transformation of the material u : 2 —

is given by the minimizer of the functional

/Q(W(Vu) —u f)dz

where W is the stored-energy density and f is the external force-field. There are
many choices for W but one possible could be of power-type W (Vu) = |Vu|P with p
describing hardening properties of the material. In this context, functional G corre-
sponds to the composite of two different materials with different hardening properties
while the coefficient a describes the fraction of one material in the composite. For
more details on calculus of variations in hyperelasticity we refer to [236, Chapter

1.7] and [81].

10.2 Musielak—Orlicz—Sobolev spaces and absence

of Lavrentiev phenomenon

In this section we prove that the Lavrentiev phenomenon does not occur if smooth
compactly supported functions are dense in the related Musielak-Orlicz-Sobolev

space. As we will be interested in smaller class of N-functions than in Chapters
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[7 and [8] we introduce simplified notation. For 1 < p < ¢, we define the N-function

b(x, &) = [€" + alx) [€]". (10.2.1)

For f : Q — R? such that [, ¢ (z,|f(z)|) dz < oo, we define the related Luxembourg

Hf|!w=inf{k>0:/ﬂw(x,@> dasgl}. (10.2.2)

Finally, the Musielak—Orlicz—Sobolev spaces are defined as

norm with

WH(Q) = {w e WH(Q) : [Vwlly < oo}, W™ (Q) = Wy (Q) nWH(Q),
(10.2.3)
the latter one corresponds to the space of functions vanishing at the boundary. These

are normed spaces with norm
[wll1g = lwly + [[Vewlly. (10.2.4)

One can think of W% (Q) as the space of functions having gradient integrable with

p or q power depending on whether a = 0 or not.

Remark 10.2.1. For p = 1, ¢ is not an N-function as defined in Definition[7.1.2)as it
does not satisfy . However, this condition is only important for characterization
of certain dual spaces (see Remark and such results are not used in this
chapter. The most important will be Ay condition and its consequences

stated in Lemma which does not require |(M4)|

Next two lemmas show that to prove the absence of the Lavrentiev phenomenon, it
is sufficient to demonstrate that every u € W, (Q) N L>(Q) can be approximated

in the topology of W% by smooth functions from C>(2).

Lemma 10.2.2. Space Wy'¥(Q) N L=(Q) is dense in Wy ().
Proof. Let u € W' (Q). Consider truncation of u defined as

u if |u] <k,
To(u) = (10.2.5)

ket if Jul > k.
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Clearly, Ty,(u) € L>*(2). Moreover, chain rule for Sobolev maps implies that V71 (u) =
Vu 1< so that VT (u) = Vu a.e. as k — 0o. As ¢(x,0) = 0, we have

0 < o(z, [VIi(u)]) = &(z, [Vu]) Ly < 9(z, |Vul)

so that the sequence {¢(x, |VT)(u))|} is uniformly integrable. Application of |(C4 )i
from Lemma [7.3.1] concludes the proof. O

Lemma 10.2.3. Suppose that for everyu € W,V (Q)NL®(Q) there exists a sequence
{u"} C C(2) such that [|[u"—ul|1, — 0 asn — co. Then, the space C°(2) is dense
mn Wol’w(Q) and the Lavrentiev phenomenon does not occur, i.e., for all ug € WH(Q)
we have
inf G(u) = inf Gu)= inf  G(u).
u€ug+Wy P (Q) u€ug+Wy (Q) u€uo+Cee(Q)
Proof. Thanks to Lemma [10.2.2, C*°(Q) is dense in Wy'*(Q). Let u* € W2(Q) be

the minimizer of G i.e.

inf G(u) = G(u").

u€u0+W1vP(Q)
The minimizer exists by a usual application of direct method in calculus of variations,
cf. [236, Theorem 2.7|. Note that we always have

G(u") = inf G(u) < inf G(u) < inf  G(u)
u€ug+Whp(Q) u€up+Wha(Q) u€up+C(Q)

because p < ¢. To prove the reversed inequality, we write u* = ug-+u where u € VVO1 P

Note that vy € W¥(Q) (because W4(Q) Cc WH¥(Q)) and u* € W¥(Q) (because
G(u*) < oo cf. Lemma (C1))). It follows that @ = u* — ug € Wy¥(Q2). Now,

consider the sequence {uy,},en C C%(Q) such that u, — u in W¥(Q) which
exists due to the assumptions. It follows that u, +ug — U +ug = u* in WH¥(Q). In

particular, G(up+u,) — G(u*) cf. Lemmal7.3.1}|(C3)| Note that ug+u, € uy+C(Q).
It follows that

inf  G(u) < G(up + up) = G(u") as n — o0o.
u€up+C ()

270



10.3 Detailed proof in the special case

In this section we prove the result in the case when € = B (unit ball centered at 0).

The corresponding functional then takes the following form

() = /B V(@) + a(z) |Vu(z)[* de = /B Wz, Vu(e) da.

We start with introducing mollification that will be used to define the approximation

of functions in Wy (B).

Definition 10.3.1 (Mollification with squeezing). For e € (0,1/4) we set n.(z) =
Eidn (”E—”) where 1 is a usual mollification kernel. Then, for arbitrary u : R — R, we

define u® : R = R as

The main result reads:

Theorem 10.3.2 (absence of Lavrentiev phenomenon). Let u € W, (B) N L>®(B)
with a € C*(B). Suppose that

1 §p<q§p+amax(1,§).
Consider sequence u® as in Definition|10.3.1| with € € (O, %) . Then,

(E1) v € CX(B),

(E2) G (u®) — G(u) as e — 0,

(E3) uf — u in WH¥(B) as e — 0,

(E4) C(B) is dense in Wy'¥(B) and Lavrentiev phenomenon does not occur, i.e.

for all boundary data ug € WH(B)

inf G(u) = inf G(u) = inf  G(u).

u€ug+Wy P (B) u€ug+Wy (B) u€ug+Cg (B)
To prove Theorem [10.3.2] we need a series of auxillary results.
Lemma 10.3.3. Let u € W, (B) and be extended by zero onto RY. Then, u® €
C(B). Moreover, 5. —y € Bsc(x) for all y such that |y| < e.

2
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Proof. Smoothness follows from standard properties of convolutions cf. [130, Ap-

pendix C.4|. To see the compact support, let |z| > 1 — ¢ and |y| < e. Then,

1—¢ l—e e£—22 1—2e+2¢2 2¢e2
1—25 1-—2¢ 1-2¢ 1—-2¢ 1-—2¢

'1—25

so that u (1_"32E — y) = 0. It follows that u® is supported in B;_.. To see the second

property, we estimate

T
1—2¢

€r —

19
+y‘§|a:|1_ gyl <de e =,

where we used =57 < 2, ie. e < L O

>J>|

Lemma 10.3.4. Let u € W' (B) be such that G(u) < oo and consider its extension
to R%. Then,

(D1) ¥ (25 IVl (25)) = ¢l [Vu(z)]) in LR,

(D2) fRd¢ (1—L25 —y,|Vul (1

—y)) ne(y) dy — ¥ (2, |Vul (z)) in L'(RY).

Proof. To see |(D1)| we note that the convergence holds in the pointwise sense.
Moreover, the considered sequence is supported only for € B;_s.. Therefore, to

establish convergence in L'(RY), it is sufficient to prove equiintegrability of the

sequence {w (1—96257 |Vul (1 25))}6 and apply the Vitali convergence theorem. To

this end, we need to prove

T s
¥, -0 J5a0 ¥ de <.
n>0 J6>0 VACB,|A|<S A¢(1_25’|VU|<1—26)) v

We fix n and arbitrary A C B. Using change of variables we have

xXr e
/Aw (1—25"%‘ (1—2a)>dx_

= (1-2¢)¢ /A/(1—2 )¢(1’, |Vul (x))dz < /2A¢(:E, |Vul| () dz

where for ¢ € Rt, cA denotes a usual scaled set. By assumptions we have G(u) < oo,

so that if we set

w(r)i=  sup / (e, |V (z)) da

CCR®:|C|I<T
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then w(7) is a non-decreasing function, continuous at 0. Therefore, we may find 7
such that w(7) < 2797. Then, we choose § = 27¢ 7 to conclude the proof of
Finally, the convergence result |(D2)| follows from Young’s convolutional inequality

and [(D1)] O

Lemma 10.3.5. Let ¢ be given by (10.2.1). Then for all balls B,(x) such that
B, (x) N B is nonempty, there exists x* € B, (x) N B such that for all &

inf _(y, &) = (2", ).

yE€B~(z)NB

Proof. Using continuity of a and compactness of B,(z) N B we have

inf _¢(y,§) = _inf [P +a(y) [€]7] = &7 +[€]" _inf _a(y)

yEB~(x)NB yEB~(z)NB y€B(z)NB

and we choose y* such that inf, 7~ 7z a(y) = a(y”). O

Lemma 10.3.6. Let D > 0. There exists constants M, N depending possibly on p,

d

q and D such that for all v € (O 1), all ¢ € (O,Dy_min(l’E))7 all x € B and all

2

y,z € B,(x) N B we have
¥(z,8) < My(y,§) + N.
Proof. First, we may assume that £ > 1 as for £ € [0, 1] we have

(@, 8) <1+ flallo < 1+ [lafle +¥(y,€) (10.3.1)

so the assertion follows with M/ = 1 and N = 1 + ||a||. Hence, we fix £ > 1 and
some ball B, (x) such that B, (x) N is not empty. As a € C%(B) we have

[¥(2,8) = (Y, O] < lala €] |z —y[*

which implies y, 2z € B, (x) N
(z,8) =2 ¥(y, &) — lafa [€]7*
To bootstrap this estimate, we fix € (0,1) and write

(2,6) = 00(2,8) + (1 =0)P(2,£) 2 0¢(y,€) —dala [§]"7* + (1 —6) [¢]7, (10.3.2)
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where we used to estimate the first term and lower bound 1 (z, ) > [£|P to estimate

the second term. Now, we may write
O lala €179 = & lala €77 1g[* 4" < §lala DTy 200 jep, - (10.3.3)

where we used |£| < Dy~ min(1,2) Asg g —p < o max (1, 5), we have

d d
a— (¢ — p) min (1, —) Zoz—ozmax<1,2> min <1, —) =a—a=0.
p d p
It follows that v~ (@) min(1, §) < 1 for v € (0, ). Hence, coming back to ([10.3.2)

we obtain

(z,8) Z 09(y, &) — 6 lala DTP|E" + (1 =0) [§)F =
=0(y,&) + (1 —8) — dala D) J¢[".

We choose § =
Y,z € By(z)NQ

m so that ((1—0) — 0 lal, D97P) |{JP = 0. Hence, for all

¥(z,€) = d¢(y,§)

so combining with (|10.3.1)), the proof is concluded with M = max (1/4,1) and N =
Cy (1 4+ [&]9). O

Proof of Theorem [10.5.2. The first property follows from construction. To prove the

convergence, we note that

G (u) = /B (e, V] (2)) de.

We would like to take mollification out of the function ¢ using its convexity and
Jensen’s inequality. However, this is not possible as function ¢ depends also on z

explicitly. To overcome this problem we use Lemmata [10.3.5] and [10.3.6] to approx-

imate (z,£) =~ ¥(z*, &), apply Jensen’s inequality. Finally, we use the fact that
(x*, &) < P(x,€) as the map y — (y,§) attains locally minimum at y = z*.

Case 1: p < d. In this case we have ¢ < p+«. Using Young’s convolution inequality

we obtain:

IVl < ulle IVRLll, < D (5e) 7, (10.3.4)
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where we choose D := 5 |lul|, [|[V7||;. Let « € B. Applying Lemma [10.3.6 with
v = 5¢ and Lemma [10.3.5{we obtain 7* € Bs.(z)N B and constants M, N such that

Note that

U(x, |Vu| (z)) < My(x*, |Vu®| (z)) + N. (10.3.5)
P, |V (2)]) = ¢( . !

T
T2 /stu(l—m;_y) "E(y)dyD :
< (1_125) W (x/B |Vl (1_5525 —y) na(y)dy)
<o (o [ 9 (125 ) n ).

where we used that ¢ is of the form (|10.2.1]). Then, Jensen’s inequality implies

¥ (x*7/& Vul <1 _x% —y> 1Y) dy> <
< / W <x Vu (1 an - y)) 1e(y) dy.

If —%——y does not belong to B then 1 (Jc*, |Vul (1f25 — y)) = 0. Otherwise, Lemma

10.3.3 implies %= —y € BN Bs.(x) so that

w(x,|Vu|<1_2€—y)) §¢(1_25_97’VU|(1_25_9>>

due to the minimality of * and nonnegativity of a. As x € B was fixed, we obtain

(10.3.6)

inequality

X

sl vl @) <201 [ o (725 vl ({5 - 0) ) due
) (10.3.7)

valid for all x € B. Now, we observe that ¢(x, |Vu®| (x)) converges to ¢(x, |Vul (x))
a.e. Moreover, the (RHS) of is convergent in L'(B) cf. Lemma
so that {p(z, [Vee| ()},
vergence theorem (Corollary implies

is uniformly integrable in L'(B). Therefore, Vitali con-

Y(z, |Vu©| (z)) = ¥(z, |Vul (z)) in L'(B) as ¢ — 0.

Thanks to triangle inequality we obtain|(E2)| To see|(E3)], we note a simple estimate
la + b|7 < 2971 (|a]? + |b|?) so that

Y (@, [Vu(e) = Vus(z)]) <2779 (2, [Vul (2)) + 2779 (2, | V' (2)).
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It follows that the sequence {¢ (x, |Vu(x) — Vu®(x)])}. is again uniformly integrable
and Vitali convergence theorem (Corollary [7.3.3)) yields

Y (x,|[Vu(z) — Vui(z)|) = 0 in L'(B) as ¢ — 0,

concluding the proof of due to |(C2) in Lemma [7.3.1} This shows that any

bounded function in VVO1 (B) can be approximated with smooth compactly sup-

ported functions so that |(E4)| follows from Lemma (10.2.3

Case 2: p > d. In this case we have ¢ < p + a 5. Note that

. B 1 T
Vus(z) = 1_2€/BEVU<1_25 y) 1e(y) dy.

Therefore, instead of ((10.3.4)), we can compute
V]l <

1 ) .
J— /<2 J—
©=T1_2¢ Hv“(1—zs) , Il < Hvu(l—Qs)

where p’ is the usual Holder conjugate exponent. Using change of variables we obtain:

’ 1 T
p _ - -
el /BE v | (8)

so that [[ne|, = e Inll,y- Using change of variables again,

- <
oo (=), <.

which is finite as G(u) < co. Therefore, ((10.3.8) boils down to

17ell, > (10.3.8)
p

p/ o ’ ol d /
dz =0 [y do = e 2l
B

_d

Vel < D (5¢) 7,

where D = 57 [Vull, 9]l Using Lemma [10.3.6{ we obtain estimate (10.3.5). The

rest of the proof is exactly the same. O

10.4 The general case

In this section we briefly explain how to adapt the reasoning in Section [10.3]to cover

general bounded domain and more general functionals. The target here is not to
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present the complete reasoning but rather a general idea that leads to these gener-

alizations.

General bounded Lipschitz domains
We can also consider general bounded Lipschitz domain 2 (that is, the boundary of
Q is locally a graph of Lipschitz function). Here, the main ingredient is the following

concept of star-shaped domains and the decomposition theorem from [225, Lemma

3.14).

Definition 10.4.1. (1) A bounded domain U C R? is said to be star-shaped with
respect to T if every ray starting from T intersects with OU at one and only one
point.

(2) A bounded domain U C R? is said to be star-shaped with respect to the ball
B, (zo) if U is star-shaped with respect to all y € B, (o).

Lemma 10.4.2. Suppose that Q C R? is a bounded Lipschitz domain. Then, there
n Such that

QclJu.

i=1

exist domains {U; }i=1

.....

and QN U; is star-shaped with respect to some ball Bg,(z;).

Furthermore, one can prove that if U is a star-shaped domain with respect to the
ball, it can be uniformly shrinked in the following sense (for the proof, see [57, Lemma

6.4]):

Lemma 10.4.3. Let U C R? be a star-shaped domain with respect to the ball Bp.
Let k. =1 — %. Then, dist(k. U,0U) > 2. In particular,

keU+eB CU.

More generally, if U is star-shaped with respect to the ball Br(xo),

ke (U —1x0)+eB C (U — x9).

This allows to define a smooth and compactly supported approximation as follows:

277



Definition 10.4.4 (Mollification with squeezing on star-shaped domain). Let U be
a star-shaped domain with respect to the ball Br(xo). Given u € Wy (U) we extend
it with 0 to RY and define

r — Ty —
Stute) = [ (w0t T2 )

£

where kK, = 1 — 4—R€.

Now, let €2 be a Lipschitz bounded domain. From Lemma [10.4.2| we obtain a family

77777

with respect to balls Bg(z;) (without loss of generality, we may assume that the radii

of the balls are the same by taking R := min;,—y_, R;). In particular, {U;}i=1, , is

.....

an open covering of Q so there exists a partition of unity related to this covering: a

family of functions {6;};=1._, such that

.....

;e Ce(U), 0<6;<1, > i=1lonQ
=1

Given u € Wy (Q) N L®(Q) we extend it with 0 as above and we set

86 = Ss 02 == ‘91 i E— B d 10.4.1
w3800 =3 [ o) (T ) nway 0a)
where k., = 1 — %. We note that since w vanishes outside of €2, function u6; is

supported in 2 N U; which is star-shaped.

General functionals

In fact, our results can be extended to functionals of the form

Hw) = [ v [Va(o) e
where 1 satisfies the following Assumptions.
Assumption 10.4.5. We assume that 1) : Q x Rt — R satisfies:
(A1) (vanishing at 0) ¢ (z,&) = 0 if and only if £ = 0,
(A2) (convexity) for each z, the map R* 3 ¢ — ¢(x,§) is convex,
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(A3) (p— q growth) there exist exponents 1 < p < g < oo and & > 1 and constants
Cy and (5 such that

CrlElP < p(x,§) for § = &,  ¥(,§) < Co(1+[¢]7) for all £ >0,
(A4) (Aj condition) there exists a constant Cy such that

(A5) (autonomous lower-bound) there is function m,, : Rt — R* and &, such that

for £ > &y we have my (&) < 9(x,§) and m‘”T(g) — 00 as £ — 00,

Assumption 10.4.6. We assume that for all D > 1, there are constants M =
M(p,q,D) and N = N(p, q, D) such that

U(z,8) < M(y,§) + N (10.4.2)

for all balls B, (z), all y,z € B, (z) N, all £ € [0 Dy~ min(, Z)] and all v € (0, 1),

The main idea is to use Assumption [10.4.6] to mimic our strategy from Lemmas

(10.3.5| and [10.3.6] Here, the main difficulty is that the function

is not necessarily convex so Jensen’s inequality cannot be applied as in . To
illustrate the solution to this problem, let us assume that is satisfied for
all £ € R (with a natural extension with 0 for £ < 0). Then, we take infimum over
y € B,(x) N Q and we apply second conjugate (see [236, Section 2.6]). The idea is
that the second conjugate is convex (in fact, it is the greatest convex minorant) and

it preserves inequalities. Therefore,

926 < M (inf, iy 6) +N < My, + N (10.4.3)

where we used that € — ¢(x,€) is convex and z,z € B,(z) N Q. Tt follows that one

can use convex function & +—» <essmfye E, mw(y 5)) in place of ¥(z*,¢) in the

proof of Theorem [10.3.2]
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The main difficulty in the method described above is that inequality (10.4.2]) is sat-
isfied only for ¢ belonging to some interval while the second conjugate operation is

in fact a nonlocal operator (that is, its value at point £ depends in fact on values in
some neighbourhood of ¢). Still, one can prove that inequality ((10.4.3) is satisfied

and for the proof we refer to |57, Lemma 6.2].

As Assumption[10.4.6|seems to be abstract, we provide here an example. We consider

function

¢(w,€) = €] + a(x) [¢]1”) (10.4.4)
and the related functional reads:
T (u, Q) = /Q [[VulP™ + a(z) [Vu|"™] dz. (10.4.5)
Assumption 10.4.7. We assume that:

(B1) (p—q growth) there exist p, ¢ with 1 < p < ¢ such that the functions p(x), ¢(x) :
Q — [1, 00) satisty p < p(z) < q(x) <gq,

(B2) (log-Holder continuity) there are constants C,, C, such that for all z,y € Q

with |z — y| < min (diam Q, 1) we have

Cp
px) =py)| < =70,
(o) = o) <~
(B3) (a-Hélder continuity) a € C%(Q) with constant |alq.

Lemma 10.4.8. Under Assumption function ¢ defined with (10.4.4)) satisfies
Assumption for q and p such that ¢ < p 4+ o max (1, %).

Proof. Inequality ((10.4.2)) is clear when & < 1. For £ > 1 one can apply directly
reasoning from|(E2)|in Example|8.2.3| For the detailed proof see |57, Lemma 3.3]. O
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