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Abstract

This Ph.D. thesis is concerned with the existence of entire solutions to
semilinear elliptic equations and is divided into two parts, dealing with un-
constrained and constrained problems respectively. Chapter 1 contains a
series of recalls about notions and properties used throughout this work and
lies before the aforementioned division into parts.

In Part I, we study existence and multiplicity results for equations of the
form

VxVxU=f(z,U), U:RY - R",

where N > 3 and f = VF: RY x RY — R¥ is the gradient (with respect
to U) of a given nonlinear function F': RY x RY — R. Here, when N > 4,
V xV x U is defined using the identity, valid when N =3, VxVxU = V(V-
U) — AU. Such problems are known as curl-curl problems and arise, when
N = 3, from the nonlinear Maxwell equations in absence of electric charges,
electric currents, and magnetization. The main issue is that the kernel of the
differential operator V x V x consists of the subspace of gradient fields and is
therefore infinite-dimensional. Historically, two approaches have been used
to tackle curl-curl problems by means of variational methods and both make
use of divergence-free vector fields. The reason is that V x V x U = —AU
for every divergence-free field U and the vector Laplacian is a differential
operator easier to handle.

In Chapter 2, we give an accurate physical derivation of curl-curl problems
and then survey important results throughout the last decades, from the first
works to the current days, including those illustrated in this Ph.D. thesis.

In Chapter 3, based on [83], we focus on the (physically relevant) case
N = 3. The nonlinearity F' is controlled, from above and from below, by
a suitable nice Young function: in particular, Sobolev-supercritical at zero,
Sobolev-subcritical but superquadratic at infinity, and satisfying the A, and
V3 conditions globally. Our approach makes use of a Helmholtz-type decom-



position of the function space we work with into a divergence-free subspace
and a curl-free subspace (the aforementioned kernel), i.e., u = v + w with
V-v=Vxw=0and (v,w) uniquely determined; then we build a home-
omorphism from the former subspace to a certain topological submanifold
(of the whole space) that contains all the nontrivial solutions. This some-
how allows us to work only with the divergence-free subspace, although the
“curl-free” part must be taken care of; in fact, that is what causes the most
difficulties in the methods we use. We prove the existence of a least-energy
solution and, if f is odd, of infinitely many distinct solutions. Unlike Chapter
4, we do not use any symmetries; in particular, we provide the first multi-
plicity result about curl-curl problems in unbounded domains without any
symmetry assumptions.

In Chapter 4, based on [51], we consider the general case N > 3. Under
certain symmetry assumptions about the nonlinearity, we exploit suitable
group actions to reduce the curl-curl problem to the Schrédinger equation
with singular potential

‘y%u:f(m,u), u: RY — R,

—Au +
with z = (y,2) € RE x RN"K K = 2, and a = 1, studying as well the
general case 2 < K < N and a > —(K/2 — 1)%2. More in detail, we re-
quire that f(-,aw) = f(-,a)w for every @ € R and every w € SV ! and
that f(gx,-) = f(x,-) for a.e. 2 € RY and every g € SO(2) x {Iy_s}.
Extending to the case of weak solutions a well-known equivalence property
that puts in a 1-to-1 correspondence the classical solutions to the two prob-
lems via the formula U(z) = u(x)/|y|(—x2,x1,0), we prove new existence
results (nontrivial solutions, least-energy solutions relatively to the functions
with the same symmetry, infinitely many distinct solutions) about both, in
the Sobolev-critical and -noncritical cases; in particular, we work with the
curl-curl equation in the former case, using the same symmetry machinery
to reduce V x V x U to —AU, and with the Schrodinger equation in the lat-
ter. The most prominent result is the existence, when N = 3, of a divergent
sequence of solutions in the critical case, obtained with the aid of another
group action, which restores compactness; this is the first multiplicity result
for curl-curl problems in unbounded domains in the Sobolev-critical case.
Concerning the existence, in the noncritical case, of a least-energy solution
and of infinitely many distinct solutions, we exploit an abstract critical point
theory built in Chapter 3.



In Part II, we look for least-energy solutions to autonomous Schrodinger
systems of the form

{_A“jJ“Aj“j:@jF(“) Vie{l,...,K}, u:RY »RE

fRN u? dr = '0?

where N, K > 1, p= (p1,...,px) €]0,00[K is given, and A = (\y,..., k) €
RX is part of the unknown. Solutions to such problems are called normalized
due to the L2-constraints, which are what causes the quantity \ to appear as
a K-tuple of Lagrange multipliers. Equations of this type arise when seek-
ing standing wave solutions to similar time-dependent problems and come
from areas of Physics such as nonlinear optics and Bose—Einstein condensa-
tion. Their importance lies in the physical meaning of the masses (the L?
norms squared) and the fact that such quantities are conserved in time in
the corresponding evolution equations.

In Chapter 5, we introduce the problem, briefly comment some seminal
papers and other results in the literature, and provide useful preliminary
properties.

Depending on the assumptions about F' and, sometimes, on the value
of p, the associated energy functional exhibits different behaviours: it can
be bounded from below for all, some, or no values of p and these cases are
known, respectively, as mass-subcritical, -critical, and -supercritical. The
first two are studied in Chapter 6, based on [99], while the last is studied in
Chapter 7, based on [82]. In both cases, we consider a minimizing sequence
for the energy functional and work out proper assumptions so that such a
sequence converges to a solution to the system. In the mass-supercritical
case, since the functional is unbounded from below, we restrict it to a nat-
ural manifold, given by a suitable linear combination of the Nehari and the
Pohozaev identities to get rid of the unknown quantity A, in order to recover
such boundedness. The outcome consists of a least-energy solution, relatively
to the functions with the same symmetry or in the general sense depending
on the structure of the nonlinearity.

The novelty of this approach consists of considering the L?(R") balls

{ue H'®RY) ||ul, <p;}, je{l,....K}
instead of the L?(R") spheres

{ue H'RY) | |uly=p;}, je{l,....K}
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in order to work with a weakly closed subset and have, a priori, additional
information about the sign of the components of A, which is due to the fact
that the constraints are given by inequalities and that the critical points we
obtain are minimizers.

When K > 2, we need particular hypotheses about the nonlinearity in
order to make use of the Schwarz symmetric rearrangements; nevertheless,
we can still deal with rather generic functions, which is new about systems.

Finally, Chapter 8 contains new results and deals with normalized solu-
tions both to curl-curl problems and to nonautonomous Schrodinger equa-
tions with singular potential as in Chapter 4, but always with autonomous
nonlinearities. Such results are obtained combining the symmetry and the
equivalence from Chapter 4 with the outcomes from Chapters 6 and 7. In par-
ticular, the symmetry allows us to reduce the curl-curl problem to a vector-
valued autonomous Schrédinger equation, with a single L?-constraint and
which we study directly, while the equivalence provides analogous results
for the scalar-valued Schrédinger equation with singular potential. Again,
we obtain least-energy solutions relatively to the functions with the same
symmetry.
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Streszczenie

Niniejsza rozprawa doktorska dotyczy istnienia rozwigzan poétliniowych
rownan eliptycznych i jest podzielona na dwie czeéci, dotyczace odpowiednio
probleméw bez ograniczenia i z ograniczeniem. Rozdzial 1 zawiera szereg
odwolan do poje¢ i wlasnosci uzywanych w tej pracy i zaprezentowany jest
przed wspomnianym podziatem na czesci.

W Czesci I badamy istnienie i wielokrotno$¢ rozwiazan réwnania postaci

VxVxU= f(z,U), U:RY = R",

gdzie N > 3 oraz f = VF: RY x RY — RY jest gradientem (ze wzgledu na
U) danej nieliniowej funkcji F': RY x RY — R. Tutaj, gdy N >4, VxVxU
jest zdefiniowane przy uzyciu tozsamosci V x V x U =V(V - U) — AU za-
chodzacej, gdy N = 3. Takie problemy sa znane jako problemy curl-curl i
powstaja, gdy N = 3, z nieliniowych réwnann Maxwella przy braku tadunkéw
elektrycznych, pradow elektrycznych i magnetyzacji. Gtowng trudnoscia jest
fakt, ze jadro operatora rézniczkowego V x V x skltada sie z podprzestrzeni
pol gradientowych i dlatego jest nieskoriczenie wymiarowe. Historycznie rzecz
biorac, dwa podejscia byly stosowane do rozwigzywania probleméw curl-curl
za pomoca metod wariacyjnych i oba wykorzystywaly bezdywergencyjne pola
wektorowe. Powodem byt fakt, ze V x V x U = —AU dla kazdego pola bez-
dywergencyjnego U, a wektorowy Laplacian jest tatwiejszym w stosowaniu
operatorem rézniczkowym.

W rozdziale 2 podajemy dokladne fizyczne wyprowadzenie problemu curl-
curl, a nastepnie przywolujemy wazne wyniki z ostatnich dziesiecioleci, od
pierwszych prac do najnowszych wynikoéw, w tym zilustrowanych w tej roz-
prawie doktorskiej.

W rozdziale 3 opartym na [83], skupiamy sie na fizycznie istotnym przy-
padku N = 3. Nieliniowo$¢ F' jest kontrolowana od goéry i od dotu przez
odpowiednia regularna (ang. nice) funkcje Younga: w szczegolnosci nadkry-
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tyczna w zerze, podkrytyczna w nieskoriczonosci w sensie wykladnika So-
bolewa, ale superkwadratowa w nieskonczono$ci i spetniajaca globalne wa-
runki Ay i V. Nasze podejécie wykorzystuje dekompozycje typu Helmholtza
przestrzeni funkcyjnej z ktorg pracujemy, na podprzestrzen bezdywergen-
cyjng i podprzestrzeni bezwirowa (wspomniane jadro), tj. u = v + w, gdzie
V-v=V xw=01ipara (v,w) jest jednoznacznie okreslona; nastepnie bu-
dujemy homeomorfizm z poprzedniej podprzestrzeni do pewnej topologicz-
nej podrozmaitosci (calej przestrzeni) zawierajacej wszystkie nietrywialne
rozwigzania. To w pewien sposob pozwala nam pracowac tylko z bezdywer-
gencyjng podprzestrzenia, chociaz trzeba zadba¢ o te czesé¢ bezwirowy. W
rzeczywistosci to wlasnie powoduje najwiecej trudnosci w stosowanych przez
nas metodach. Udowadniamy istnienie rozwigzania o najmniejszej energii
oraz, jeSli f jest nieparzyste, istnienie nieskoriczenie wielu réznych rozwia-
zan. W przeciwienstwie do Rozdziatu 4 nie uzywamy zadnych symetrii; w
szczegblnosci podajemy pierwsze wyniki dotyczace wielokrotnosci rozwigzan
problemu curl-curl na nieograniczonej dziedzinie bez ztozen o symetrii.

W rozdziale 4 bazujacym na [51], rozwazymy przypadek ogolny N > 3.
Przy pewnych zatozeniach dotyczacych symetrii nieliniowosci, wykorzystu-
jemy odpowiednie dziatania grupowe, aby zredukowaé¢ problem curl-curl do
rownania Schrodingera z potencjalem osobliwym

—Au + w%u = f(z,u), u:RY - R,
gdzie z = (y,2) € RE x RN"K K = 21ia = 1, badajac réwniez przypa-
dek ogolny 2 < K < N oraz a > —(K/2 — 1)?>. Mowigc bardziej szcze-
golowo, wymagamy, aby f(-,aw) = f(-,0)w dla kazdego o € R i kazdego
w e SN oraz f(gx,-) = f(x,-) dla prawie wszystkich z € RV i dla kaz-
dego g € SO(2) x {In_2}. Rozszerzajac do przypadku stabych rozwiazan
dobrze znana réwnowaznos¢ klasycznych rozwiazan obu probleméw za po-
moca wzoru U(z) = u(x)/|y|(—x2, z1,0), dowodzimy nowych wynikow ist-
nienia (rozwigzania nietrywialne, rozwigzania o najmniejszej energii wérod
rozwiazan o tej samej symetrii, nieskoriczenie wiele roznych rozwiazan) w
obu problemach, zaré6wno w przypadkach krytycznych jak i niekrytycznych
w sensie wykltadnika Sobolewa; w szczegblnosci pracujemy z réwnaniem curl-
curl w poprzednim przypadku, uzywajac tej samej maszynerii symetrii, aby
zredukowaé V x V x U do —AU oraz z réwnaniem Schrodingera w tej ostat-
niej sytuacji. Najbardziej znaczacym rezultatem jest istnienie, gdy N = 3,
rozbieznego ciagu rozwigzan w krytycznym przypadku. Wynik ten uzyskamy
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za pomocyg innego dzialania grupowego, ktore daje nam zwarto$¢ problemu;
to jest pierwszy wynik dotyczacy wielokrotnosci rozwiazan problemu curl-
curl na nieograniczonej dziedzinie w wykladnikiem krytycznym Sobolewa.
Odno$nie istnienia rozwigzan w niekrytycznym przypadku, rozwiazania o
najmniejszej energii oraz nieskonczenie wiele réznych rozwigzan uzyskujemy
wykorzystujac abstrakcyjng teorie punktow krytycznych zbudowana w roz-
dziale 3.
W Czesci 11 szukamy rozwigzan o najmniejszej energii dla autonomicznego
uktadu réwnan Schrodingera w postaci
{_A“j T =0 W) e LK), w RY S RE

fRN u? dr = p?

gdzie N, K > 1,p= (p1,...,pr) €]0,00[ jest dane, oraz A = (A1, ..., \g) €
RE jest wielkoscig nieznang. Rozwigzania takich probleméw okreslane sg
jako unormowane ze wzgledu na ograniczenia L?, ktore powoduja, Ze X poja-
wia sie jako K-krotka mnoznikéw Lagrange’a. ROwnania tego typu pojawiaja
sie podczas poszukiwania rozwigzan fali stojacej dla podobnych probleméw
zaleznych od czasu i pochodzg z takich dziedzin fizyki, jak nieliniowa optyka
i kondensacja Bosego-Einsteina. Ich waga polega na fizycznym znaczeniu
masy (normy L? podniesionej do kwadratu) oraz fakcie, ze wielkosci te sa
zachowywane w czasie w odpowiednich rownaniach ewolucji.

W rozdziale 5 wprowadzamy problem, krotko komentujemy niektore no-
watorskie artykuty i inne wyniki w literaturze oraz podajemy przydatne pre-
liminaria.

W zaleznosci od zatozen dotyczacych F', a czasami wartosci p, powiazana
funkcja energetyczna wykazuje rézne zachowania: moze by¢ ograniczona od
dotu dla wszystkich, niektérych lub zadnych wartosci p i te przypadki sa
znane odpowiednio jako masowo podkrytyczne, -krytyczne i -nadkrytyczne.
Pierwsze dwa przypadki sa omowione w rozdziale 6 bazujacym na pracy [99],
a ostatnie w rozdziale 7 bazuja na [82]. W obu przypadkach rozwazamy
cigg minimalizujacy dla funkcjonalu energii i wypracowujemy odpowiednie
zalozenia takie, aby ten ciag byt zbiezny do rozwiazania uktadu rownan. W
przypadku masowo nadkrytycznym funkcjonat jest nieograniczony od dotu
i ograniczamy go do rozmaitosci naturalnej, okreslonej przez odpowiednig
liniowa kombinacje tozsamosci Nehariego i Pohozaeva, aby pozby¢ sie nie-
znanej wielkosci A — wowcezas uzyskujemy ograniczenie funkcjonatu z dotu.
Wynik sklada sie z rozwigzania o najmniejszej energii wérod funkcji o tej

13



samej symetrii lub w og6lnym sensie w zaleznosci od struktury nieliniowosci.
Nowos¢ tego podejscia polega na rozwazeniu kul przestrzeni L*(RY)

{ue H'RY) | |ul,<p;}, je{l.....K}
zamiast sfer przestrzeni L?(R")
{ue H'RY) | Jul,=p;}, je{l,....K}

i pozwala pracowaé ze stabo domknietym podzbiorem i mieé¢, a priori, do-
datkowe informacje o znaku sktadowych A, ktére wynikaja z faktu, ze ogra-
niczenia sg wyznaczane przez nier6wnosci, a punkty krytyczne, ktore otrzy-
mujemy, sa punktami minimalnymi.

Jesli K > 2, to potrzebujemy konkretnych zatozeri dotyczacych nielinio-
wosci, aby skorzysta¢ z symetryzacji Schwarza; niemniej jednak nadal mo-
zemy zajmowac sie raczej ogblnymi funkcjami, co jest nowoscia w przypadku
uktadow.

Ostatecznie, Rozdzial 8 zawiera nowe wyniki i dotyczy unormowanych
rozwigzan zaréwno probleméw curl-curl jak i nieautonomicznych réwnan
Schrodingera z potencjatem osobliwym, jak w rozdziale 4, jednak zawsze
z autonomicznymi nieliniowo$ciami. Takie wyniki uzyskuje sie taczac syme-
trie oraz rownowazno$¢ z rozdzialu 4 z wynikami z rozdzialow 6 oraz 7. W
szczegblnosci symetria pozwala nam zredukowaé¢ problem curl-curl do au-
tonomicznego réwnania Schrodingera z niewiadoma o warto$ciach wektoro-
wych z pojedynczym ograniczeniem L2, ktére badamy bezposrednio, podczas
gdy rownowazno$é¢ zapewnia analogiczne wyniki dla réwnania Schrodingera
o wartosci skalarnej z potencjatem osobliwym. Ponownie otrzymujemy roz-
wiazania o najmniejszej energii wsrod rozwigzan o tej samej symetrii.
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Notations

The symbols - and x stand, respectively, for the inner product in RY,
N > 1 integer, and the cross product in R?. In particular, V - U stands for
the divergence of U: RY — RY and V x U stands for the curl of U: R? — R3.
The elements of the standard basis are denoted by e;, i € {1,..., N}.

The space of matrices N x K is denoted by R¥*X, When N = K,
Iy € RYXN stands for the identity matrix.

The closed semiline of nonnegative numbers [0, co[ is sometimes denoted
by RT. If A C RY is a measurable set, |A| denotes its Lebesgue measure.

If « € NV, N > 1 integer, then the length of a is denoted by |a| :=
Zﬁil ;. If, moreover, f is a function of class C*¥, k > |a|, then we denote
Def = —@| i —.

Oz{t ... 0zY

N will always stand for the dimension of the space R, the only exception
being the term ‘N-function” (Chapter 3), where it is simply part of the name
(short for ‘nice Young function’). 2* denotes the Sobolev critical exponent,
ie, 2" =o0if N € {1,2} and 2* = 2% if N > 3. In Part II we deal with
the value 24 := 2 + & too.

If X is a topological space and A C X, then Aand 4 stand, respectively,
for the interior and the closure of A. When X is a metric space, the open,
resp. closed, ball with centre z € X and radius p > 0 is denoted by B(z, p),
resp. B(z,p). When X is also a vector space and x = 0, we write B(0, p) =
B, and B(0,p) = B,; moreover, the sphere with centre 0 and radius p is
denoted by S,.

If X is a normed space, then its dual space is denoted by X'. For z,y € X
and T: X — R Fréchet differentiable, we denote the Fréchet differential of
T at x evaluated at y by T"(x)(y).

If Q C RY is an open subset, N > 1 integer, then we denote by C.(Q2) the
space of continuous functions with compact support contained in €). Likewise
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for C°(2).

If w is a real-valued function, then its positive and negative parts are
denoted, respectively, by u; = max{u,0} and u_ = max{—u,0}. Ifu: RY —
R is a measurable function, |u|, stands for the LP(RY) norm of u, 1 < p < ooc.

Concerning sequences, we write x,, for (z,),>1 and x,, € X for (z,,)n>1 C
X. Sometimes we use superscripts instead of subscripts and write z". More-
over, we will write lim,,, lim inf,,, lim sup,, for lim,, ., lim inf,,_,, limsup,, .

If f is a function depending (also) on z, then the notation f € O(x) means
that f(x,...)/|z| is essentially bounded. Similarly, if ¢ is another, real-valued
function depending on x, the notation o(g(x)) stands for a quantity that
tends to zero when divided by g(z).

C will always stand for a positive constant, whose value is allowed to
change after an inequality symbol, e.g., ‘<’.

Finally, concerning functions spaces, we will write, e.g., H'(RY RY)
or LP(RY,RY) in contexts involving single vector-valued functions (Part I,
Chapter 8) and H'(RM)X or LP(RM)X in contexts involving K-tuples of
scalar-valued functions (Chapters 5-7).
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Chapter 1

Preliminaries

1.1 Sobolev spaces

Let N > 1 be an integer and Q C RY be open. If f € C'(Q) and
p € CX(Q), then, in view of the integration-by-parts formula [49, Theorem
C.2], there holds

of B ) ,
ani%?dﬁ— /Qfﬁmidx for every i € {1,..., N}.

Analogously, if k > 1 is an integer, « € NV, |a| < k, and f € C*(Q), then

/Dafgodx:(—l)al/fDO‘godx. (1.1.1)
Q Q

Of course, the right-hand (resp. left-hand) side of (1.1.1) makes sense even
if merely f € LL.(Q) (resp. D*f € Ll (). This motivates us to give the

loc loc
following definition.

Definition 1.1.1. Let f,g € L .(Q). We say that g is the a-th weak or

loc
distributional derivative of f if and only if

/gso do = (—1) / fD%pdx for every ¢ € C°(9).
Q Q

In such a case we write g =: D*f.

With the aid of the notion of weak (or distributional) derivative we can
now introduce the Sobolev spaces.
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Definition 1.1.2. Let £ > 1 an integer and 1 < p < co. We define the
Sobolev space

WhP(Q) :={ f € LP(Q) | D*f € LP(Q) for all « € N¥ with |a| <k }.

Sobolev spaces are normed (in fact, Banach) spaces once endowed with
the following norm. If 1 < p < oo, then for f € W*?(Q) we define

1/p

I llwesiey == | S ID I |

|| <k
if p = oo, then for f € W**°(Q) we define

Hf||wkvoo(9) = ‘Iﬁg ||Daf||L°°(Q)-

If p =2, then W*2(Q) is a Hilbert space with scalar product

<mmm=24mmw%mﬁwm»

|| <k

This explains the widely used notation W*%(Q) =: H*(Q). Part II strongly
deals with the space H'(RY).

An important subspace of W*?() is the one denoted by Wi?(Q) and
defined as the closure of C°(€2) with respect to the norm || - [[yrr). If
Q = RV, then WJP(Q) = Wk?(Q).

Of course, there is no reason why the exponent p in Definition 1.1.2 has
to be the same for all the derivatives. For example, if N > 3 and k =1, an
important space, which plays a major role in Part I, is

DYRY):={ f e L¥ (RY) | D*f € L*(R") for all @ € NV with || <1},

which can be equivalently defined as the completion of C>*(RY) with respect
to the norm u — |Vuls.

Important results in functional analysis concern continuous and compact
embeddings of Sobolev spaces. Concerning the formers, we have as follows.

Theorem 1.1.3. Let Q C RY be open with boundary of class C'', k > 1
integer, and 1 < p < oo.

'For the purpose of this work, it is enough to consider this case; however, the assumption
about the C! regularity of the boundary can be weakened. Likewise for Theorem 1.1.5.
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e If kp < N, then

WHEP(Q) < LUQ)  for all ¢ € [p, np } .

n —mp
o If kp= N, then
WkP(Q) < LYQ)  for all q € [p,o0];
If, moreover, p =1, then

WNLHQ) = C(QNLYQ)  for all g € [1,00].

o Ifkp > N, then
WkP(Q) < C(Q) NLYQ)  for all q € [p, c].
Remark 1.1.4. If |Q| < oo, then the embeddings in Theorem 1.1.3 hold also

for ¢ € [1,p].
As for compact embeddings (denoted by <—<), we have the following.

Theorem 1.1.5. Let QO C RY be open and bounded with boundary of class
Cl, k > 1 integer, and 1 < p < oo.

o Ifkp < N, then

WHEP(Q) e LY(Q)  for all g € [1, np {
n

—mp
o If kp= N, then
WHhP(Q) < LYQ)  for all g € [1,00[.

o [fkp > N, then _
WEP(Q) e C(Q).

Proposition 1.1.6. The embeddings in Theorems 1.1.3 and 1.1.5 hold with-
out any assumptions about dQ provided W*P(Q) is replaced with WP ().

We conclude the first part of this section recalling that a much more
detailed version of all the previous results can be found in [2]. Finally, anal-
ogous properties hold for Sobolev spaces of the type W*?P(Q,RX), K > 1
integer, i.e., involving vector-valued functions.
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1.1.1 Compact embeddings in RY

As pointed out in Theorem 1.1.5, compact embeddings involving W*?(Q)
holds only if |Q| < co. If we want similar results in the whole RY, then we
need to consider special subspaces. We limit our discussion to H!(RY).

When N > 2/ let

9 ={ue HR"Y) |u=u(g) for all g € O(N) }

be the subspace of HY(RY) consisting of radial functions. Next, following
[25], if N =4 o0or N > 6, fix 2 < M < N/2 such that N —2M # 1 and
consider 7 € O(N) defined by

7(21, T2, 73) = (T2, 71, 73)
for every x = (11,19, 23) € RM x RM x RV72M = RV, Define

Ha={ue HRY) |u=u(g) forall g € O(M) x O(M) x O(N —2M) }
H.={ue HR")|u=—u(r)}

and note that 9, N H, = {0}. Finally let
SHn=H: N ﬁd;

which a fortiori does not contain any nontrivial radial functions. When
2M = N, we agree that the component 3 in the definition of 7 and the group
O(N — 2M) in the definition of $)3 do not appear. Then it is well known
that §, and $4 are compactly embedded into LP(RY) for every 2 < p < 2%,
see, e.g., |68, Theorem III.1] or [129, Corollary 1.25| (concerning compact
embeddings of radial functions, the first proof of this result is due to Strauss
|108], see also [129, Corollary 1.26]). Observe that, unlike Theorem 1.1.5,
the embedding is not compact for p = 2. In Chapter 8, when N > 4, we will
make use of a subspace similar to $g, i.e.,

s ={ue HRY) |u=u(g)forall g e O2) x O(N -2) }.

The same argument as for 4 proves that §); embeds compactly into LP(RY)
for every 2 < p < 2*.

When N =1, 9, = {u € H'(R) | u(x) = u(—=z) for a.e. z € R } nolonger
embeds compactly into LP(R), 2 < p < co. Nevertheless, bounded sequences
(in H*(R)) with additional assumptions are still precompact in LP(R) in view
of the following result (cf. [38, Proposition 1.7.1]).
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Theorem 1.1.7. Let u,, € 9, bounded. If N > 2 or each u,, is a nonincreas-
ing function of |z|, then there exists u € $), such that, up to a subsequence,
u, — u in LP(RY) for every p €]2,2*[ (for every p €]2,00] if N =1).

1.2 Nemytskii operators and differentiable func
tionals

We begin this section, whose content is based on [109, Appendix C| and
[129, Appendix A| with the following definition.

Definition 1.2.1. Let N, K,v > 1 integers and Q@ C R”Y open. A func-
tion f: Q x RE — RY is called a Carathéodory function if and only if it is

continuous in v € R for a.e. x € Q and measurable in z € Q for every
u € RE,

Given a Carathéodory function f, we can define the Nemytskii operator

associated with it as
Ny(u) = f (- u())

for u: Q@ — RX in a suitable function space. A first important result on
Nemytskii operators concerns their continuity, which depends on the growth
conditions of the functions they are associated with.

For p,q,r,s € [1,00[ define the Banach spaces LP(RY, RE) N LI(RY  RE)
and L™ (RN, RY) + L*(RY,R¥) with norms, respectively,

[wllprg = [ulp + |ulq
| w)|rvs == inf{ lv], + |w]|, ’ ve L'(RY,RY),w e L*(RY,R"),u=v +w }
Theorem 1.2.2. [f there exists C' > 0 such that for a.e. x € ) and every

u € RK
|f (@, u)] < C(JufP + [u]"?),

then N;: LP(RN R¥) N LYRY,RX) — L"(RN R”) + L¥(RY,R”) is continu-

ous.

The notion of Nemytskii operator can be used to construct functionals
defined in function spaces. In general, the more regular f is, the more regular
the functional is as well. We recall that a functional I: X — R, where
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(X, ||-]]) is a normed space, is said to be Fréchet-differentiable at some u € X
if and only if there exists I'(u) € X’ such that
lim I(u+wv)—I(v) —I'(u)(v)
v=0 o]
If such a map I'(u) exists, it is called the Frechet differential of I at w.
Of course, [ is said to be Fréchet-differentiable if and only if it is Fréchet-
differentiable at u for every v € X. Moreover, we say that I is of class C!
(and we write [ € C!(X)) if and only if the map v € X + I'(u) € X' is
continuous.

=0.

Example 1.2.3. If X is a Hilbert space with scalar product (-|-), then the
functional || - ||*: X — R is of class C! and

(Il 17) (u)(v) = 2(ulo) ~ for every u,v € X.

The next result is stated for Q = R because this is the only domain
treated in this Ph.D. thesis. Of course, analogous results for different (e.g.,
bounded) domains do exist.

Theorem 1.2.4. Let F': RN xRE — R be differentiable in u € RE and such
that V,F: RN xRE — RE is a Carathéodory function. If there exists C; > 0
and, if N € {1,2}, p > 2 such that for a.e. x € RN and every u € RE

|VoF (z,u)] < Ci(lu| + |u|* ) ifN>3

or
V()] < Crlul + ™) if N € {1,2),
then I: HY(RM)X — R defined as

is of class C! and
I'(u)(v) = / VuF (z,u(z)) -v(z)dz  for every u,v € H'(RY)X.
RN

If, moreover, N > 3 and there exists Cy > 0 such that for a.e. x € RN and
every u € R¥

VuF (2, )| < Colul” ™,
then I: DVY2(RN)E — R is of class C' and

I'(u)(v) = » VuF (z,u(z)) -v(z)de  for every u,v € D*(RV)X.
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1.3 Palais—Smale sequences, Cerami sequences,
and the mountain pass geometry

Let (X,]| - ||) be a normed space, J € C'(X), and ¢ € R. A Palais—
Smale sequence for J is a sequence x, € X such that J(x,) is bounded and
lim, J'(x,) = 0. A Palais-Smale sequence (for J) at level ¢, (PS). in short,
is a Palais—Smale sequence with the additional property that lim,, J(z,) = c.

Of course, a functional J needs not have any such sequences. When
(X, ]| - ||) is a Banach space, a sufficient hypothesis about J so that it does
have a Palais—Smale sequence at a specific level ¢ is that it has the so-called
mountain pass geometry (cf. [5,95]), i.e., there exist r > 0 and e € X \ B,
such that

iglfJ > J(0) > J(e)

(see, e.g., [129, Theorem 1.15|). In this case, the value c is called the mountain
pass level and has the minimax characterization

— inf J(o(t
¢ = inf mox (o(t)),

where

Y:={0eC(0,1,X)]|o(0)=0and (1) =e }.

This characterization makes evident that

max J(te) > ¢ > inf J.
te(0,1] Sr

This is important because it implies that, if € X is such that J(z) = ¢,
then x # 0. In particular, if X is some function space and zx is a solution
to a certain differential equation, then such a solution is nontrivial (i.e., not
identically zero).

In most situations, it is enough to have a Palais—Smale sequence; however,
one can prove that, in fact, the mountain pass geometry yields the existence
of a Cerami sequence at the mountain pass level (c.f. [12,40]). A Cerami
sequence (at level ¢ € R) is a Palais—Smale sequence z, € X with the
additional property that lim, ||z,|.J'(z,) = 0.

Finally, we recall an important concept related to Palais-Smale or Ce-
rami sequences, i.e., the Palais—Smale and Cerami conditions. In the same
framework as before, we say that the functional J satisfies the Palais—Smale
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condition, resp. Cerami condition, at level ¢ if and only if every Palais—Smale,
resp. Cerami, sequence for J at level ¢ has a (strongly) convergent subse-
quence. Likewise, we say that the functional J satisfies the Palais—Smale
condition, resp. Cerami condition, if and only if every Palais—Smale, resp.
Cerami, sequence for J has a convergent subsequence (equivalently, if and
only if it satisfies the Palais—Smale, resp. Cerami, condition at level ¢ for
every ¢ € R).

1.4 Nehari and Pohozaev identities

Let N, K > 1 be integers and consider a solution u: RY — R¥ to the
equation
— Au=V,F(z,u), uek (1.4.1)
under suitable assumptions about F' (e.g., those of Theorem 1.2.4), where
E = H'RM)X or E = D"?(RV)X according to such assumptions. If we test
(1.4.1) with w itself (i.e., multiply both sides of (1.4.1) by w, integrate over
RY, and use the integration-by-parts formula), then we obtain the identity

/ |Vul> =V, F(z,u) - udr =0,
RN

known in the literature as the Nehari identity. Consequently, every nontrivial
solution to (1.4.1) belongs to the Nehari manifold

{UEE\{O}‘/RN ]VUF—VUF(:E?v)-vdx:O}.

Whether this set is a differentiable manifold depends on the regularity of F'
In particular, if V,F' is merely a Carathéodory function, then it is only a
topological manifold.

Now, let J: E — R be the energy functional associated with (1.4.1), i.e.,
the functional whose critical points are the solutions to (1.4.1) and vice versa.
Explicitly,

() = /RN Lvu? - Pla,u) de.

At least heuristically, if u is a solution to (1.4.1) (hence a critical point of .J),
then 1 is a critical point of the functional

t €]0, 00[— J(u(t+)) € R,
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i.e., u satisfies the identity
/ (N — 2)[Vul? — 2N F(u) dz = 0,
RN

known in the literature as the PohoZaev identity. In order to make the
argument rigorous, an intermediate step is to prove that any solution to
(1.4.1) lies in W2P(RN) for every p < oo, see, e.g., [30]%. This is standard
when K = 1, while the generic case is treated, e.g., in [35, Theorem 2.3|. As
a consequence, we obtain that every nontrivial solultion to (1.4.1) belongs to

the PohoZaev manifold

{UGE\{O} ‘ /RN(N—Q)\VUF—QNF(U)dx:O}.

1.5 Palais’s principle of symmetric criticality

There are situations where considering a particular subspace of some
Sobolev space, consisting in the functions that enjoy a certain symmetry,
can bring remarkable advantages. This is the case for compact embeddings,
as seen in Subsection 1.1.1, or, as we will see in Chapter 4, to turn a dif-
ferential operator into another that is easier to handle. Nevertheless, it is
important to make sure that the supposed solution obtained this way is ac-
tually a solution to the problem investigated. In other words, we need to
make sure that a critical point of the energy functional restricted to a partic-
ular subspace is a critical point of the free functional. This is what happens
when, roughly speaking, the functional has the same symmetry as the one
that defines the subspace. This is known as Palais’s principle of symmetric
criticality [90] and reads as follows.

Theorem 1.5.1. Let H be a Hilbert space, G a topological group acting iso-
metrically on H, and J € C'(H) such that J(gx) = J(z) for every g € G
and x € H. Define Hg :={x € H |gr=x forallgeG}. Ifx € Hg is a
critical point of J|yg, then it is a critical point of J.

Concerning this Ph.D. thesis, Theorem 1.5.1 is used first of all to recover
compactness: in Chapter 6, where we work with $), or, if the nonlinearity F

2This reference deals only with the case N > 3, but the argument holds for N € {1,2}
too, as observed, e.g., in [59].
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is even, ), and in Section 4.4, where we exploit a different symmetry. It
is used also in Sections 4.2 and, again, 4.4 to reduce the curl-curl operator
V x Vx to the vector Laplacian —A.

1.6 Schwarz rearrangements

This section is based on [66, Chapter 3]. Let N > 1 be integer. If A C RY
is measurable and |A| < oo, its Schwarz rearrangement is denoted by A* and
defined as the open ball® centred at 0 having the same measure as A, i.e.,

NA|

A* = Br Wlth T = m

We say that a measurable function u: RY — R vanishes at infinity if
and only if [{ z € RY | |u(z)| >t }| < oo for every t > 0. In particular, u
vanishes at infinity if it belongs to a Lebesgue space with finite exponent. For
such a function, its Schwarz rearrangement is denoted by u* and defined as
follows. If u = x4 is a characteristic function (for some measurable A C RY
with finite measure), then

* * L
U = Xapa = XA*-

For a generic function u, instead, we define

u*(z) ::/ Xiju>n(®)dt, z € RY.
0
It is clear that u* is nonnegative, radial, and radially nonincreasing. More-

over, the following properties hold true.

Theorem 1.6.1. Let u: RY — R be a measurable function that vanishes at
nfinity.

o For everyt >0

{xERN‘u*(x)>t}:{x€RN‘|u(x)|>t}*.

30ne could use closed balls instead. With the choice of open balls, the characteristic
function x4+ is lower semicontinuous.
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o [fF:[0,00[— R is the difference of two monotone functions Fy and F
such that Fyou € LYRY) for some i € {1,2} (in particular, if F is of
class C* and Fou € LY(RY)), then

/RN F(lu]) dz = /RN F(u") dz.
o Ifue HYRY), then

/\Vu*\deﬁ/ |Vu|? dz.
RN RN

A simple proof of the last property can be found in [65, Lemma 5].
Finally, if u = (u1,...,ug): RY — RE is measurable and vanishes at
infinity, with K > 1 integer, we denote u* := (uj, ..., u}).

1.7 Krasnosel’skji genus

Let (X, || -||) be a Banach space and denote
A={ACX|A=4A=-A}.

For A € A, A # (), define by v(A) the smallest positive integer &k such that
there exists a continuous odd map h: A — R*\ {0}. If no such k exists (in
particular, if 0 € A), let y(A) = oo. Finally, let v(0) = 0. v(A) is called the
Krasnosel’skji genus of A.

The most important properties of the Krasnosel’skji genus are listed in
the following Proposition (cf. [109, Proposition 11.5.4]).

Proposition 1.7.1. Let A,B € A and h € C(X, X) odd.
(i) v(A) > 0; 7(A) = 0 if and only if A = 0.
(ii) If A C B, then v(A) < (B).
(iii) v(AU B) < v(A) +~(B).
(iv) 4(4) <~ (b(A)).

(v) If A is compact and 0 ¢ A, then v(A) < oo and there exists a neigh-
bourhood V' of A such that V € A and v(V') = v(A).

Remark 1.7.2. If A C X is a finite nonempty collection of antipodal points,
then A € A and v(A) = 1.
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Part 1

Unconstrained problems
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Chapter 2

Introduction to Part 1

In Part I of this Ph.D. thesis, we study existence and multiplicity results
for curl-curl problems of the form

VxVxU-=f(z,U), U:R>— R’ (2.0.1)

where f = VF: R? x R — R? is the gradient (with respect to U) of a given
nonlinear function F': R® x R* — R. Problems as in (2.0.1) find their origins
in Maxwell’s equations (in R?) in the differential form

VXH=TJ+0D (Ampére’s Law)

V- D=p (Gauss’s Electric Law) (2.0.2)
Vx&=-0B (Faraday’s Law)

V-B=0 (Gauss’s Magnetic Law)

where H,J,D,E,B: R? x R — R? are time-dependent vector fields and
p: R3 xR — Ris the electric charge density. In particular, H is the magnetic
intensity field, J the electric current intensity, D the electric displacement
field, & the electric field, and B the magnetic induction. We consider as well
the constitutive relations (still in R?)

D p—
615 P (2.0.3)
H=15-M,

where P, M: R3 x R — R3 are, respectively, the polarization field (which
depends on &, in general nonlinearly) and the magnetization field, while
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€, 1: R® — R are, respectively, the permettivity and the permeability of the
material.

In order to derive (2.0.1) we make additional assumptions about the phys-
ical model. We begin by considering absence of electric charges (p = 0), elec-
tric currents (J = 0), and magnetization (M = 0). Then, plugging (2.0.3)
into (2.0.2) and differentiating with respect to the time variable we obtain'

V x (iv X 5) +€07E = —O7P.

Moreover, we assume that £ and P are monochromatic waves, i.e., E(z,t) =
cos(wt)E(x) and P(z,t) = cos(wt)P(x) for some w € R and £, P: R® — R?
(or, equivalently, £(z,t) = sin(wt)E(x) and P(z,t) = sin(wt)P(x)), which
leads to the time-harmonic Maxwell equation

V x (lV X E) — ew?E = W?P.

i
Finally, if y = 1, ¢ = 0, and we set U = E and f = w?P, then we obtain
(2.0.1). Note that, if € # 0, then we simply have an additional linear term of
the form V' (z)U on the left-hand side of (2.0.1).

A different derivation, still based on Maxwell’s equations and — at the
same time — on the Born-Infeld theory, is provided in [29] in the magneto-
static case, i.e., when the magnetic field does not depend on time and the
electric field is identically 0. In this case, U stands for the gauge potential
of the magnetic field: V x U = B.

A major mathematical difficulty of (2.0.1) and similar curl-curl problems
is that the differential operator U +— V x V x U has an infinite-dimensional
kernel, i.e., the space of gradient vector fields; this makes the associated
energy functional

Uos [ Lo xup- re,v)d
strongly indefinite, i.e., unbounded from above and below (when F > 0)
even on subspaces of finite codimension and such that its critical points
have infinite Morse index. Another issue is that the Fréchet differential of
the energy functional is not sequentially weak-to-weak* continuous, therefore

'We assume as well that the time and space derivatives can be switched.

30



the limit point of a weakly convergent sequence needs not be a critical point
of the functional. Moreover, one has to struggle with the lack of compactness
because the problem is set in the whole space R3.

We underline that the aforementioned difficulties in dealing with curl-curl
problems — even in bounded domains — have given rise to several simplifica-
tions in the literature. The most widely used is the scalar or vector nonlinear
Schrodinger equation, where, e.g., one assumes that the term V(V - U) in
V xV xU=V(V-U)— AU is negligible and can therefore be removed
from the equation, or uses the so-called slowly varying envelope approzima-
tion. Nevertheless, such approximations may produce non-physical solutions,
which do not describe the ezact propagation of electromagnetic waves in
Maxwell’s equations, as remarked, e.g., in [3,42], whence the importance of
curl-curl problems from a physical point of view. As far as we know, the
first papers dealing with exact solutions to Maxwell’s equations are [75,116],
where the problem is turned in an ODE and treated with ad hoc techniques.
The same approach is used in the series of papers [114,115,117-121].

To the best of our knowledge, the first work on (2.0.1) using variational
methods in R? is due to Benci and Fortunato [29]: they consider the au-
tonomous case and a double-power type nonlinearity, i.e., F'(z,U) = F(U) ~
min{|U|%, |UJP} for some 2 < p < 6 < ¢q. They introduce a series of brilliant
ideas which will be exploited later on by other authors for other curl-curl
problems, such as the splitting of the function space they work with into
a divergence-free subspace and a curl-free subspace and the restriction of
the energy functional to the aforementioned divergence-free subspace via a
“relative minimization” trick that makes use of the strict convexity of F.
Nontheless, such a paper contains a mistake: in order to recover compact-
ness, the authors work with O(3)-equivariant (radial) vector fields, without
realizing that the subspace of O(3)-equivariant and divergence-free vector
fields is nothing but the trivial space {0}.

The second attempt to tackle (2.0.1) is due to Azzollini, Benci, D’Aprile,
and Fortunato [8], once again with an autonomous double-power type non-
linearity. Their strategy consists of the use of two group actions in order to
reduce the curl-curl operator to the vector Laplace operator, which is easier
to handle. First, they consider the group action of SO := SO(2) x {1} on

D (R*R*) = { U e LY(R* R®) | VU € L*(R*,R**®) }
defined by
(gU)(z) := g7 'U(gx) = ¢" U(gz), 2z cR® (2.0.4)
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for every g € SO and every U € D"?(R3 R?), and the subspace Fix(SO)
consisting of the vector fields U € D?(R? R?) which are invariant with re-
spect to this action. They prove (cf. [8, Lemma 1]) that every U € Fix(SO)
decomposes as U = U, + U, + U, where U,(z), U,(z), and U¢(x) are the
orthogonal projections of U(x) onto span(zi,xs,0), span(—zq,x1,0), and
span(0,0,1) respectively for a.e. x = (1,79, 73) € R3. Second, they intro-
duce the action

SU :S(Up‘f—UT—FUc) = —Up+UT _UC (205)
on Fix(SO) and consider the subspace
Dy :={U € Fix(SO) |U=SU },

ie., U(z) = (22 + 23)"Y2u(x)(—xy, 71, 0) for some SO-invariant u: R® — R,
Since the divergence of every element of Dx is identically 0, there holds
VxVxU=V(V-U)—- AU = —AU for every U € Dz and so, using
Palais’s principle of symmetric criticality [90] (Theorem 1.5.1), they reduce
(2.0.1) to

—AU = f(U), UeDsr

and then use a Lions-type lemma as in [69,70] to obtain a nontrivial solution
via a constrained minimization argument in the spirit of [30].

The action S defined in (2.0.5) is also used by D’Aprile and Siciliano |46]
in a somewhat antipodal way, i.e., considering the subspace

{U € Fix(SO) | U=-8U}

and obtaining solutions of the form

U(CL’) T 0
Ur) = =2 | 2y | +0(2) | 0
I1+$2 0 1

for some SO-invariant u,v: R® — R. Since in this case the curl-curl operator
does not reduce to the vector Laplacian, they make use of the tools introduced
in [29] and then find a nontrivial solution similarly to [8].

The first work on a nonautonomous curl-curl problem and without the
use of any symmetry is by Bartsch and Mederski [18], where they investigate
one similar to (2.0.1) but on a bounded domain Q C R3 pairing it with
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boundary conditions that model the case of a medium surrounded by a perfect
conductor (i.e., the electric field on the boundary of the medium is tangential
to it), obtaining the system

{VXVXU—O—)\U:f(xaU) in Q2 (2.0.6)

vrxU=0 on 0,

with A <0 and v: 9Q — S? the outer normal unit vector. As in [29,46], the
authors split the function space they work with into a divergence-free part
and a curl-free part, but then, instead of using a constrained minimization
method, they adopt techniques from [122,123] that exploit a generalization of
the Nehari manifold, which needs not be of class C!. First of all, they split the
divergence-free subspace into two more subspaces, where the quadratic form
induced by the left-hand side of the differential equation in (2.0.6) is positive
definite and negative semidefinite respectively. Next, under some technical
assumptions about F, the generalized Nehari manifold (also known in the
literature as the Nehari—Pankov manifold) is proved to be homeomorphic to
the unit sphere in the subspace of divergence-free vector fields where the
aforementioned quadratic form is positive definite, and this homeomorphism
is utilized as a counterpart of the one obtained with the “relative minimiza-
tion” trick from [29,46]. In addition, since the Nehari-Pankov manifold is
a natural constraint, by a suitable minimization argument the authors find
a ground state solution, i.e., a notrivial solution with minimal energy, as
well as infinitely many solutions with divergent energy. The advantage of
working in a bounded domain is that, despite the presence of the subspace of
curl-free vector fields, which does not embed compactly in any “good” (e.g.,
Lebesgue) function space, a variant of the Palais-Smale condition is satis-
fied, which provides some compactness in the aforementioned minimization
argument.

The same authors generalize in |19] their results by allowing also the
terms on the left-hand side of the differential equation in (2.0.6) to be nonau-
tonomous, obtaining the more generic system

V x (u(z) 'V x U) = V(2)U = f(z,U) in
vxU=0 on 0f),

where now p, V: Q — R*3 and p(z),V(x) are symmetric positive definite

matrices. They relax other assumptions about F', including the ones that
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allow to build a homeomorphism between the Nehari—Pankov manifold and
the unit sphere in a suitable subspace; as a consequence, they build another
one between a larger manifold (i.e., containing the Nehari—Pankov one) and
the whole subspace of divergence-free vector fields where a similar quadratic
form is positive definite, exploiting once again the trick from [29,46] and
obtaining similar results to their previous work [18].

Returning to unbounded domains, the problem

VxVxU+V(r)U= f(z,U) inR? (2.0.7)

is studied by Mederski in [78] with f 1-periodic in = along every direction
and V: R® — R in a suitable intersection of Lebesgue spaces, V < 0. Tools
from [18] and [46] are matched with the Z*-invariance of the problem with
V' = 0 given by the periodicity of f. When V' # 0, this invariance is lost and
a careful analysis of Palais-Smale sequences is needed, including a splitting
result for bounded sequences introduced in [46].

The version of (2.0.7) with the same symmetry as in [8] and F(z,U) =
[(x)|UP/p, 2 < p < 6, is investigated by Bartsch, Dohnal, Plum, and Reichel
in [15], where they build a Nehari-Pankov manifold of class C! and find a
nontrivial solution with minimal energy by minimizing the energy functional
constrained to it. They also consider the case F' < 0, finding a least energy
solution at a negative level as a minimizer of the unconstrained energy func-
tional, and the radially symmetric case for V/I" > 0, where the term V x U
vanishes and — consequently — (2.0.7) becomes an algebraic equation, with

explicit solutions )
V) \72 @
o) =t ()
for some measurable s: ]0, co[ — {£1}.

The first multiplicity result in unbounded domains without any symmetry
assumptions is due to Mederski, the author, and Szulkin [83], where they
obtain infinitely many solutions and a least-energy solution to (2.0.7) for
V' = 0. Some of the techniques are borrowed from [19], others are introduced
therein. They also generalize the double-power type nonlinearities of [8, 29,
46, 78] by means of N-functions and Orlicz spaces. For more details, see
Chapter 3 in this thesis.

In all the papers mentioned so far, except for [15] in the peculiar case
F < 0, the Sobolev-critical exponent 6 (in dimension N = 3) is not dealt
with. The first results in this direction are due to Mederski [81], who considers
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the curl-curl equivalent of the Brezis-Nirenberg problem on bounded domains

[36]
_ 4 :
{VxVxU+)\U—|U|U in O 2.08)

vxU=0 on 0f,

A < 0. His approach makes use of the same symmetry as in [8] together with
a compact perturbation relative to the case A = 0, which leads to a series
of considerations on the difference between the energy functional associated
with (2.0.8) and the one when A = 0. He also obtains additional results in the
Sobolev subcritical case about the continuity and the (strict) monotonicity
of the ground state energy map, i.e., the function that maps A to the least
energy achieved by a nontrivial solution to (2.0.6).
The counterpart of (2.0.8) set in the whole space R?

VxVxU=|UU

is investigated by Mederski and Szulkin in [84], where they find a ground
state solution again with the aid of the Nehari-Pankov manifold. Additional
results in that paper concern optimal constants in Sobolev-type inequalities
involving the curl operator Vx, in R? or in bounded domains. In particu-
lar, they improve the results in [81] as they do not require any symmetry
assumptions.

Multiple entire solutions in the Sobolev-critical case are obtained, for the
first time, by Gaczkowski, Mederski, and the author in [51] combining the
symmetry introduced in [8] with another introduced in [47], which restores
compactness. They also extend rigorously an equivalence result, known for
the classical formulations, that relates the weak solutions to (2.0.1) with the
weak solutions to the Schrodinger equation with singular potential

—Au + ZL = f(z,u) in R?

23+ a3
under some assumptions relating f and f The noncritical case is dealt
with too. For more details, see Chapter 4 in this thesis. Similar equations
appear also in context that are not related to Maxwell’s equations and curl-
curl problems. For instance, in [48, Theorem 3.9] they are the result of the
limiting problem for a nonlinear Schrédinger equation of critical growth with
an external magnetic field, while in [10] they are derived from Schrédinger

equations of the form
v

—Av = g(Jv]) 7~

[l
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assuming that v(z) = u(z)e@*2) 4 > 0, where 6(x1, x5) gives the angle of
the point (xq, ) in the plane { y = (y1,v9,93) € R3 | y3 =0 }.

In the end, we would like to mention the surveys about curl-curl problems
[20,79] and the following two papers, which study cases that are not taken
into account in this thesis: [56], where different symmetries are considered,
and [93], with asymptotically linear nonlinearities.
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Chapter 3

Maxwell’s equations and absence
of symmetry

3.1 Statement of the results

In this chapter, based on [83|, we study the curl-curl problem (2.0.1),
which for the reader’s convenience we rename

VxV xU=VyF(z,U) = f(x,U) in R (3.1.1)

without any hypotheses about the symmetry of the solutions to (3.1.1).
The nonlinearity is controlled by an N-function ®: R — [0, o0[ (cf. (F3)
below) which satisfies the following assumptions:

(N1) @ satisfies the Ay and V5 conditions globally;

d(t D(t
(N2) limﬁ = lim o) = 0;
t—0 6 t—too t0
. D(t)
59l T = o

As a reference about N-functions, which will be rigorously introduced in
Section 3.2, we mention [96]. Note that in [83] it was additionally required
that ® be strictly convex and of class C!.

Now we list our assumptions about the nonlinearity.
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(F1) F: R*xR?® — R is differentiable with respect to U € R? for a.e. x € R3
and f: R3 x R? — R3 is a Carathéodory function. Moreover, f is Z3-
periodic in z, ie., f(z,U) = f(z + y,U) for every U € R? and a.e.
r € R®and y € Z3.

(F2) F is uniformly strictly convex in U, i.e., for every compact K C (R? x
RON{(U,U)|UeR’}

F F
inf (z,0)+ Fz, V) —F(m,U+V> > 0.
x€R3 2 2
(U, V)eK

(F3) There exist ¢1,c2 > 0 such that
[/ (2, U)] < 1@ (JU]) and F(z,U) 2 ®(|U])
for every U € R? and a.e. € R3.
(F4) f(x,U)-U > 2F(z,U) for every U € R? and a.e. z € R3.

(F5) For every U,V € R? and a.e. z € R? such that f(z,U)-V = f(z,V)-
U>0

(f(z,U)-U)* = (f(z,U) -V)Q.

F(z,U) — F(x,V) < 2f(z,U)-U

Under these assumptions, the energy functional defined as
1
EU) = / 5|V x U> — F(z,U) dx (3.1.2)
R3

is well defined and of class C' (see Proposition 3.2.6) in the space

D(curl, @) :={ U e L*(R*R%) | Vx U e L*(R* R’ },

/RS<I>(|U|)d9:<oo}.

Note that, as observed in [77, Remark 3.3 (b)], if F, F: R* x R® - R
satisfy (F1)-(F5), then so does F' 4+ F'. This is not trivial concerning (F5) as
it is not an additive assumption.

where

L*(R3 R?) = { U: R? — R* measurable
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We provide some examples for F. Let G: R* x R — R be differen-
tiable in the second variable ¢, with g := 0,G a Carathéodory function, fix
M € GL(3,R), and define F(z,U) := G(z,|MU|). If G(x,0) = 0 and
t — g(x,t)/t is nondecreasing for ¢t > 0, then F satisfies (F'4) (cf. [122]) and
(F'5).

Now let I' € L*(R3) be Z3-periodic, positive, and bounded away from
0 and let W € CY(R) such that W(0) = W'(0) = 0 and t — W'(t)/t is
nondecreasing for ¢ > 0. If we define F(z,U) := T'(z)W(|MU|?), where
M is as before, then (F1), (F2), (F4), and (F5) hold. If we take W (t?) =
(1+[t|)P/2—1) /p or W (t?) = min{|t|?/p—1/p+1/q, |t|?/q}, then (F3) holds
too with ®(t) = W (#?). Note that such ®’s are models for the double-power
type nonlinearities considered in [8,29,46, 78|.

We observe the following: if W’ is constant on [a, b] for some 0 < a < b <
00, then (take for simplicity M as the identity matrix)

(f(z,U)-U)* = (f(z,U) - V)?
2f(z,U)-U

0< F(z,U) - F(z,V) =

for every U € R? and V € span(U) such that a < |V] < |U| < b, therefore
the stronger variant of (F5) [78, (I'5)] (see also [18, (F'7)]) is no longer satisfied
and we cannot make use of techniques relying on a minimization over the
Nehari-Pankov manifold

N :={ U e D(curl,®)\ {0} | E'(U)(U) = E'(U)(Vy) = 0Vp € C>(R?) }

as in |18, 78] (see also [122,123]). Note that 91 needs not be a differentiable
manifold because in general E is only of class C*.

In addition, we allow nomnlinearities that do not fit in the double-power
case. If

W) - L2 — 1) In(1+ Jt]) — 22+ 3¢ if |t > 1
B2(Jt7 ~1) + if ] <1

for some ¢ > 6 and

FaU) = {F(a:)ln(1+|U|)U if ¢ > 1 (313)

n20(x)[Ul2U0  if |t < 1,
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then (F1)-(F5) hold, but F' cannot be controlled by any N-function related
to the sum of two suitable Lebesgue spaces, as it is the case with a double-
power behaviour. Moreover, there exists no n > 2 such that F' satisfies the
classical Ambrosetti-Rabinowitz condition [5]

f(z,U)-U >nF(z,U) >0

if |U| > 1.
Another example is given by F(x,U) = I'(x)®(|U|), where (0) = 0 and

W28 (g > 2

16Int
Pty =<t , if 1<t <2 (3.1.4)
Th f0<[tf <1

Once again, such F' does not satisfy the Ambrosetti-Rabonowitz condition
for 1 < |U| < 2. Furthermore, ® satisfies (N2), but

o) . B(1)

t—=4o0 |t|p _t~>0 |t|q

for every 2 < p < 6 < ¢, which is not the case (concerning the limit at zero)
for a similar example given in [83, page 256], where lim, o ®(¢)/]t|*™ = 0
for sufficiently small ¢ > 0. We point out that, in the last two examples, it
is convenient to use Lemma 3.2.2 (i) to check (N1).

The main result of this chapter reads as follows.

Theorem 3.1.1. Assume that (F1)-(F5) hold.

(a) There exists a ground state solution to (3.1.1), i.e., U € N such that
E'(U) and
E(U) = inf

(b) If, moreover, F is even in U, then there erists an infinite sequence
U,, € M of geometrically distinct solutions to (3.1.1), i.e., (Z* xU,) N
(Z3 % U,,) = 0 for every n # m, where

Z2xU={U(+2z2)|2z€Z}.
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Instead of working directly with 91, we make use of a second subset of
D(curl, @), i.e.,

M = { U € D(curl, ) | E(U)(Vy) = 0¥y € C(R?) },

which clearly contains 91. A very important property of 91 is that E’ is
weak-to-weak™ continuous when restricted to it, because it allows to find a
solution to (3.1.1) as a weak limit point of a Cerami sequence, which is later
proved to be a ground state solution.

3.2 Functional and Orlicz setting

In the first part of this section, we recall a series of basic facts about
N-functions and Orlicz spaces. Our discussion is based on [96].
A function ®: R — [0, o[ is called an N-function (or nice Young function)
if and only if it is even, convex, and
bt bt
O(t)=0<1t=0, limﬁzt), limﬁzoo

t—=0 ¢ t—soo

Given an N-function ®, we can define a second N-function as
U(t) =sup{s|t|—P(s)|s>0}.

VU is called the complementary function to ® and (P, V) is called a comple-
mentary pair of N-functions. Recall from [96, Section 1.3] that ®" and W’
exist a.e.t, U/(t) = inf{s > 0: ®'(s) >t} for t > 0, and ¥ can be expressed
as

[¢]
\I/(t):/o U'(s)ds.

We recall from [96, Section 2.3] that ® satisfies the Ay condition globally
(denoted ® € A,) if and only if there exists K > 1 such that for every ¢t € R

O(2t) < KD(t)

(here 2 can be replaced by any constant a > 1), while ® satisfies the V,
condition globally (denoted ® € V,) if and only if there exists K’ > 1 such
that for every t € R

O(K't) > 2K'D(t).

'In fact, @ and ¥’ exist everywhere if we define them as the left (or right) derivatives.
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When the inequalities above hold for every sufficiently large |¢|, we say that
® satisfies the Ay or Vo conditions locally.
/ ¢(|U|) dz < o0 }
R3

The set
is called the Orlicz class relative to @ and needs not be a vector space,
because it nees not be closed under moltiplication by a scalar. In order to
have a vector space, we need to consider the set

L? := L*(R*,R?) := { U: R® - R® measurable |Ja>0:aU€ L®},

L® = LR R?) := { U: R® — R® measurable

called the Orlicz space relative to ®. The property of £L® being a vector space
is related to @ satisfying the A, condition. More precisely, £L®(R? R3) =
L*(R3,R3) if and only if ® € A, (cf. [96, Theorem TI1.1.2]).

Identifying functions equal a.e., L® becomes a Banach space (cf. [96,
Theorems II1.I1.3 and IIL.II1.10]) if endowed with the norm

|U|¢::inf{a>0‘/ @(M) dxgl}.
R3 «

One can define an equivalent norm (cf. [96, Proposition III.II1.4]) as

|U|p,1 :=sup { / U||V| dr |V € L? and /
R3

R3

Here and in the sequel, ¥ stands for the complementary function to ®.

Finally, if ® € A, then L® is separable (cf. [96, Theorem II1.V.1]) and
its dual space is LY (cf. |96, Corollary I1V.1.9]); if, moreover, ¥ € A,, then
L? and LY are reflexive (cf. [96, Theorem IV.I.10]). As usual the equality
(L®) = LY is meant as an isometric isomorphism, where the norm on (L%)’
is induced in the standard way from the one in L*. However, if we consider
the norm | - | in L®, then such an isometry holds if we consider the norm
| - |g1 in LY; similarly if we consider the norms |- |¢; and | - |g.

We point out that the results in [96] are given for scalar vector fields.
Nonetheless, this is irrelevant in view of the following lemma. For ) C R?
measurable define

U(|V|)de <1 }

L*(Q) = { u: 0 — R measurable

/ O (|au|) dz < oo for some a > 0 }
Q

and, with a small abuse of notation, endow it with the norm |- |4 defined as
before.

42



Lemma 3.2.1. L* = L*(R3)? and their norms are equivalent.

Proof. For U € L*(R*)* we use the norm |Ulp3 1= max;eq1 23y |Ui|e, with
U = (Uy, Uy, Us). Since @ is increasing on positive numbers, for every k > 0

Ag@(liil>dx343¢(%) in.

hence, if the second integral is less than 1, so is the first one. Taking the
infimum over k& > 0 we obtain |U;|es < |Uls for every i € {1,2,3} and
|U|g3 < |U|g. In particular, L*(R3)® C L®.

On the other hand, since ® is convex,

U] ¢ / 3|Ui| / 3max;—1,23 |Uj|
Pl — |de <= d dr < d = d
/Rs (k x—3; - k)= L k “

so |Uls < 3max;—;123|Uils = 3|U|p3 and, in particular, L* C L*(R?*)3. O

We conclude this series of recalls with the following properties.
Lemma 3.2.2. (i) The following are equivalent:

- P e Ay,
there exists K > 1 such that t®'(t)
there exists K' > 1 such that tV'(t)
- VeV,

) for every t € R,

< Ko(t
> K'U(t) for every t € R,

(ii) For every U € L*, V € LY there holds

/3 UlIV]dz < min{[Ule1|V]w, [Ule[Vl]w1}-
R

(iii) Let U,, U € L*. Then |U, — Ule — 0 implies that [y, ®(
Ul)dz — 0. If ® € Ay, then [4 ®(|U, — U|)dx — 0 implies |U —
U|<p — 0.

(iv) Let X C L®. Then X is bounded if { [z ®(|U|)dz | Ue X } is
bounded. If ® € Ay, then the opposite implication holds.
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Proof. (i) follows from [96, Theorem IL.ITL.3|, (%) follows from [96, Formula
(ITLIIT.17)], (iit) follows from [96, Theorem IIL.IV.12]|, (iv) follows from [96,
Corollary IIL.IV.15]. O

From now on, we assume (F1)-(F5) and (N1)-(N3) hold and & denotes
the N-function mentioned in the assumption (F3).

We recall that D(curl, @) is the completion of C2°(R?, R?) with respect to
the norm

|Ulcans := /IV x U + U

The subspace of divergence-free vector fields is defined as

V= { U € D(cutl, @) ‘ U - Vipdz = 0 for every ¢ € C°(R?) }

R3

={UeD(cwul,®) | V- U=0},

where the divergence of U is understood in the distributional sense. As usual,
let D := D"?(R3,R3) be the closure of C2°(R3, R?®) with respect to the norm
|U|lp = |[VU]Jy. Finally, let W be the closure of { Vo | ¢ € C°(R3) } in L?.

Lemma 3.2.3. L°(R3 R3) is continuously embedded in L.

Proof. In view of (N2), there exists C' > 0 such that ®(¢t) < C|t|® for every
t € R, therefore we can conclude by Lemma 3.2.2 (4ii). O

The following Helmholtz decomposition holds.

Lemma 3.2.4. V and W are closed subspaces of D(curl, ®) and
D(curl,®) =V W. (3.2.1)
Moreover, V C D and the norms || - ||p and || - ||cun,e are equivalent in V.

Proof. Let w € W and ¢, € C°(R3) such that |w — V,|es — 0. Then for
every ¢ € C°(R?, R?)

/w-wadm:hm Vo, Vxipde=1lim [ Vx (Vg,)- -vdr=0
R3 n R3

n R3

where we have used Lemma 3.2.2 (4) and the fact that V x ¢ € LY. Hence
V x w = 0 in the sense of distributions and ||w|cu10 = |w|e. Therefore
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W is closed in D(curl, ®); moreover, it is easily checked that V is closed in
D(curl, ).

Now, take any U € D(curl, ®) and ¢, € C>°(R* R?) such that ¢, — U
in D(curl, ®). Let o2 € C*°(R3) be the Newtonian potential of V - ¢, i.e.,
@2 solves Ap? = V - p,. Note that the derivative 9;p? is the Newtonian
potential of V - 9;p,. Since ¢, € C°(R3), then by [58, Proposition 1], V2
and V(0;p2) € L"(R3R3) for every r €1, 00[. Hence from Lemma 3.2.3

V? € LS(R3 R?) C L®
and ¢! := ¢, — V2 € L?. Moreover, o, 0;pL € L"(R? R3). We also have
V x ol =V x ¢, and V- pl = 0 pointwise. Using these two equalities and

integrating by parts we obtain |[Vpl|s = |V X @l = [V X @,]z. It follows
that for every m,n

|V(S0717, - 3071n)|2 = |v X (90:7, - 907171)|2 = |V X (9071 - (,Om)|2 < ||<;0n - @m”curl,{)a

thus ¢} is a Cauchy sequence in D. Let v := lim,, ¢}, in D. Then

/ U-Vapdx:hm/ ol -Vodr =0

R3 n JRr3

for every ¢ € C°(R?), hence V- v =0 and v € V. Moreover,
[V % (gn =)l = V(e = )2 = 0,

so ¢l — v in D(curl,®) and V2 = ¢, — p- — U — v in D(curl, ®). Since
W is closed in D(curl, @), then U — v € W and we get the decomposition

U=v+(U—-0v)eV+W.

Now take U € VN W. Then V x U = 0, so by [63, Lemma 1.1 ()],
U = V¢ for some € € I/Vli’f(]RS). Since V-U = 0, £ is harmonic and therefore
so is U. Hence

0=—[ U-AUdr= | |VU]*dx
R3 R3
and so U =0, thus VN W = {0} and we obtain (3.2.1).
The equivalence of norms follows from Lemma 3.2.3. O
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In view of Lemmas 3.2.3 and 3.2.4, V is continuously embedded in L®.
We introduce a norm in )V x W by the formula

1w, w)ll == \/llollp + wlg.

We also define a functional on ¥V x W that is the counterpart of E, defined
in V@& W = D(curl, ®), as

1
(v, w) ::/ SV — Fo, 0+ w)dr.
R3

In order to prove that J € C1(V x W), we need the following result.
Lemma 3.2.5. There exists C' > 0 such that for everyt € R

U (P'(t) < CP(2).
In particular, if U € L%, then ®'(|U|) € LY.

Proof. Since ® € A, from Lemma 3.2.2 (i) and |96, Theorem L.IIL.3] there
holds
U (P'(1)) =tP'(t) — D(t) < (K — 1)D(¢). O

Proposition 3.2.6. J € C'(V x W) and
J (v,w)(v' W)= [ Vv -Vu' = flz,v4+w)- (' +u')dz
R3
for every v, v € V and every w,w’ € W.

Proof. From Lemma 3.2.3, the proof is complete if we prove that I € C*(L?),
where I(U) := [os F(2,U)dz, and I'(U)(V) = [zs f(z,U) - Vdz for every
U,V e L® Let UV € L* and t # 0 (we can assume |t| < 1). Then

I[(U) - ]t(U +tV) %/R F(z,U) - F(z,U + tV)dx

= flz,U+0tV) - Vdx

RS

for some 0 = (t) € [0, 1]. Since f is a Charatéodory function, for a.e. x € R?

1lti_r}é f(z,U(z) + 0tV (2)) - V(z) = f(z,U(z)) - V().
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Moreover, from (F3) and the monotonicity of ¢’
|f(z, U+ 0tV) - V| < ;@ (JU+ 0tV |)|V| < @ (|U| + [V])| V| € L' (R?)

owing to Lemmas 3.2.2 (%) and 3.2.5. In view of the dominated convergence
theorem, I'(U)(V) = [z f(2,U) - Vdz. In addition, the same argument
proves that, for a fixed U € L?, the linear map

Vel I'(U)(V)eR

is continuous. Now we prove that I’ € C(L?, L") (recall that LY ~ (L®)).
Let U, — U in L*. We want to prove that lim, |f(-,U,) — f(-,U)|lg = 0,

or equivalently
f(Un) = f(U)
201

lim
n

=0,
)

where ¢; is the same as (F3). In view of Lemma 3.2.2 (iii), this is the same
as proving that

n R3 2C1

By the same classical argument used for Lebesgue spaces (see, e.g., [97, Proof
of Theorem 3.11]) together with Lemma 3.2.2 (%), U,, — U a.e. in R® up to
a subsequence, hence U (|f(-,U,) — f(z,U)|/(2¢1)) — 0 a.e. in R®. With the
intent to use again the dominated convergence theorem, from (F3), Lemma
3.2.5, and the convexity of ¥ we have

v (‘f(nyn) — f(z,U) D < (<I>’(|Un|) - <I>’(|U|))

2C1 2

_ Y(2([U.]) + w(@'(U])

- 2

< 2(U.]) + ¢(U])

- 2
and ®(2|U,—-U o(2|U

2 2
Finally, since ®(2|U,, — U]) — 0 in L'(R?), from [129, Lemma A.1] there
exists g € L'(R?) such that ®(2|U,, — UJ) < g for every n. O
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We conclude this section with the variational formulation of (3.1.1) and
showing the “equivalence” of the functionals £ and J.

Proposition 3.2.7. If U = v+w € VGW, then the following are equivalent:
(i) (v,w) is a critical point of J;
(1) U is a critical point of E;
(111) U is a (weak) solution to (3.1.1).
Proof. For the first equivalence, let U = v +w’ € V & W. Then we have
flz,v+w)- (W +w)de= [ f(z,U)-Udzx
R3 R3
and, since Vxw =V xuw' =0,
/va~V><v’dx: VxU- -V xUdzx
R3 R3
so that
Vxv-Vxivde= [ flz,v+w)  (v+u')dx
R3 R3

& [ VxU-VxUde= | f(z,U)-Udx
R3 R3
and the conclusion follows from Lemma 3.2.4. For the second equivalence we
just need to observe that for every ¢ € C°(R? R3)

VxU-Vxpdr= U.-V xV xopdz. [

R3 R3

3.3 An abstract critical point theory

We recall the abstract setting from [18,19]. Let X be a reflexive Banach
space with norm || - || and a topological direct sum decomposition X =
X @ X, where X7 is a Hilbert space with scalar product (-|-). For u € X
we denote by vt € X and u~ € X~ the corresponding summands such that
u=u"4u". Weassume ||ul®* = |u"|*+|u"||* = (uT|u’) + ||u"|* for every
u € X. The topology T on X is defined as the product of the norm topology
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in Xt and the weak topology in X~. Thus u, Towis equivalent to u — u™
and u, — u".
Let J: X — R be a functional of the form

1
J(u) = §|lu+||2 — I(u)
for some I: X — R. The set
M:={ueX| J’(u)lX— =0}={ueX| I’(u)\X— =0}

obviously contains all the critical points of J. Suppose the following assump-
tions hold.

(I1) T € CY(X) and I(u) > I1(0) = 0 for every u € X.

(I2) If w, 7y u, then liminf, I(uy,) > I(u).

(I3) If u, Ty 4 and I(u,) — I(u), then u, — u.

(I4) Ju™|| 4+ I(u) — oo as ||u|| — oo.

(I5) If u € M, then I(u) < I(u+v) for every v € X~ \ {0}.

Clearly, if a strictly convex functional I satisfies (I4), then (I12) and (I5)
hold. Observe that for every u € X+ we define m(u) € M as the unique
global maximizer of J|,px-. Note that m needs not be C! and M needs
not be a differentiable manifold because I’ is only required to be continuous.
Recall from [19] that J satisfies the (PS)7-condition on M if and only if each
(PS).-sequence u,, € M has a subsequence converging in the 7T-topology. In
order to apply classical critical point theory to Jom : XT — R like the
mountain pass geometry we need some additional assumptions.

(I6) There exists r > 0 such that a := X1+an | J(u) > 0.
ue Suwl|=r
I(t,up, )
(I7) (tQU ) — o0 if t, — 0o and u,f — ut # 0.

n

According to [19, Theorem 4.4|, if (I1)—(I7) hold and

:= inf J(~v(t
¢m = Inf max (v(1)),
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where
Ii= { v € (0,1, M) [ 1(0) = 0, [4(1)*]| > r, and J(y(1)) <0},

then cpq > a > 0 and J has a (PS).,,-sequence u,, € M. If, in addition,
J satisfies the (PS)] -condition in M, then ¢y is achieved by a critical
point of J. Since we look for solutions to (3.1.1) in R? and not in a bounded
domain as in [19], the (PS)7 -condition is no longer satisfied. We consider
the set

N={ueX\X | J(u)lgwox- =0}
:{uGM\X”J/(u)(u):O}CM,

which clearly contains all the nontrivial critical points of J, and require the
following condition on I:

2 —1

(I8) I'(u)(u) + I(u) — I(tu+v) <0 foreveryu e N, t >0,ve X .
In [18,19] it was additionally assumed that the strict inequality holds if u #
tu+v. This stronger variant of (I8) implies that for every u™ € X\ {0} the
functional J has a unique critical point n(u™) on the half-space Rtu* 4+ X .
Moreover, n(u™) is a global maximizer of J on the space Ru™ + X~ the map

n: {ut e Xt ||ut|=1} >N

is a homeomorphism, the set A is a topological manifold, and it is enough to
look for critical points of J on. This is the approach of [122,123]. However,
if the weaker condition (I8) holds, this procedure cannot be repeated. In
particular, A" needs not be a manifold. However, the following holds.

Lemma 3.3.1. If u € N, then u is a (not necessarily unique) mazimizer of
J on Rtu+ X~

Proof. Let u € N. In view of (I8), we get by explicit computations

2

J(tu+v):J(tu—|—v)—J'(u)( u+tv) < J(u)

for every t > 0 and every v € X . n
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Let
J=Jom: X" = R.
Before proving the main results of this section, we recall the following prop-

erties from [19, Proof of Theorem 4.4]. Note that (I8) was not used there.

(i) For every u™ € X there exists a unique u~ € X~ such that m(u™) :=
ut +u~ € M. This m(u™) is the minimizer of I on ut + X ™.

(i) m: Xt — M is a homeomorphism, its inverse being u € M — ut €
XT.

(iii) J = Jom € CH(XT,R).

(iv) J'(u™) = J'(m(u"))|x+: X — R for every ut € X*.
Property (i) was already discussed earlier. We will also need the following
property.
Lemma 3.3.2. Let X be a k-dimensional subspace of X+. Then J(u) —

—o0 whenever ||u|| — oo and u € Xj.

Proof. Tt suffices to show that each sequence ;" € X}, such that |lu}] — oo
contains a subsequence along which J tends to —oco. Let w! = t,v, with
|lvn]] = 1 and set m(u)}) = w} +wu, € M. Then, passing to a subsequence
and using (I7), we obtain

I(t, (v, —ty,
T(twvn) _ 1 I(ta(vnt+ui/tn)) -
2 2 2

In view of (I4), it is clear that if u, is a bounded Cerami sequence for
J, then m(u,) € M is a bounded Cerami sequence for J. We introduce the
set Np == {we X"\ {0} | T (u)(u) =0}, ie., the Nehari manifold for 7.
Denote cy;, := infy, J.

Theorem 3.3.3. Suppose J € C(X) satisfies (11)-(18). Then:

(a) cpm > a >0 and J has a Cerami sequence u, € X+ at the level cp.

(b) cpm = cn i=infy J.
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Proof. (a) Set
¥:={0€C(0,1],X") | 0(0)=0,[lc(1)] >r,T(c(1)) <0}. (3.3.1)

Observe that J has the mountain pass geometry and I' and X are related
as follows: if v € ', then 4" € ¥ and J(7(t)) = J(y"(t)); if o € %, then
moo €I and J(o(t)) = J(m(o(t))). Hence the mountain pass value for
J is given by

cm = inf max J(m(o(t))) = inf max J(o(t)) > a > 0. (3.3.2)

o€eX te[0,1] o€X te[0,1]

The existence of a Cerami sequence u, € X for J at the level cy then
follows.

The map v — m(u) is a homeomorphism between Ny and A and, since
J(u) = J(m(u)), cn, = ey For u € X\ {0}, consider 7 (tu), ¢ > 0. From
Lemma 3.3.2, J(tu) — —oo as t — co. Hence max;~o J (tu) > a exists. If
tiu, tou € Ny, then m(tiu), m(tau) € N, so from Lemma 3.3.1, J(tyu) =
J (tau). Consequently, there exist 0 < tpin < tmax such that J(tu) € N if
and only if ¢ € [tmin, tmax] and J(tu) has the same value for those ¢. Hence
J'(tu)(u) > 0for 0 < t <ty and J'(tu)(u) < 0 for t > tyax. It follows that
Xt \ Ny consists of two connected components, hence each path in ¥ must
intersect Ny. Therefore cpq > cpp. Since cn, = infy,ex+\ oy maxso J (tu),
(3.3.2) implies cpq = cn, = cn. Note in particular that J > 0 on B,
where 7 is given in (I16), so the condition [|o(1)|| > r in the definition of 3 is
redundant because it must necessarily hold if 7 (o(1)) < 0. O

Since cpn, = e = e > 0, N is bounded away from 0 and hence closed
in X*, while N is bounded away from X~ and hence closed in X.

For a topological group acting on X, denote the orbit of u € X by G * u,
ie.,

Gxu:={gu|geG}.

A set A C X is called G-invariant if and only if gA C A for all g € G.
J: X — R is called G-invariant and T: X — X' (or T: X — X) G-
equivariant if and only if J(gu) = J(u) and T'(gu) = g7 (u) for all g € G,
ueX.

In order to deal with multiplicity of critical points, assume that G is a
topological group such that
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(G) G acts on X by isometries and (G'xu)\ {u} is bounded away from u for
every u # 0. Moreover, J is G-invariant and X+, X~ are G-invariant.

Observe that M is G-invariant and m: X+t — M is G-equivariant if (G)
holds. In our application to (3.1.1) we have G = Z? acting by translations.

Lemma 3.3.4. For all u,v € X there exists d = d,, > 0 such that ||gu —
hv|| > d for every g,h € G satisfying gu # hv. Moreover, d,, only depends
on the orbits of u and v.

Proof. Since gu # hv, u and v are not both 0 and we can assume u # 0. If
v € G xu, then g~ 'hv € G % u and the claim follows from (G). If v € G x u,
then we can assume that v minimizes the distance from u to G * v, thus it
suffices to take d := 3||u — v||. As for the last part, let & = e;u and v = esv
for some ey, e5 € G. If g, h € G are such that gu # hv, then setting g = ge;
and h = hey we have gu # hv and ||gii — ho|| = ||gu — hv|| > dy..- O

We will use the notations

jﬁi:{UGX+’j(u)§ﬁ}7 ja::{ueXJr’j(u)za},
Jl=J.nT? K={ueX"|J(u=0}.

Since all the nontrivial critical points of J are in N, it follows from Theorem
3.3.3 that J(u) > a for all u € K\ {0}.

We introduce the following variant of the Cerami condition between the
levels o, B € R, a < .

(M)5  (a) There exists M? > 0 such that limsup, ||u,|| < MP for every
u, € X satisfying (1 + ||u,||) T’ (u,) — 0 and

a < liminf J (u,) < limsup J(u,) < 5.

(b) Suppose, in addition, that the number of critical orbits? in 77
is finite. Then there exists mg > 0 such that if wu,,v, are two
sequences as above and there exists ng > 1 such that [Ju, —v,|| <
mp for every n > ng, then liminf, ||u, — v,|| = 0.

Note that if J is even, then m is odd (hence J is even) and M is sym-
metric, i.e., M = —M. Note also that (M)? is a condition on J and not on
J. Our main multiplicity result reads as follows.

2A critical orbit is the orbit of a critical point.
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Theorem 3.3.5. Suppose J € C*(X) satisfies (11)-(I8) and dim(X ") = cc.

(a) If (M)M* holds for some e > 0, then either cyq is attained by a critical
point or there exists a sequence of critical values ¢, such that ¢, > cp
and ¢, — Capq a8 N — 00.

(b) If (M)5 holds for every 8 > 0 and J is even, then J has infinitely many
distinct critical orbits.

By a standard argument (cf. [109, Lemma I1.3.2], [129, Lemma 2.2|) we
can find a locally Lipschitz continuous pseudo-gradient vector field V': X\
K — X associated with 7, i.e.,

V)] <1
T (w) (V) > 17w

for every u € X\ K. Moreover, if J is even, then we can assume V is odd.
Let n: G — X\ K be the flow defined by

On(t,u) = =V(n(t, u))
n(0,u) =u

where G := { (t,u) € [0,00[x(XT\K) |t <T(u)} and T(u) is the maximal
time of existence of n(-, u). Recall that J is decreasing along the trajectories
of n, i.e.

ue Xt and 0<s <t <T(u)=T(n(s,u)>T(ntuw)).
We prove Theorem 3.3.5 by contradiction. From now on we assume:
There is a finite number of distinct critical orbits { G *u | u € K }.

Lemma 3.3.6. Suppose (M)5 holds for some 8> 0 and let u € JP\K. Then
either limy_,pw)- 1(t,u) exists and belongs to K or limy_,puy- J(n(t,u)) =
—o00. In the latter case, T'(u) = oco.

Proof. Suppose T'(u) < oo and let 0 < s <t < T'(u). Then

In(t,u) —n(s,u)|| < / |V (n(r,w))|| dr <t—s.
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Hence the limit exists and, if it were not a critical point, then (-, u) could
be extended for ¢t > T'(u).

Suppose now T'(u) = oo and J(n(-,u)) is bounded from below. We
distinguish three cases:

(i) t~— n(t,u) is bounded,
(ii) ¢+ n(t,u) is unbounded but ||n(t, u)| /4 oo,
(iif) [[n(t, w)|| — oo

(i) We follow an argument in [122]. We will show that for every ¢ > 0
there exists t. > 0 such that ||n(t.,u) — n(t,u)|| < e for all ¢ > t. (this
implies lim; ,o, (¢, u) exists and so, as before, it is a critical point). Ar-
guing by contradiction, we can find ¢ €]0,mj/2[, R > 0 and t, — oo
such that ||n(t,,u)| < R and |n(t,,u) — n(t,i1,u)|| = e for all n. Let
t! be the smallest t €]t,,t, 1] such that |n(t,,u) — n(tl, u)|| = ¢/3 and
t2 the largest t €|tl ¢, 1] such that |[n(t,1,u) — n(t3,u)|| = /3. Set
Ky = min { |7’ (n(t,w))| | t € [ts.t] } > 0. Then

th
5 = It = atwl < [V (ate.w) | de < 1},
tn

< 27 e ) (V nlt, ) dt = (T (e, ) — T (n(th 1))

Kn Jt, Kn

Since J(n(tn,u)) — J(n(th,u)) — 0, also k, — 0, hence we can choose
st € [tn,tl] such that, if u, := n(sl,u), then J'(u, ) — 0. Since ||n(sk, u)| is
bounded, u,, is a Cerami sequence. A similar argument shows the existence
of v, :=n(s2,u), s2 € [t2,t,41], such that J'(v,) — 0. Hence

B

o . 2
< liminf ||u, — v,| < lmsup ||u, —v,]| < e+ 3¢ < Mo,
n n

Wl M

a contradiction to (M)5(b).
(ii) Observe that there are no Cerami sequences in X+ \ B s at any level
0

a € [0, 4] according to (M)2(a). Since n(t,u) is unbounded but ||n(t, u)|| 4
00, there exists R > MOB such that n(t,u) € Bg for arbitrarily large ¢ > 0.
Then we can find t,,t} so that ¢, — oo, ||n(t,,u)|]| = R+ 1 and ¢! is the
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smallest ¢ > ¢, with ||n(¢,u)|| = R. We can also assume that ||n(s,u)| < R+1
for s € [t,,tl]. Let k, be as above. Then

nsy in

1< lnteh, w) = el < (7 (ol w) — T ((th, )
and hence k, — 0. So we see that there exists u, = n(sl,u), sl € [t,,t}],
such that R < [ju,|| < R+1 and J'(u,) — 0. Thus we have found a Cerami
sequence in X\ B(0, M) which is impossible. This shows that case (ii) can
never occur.

(iii) There exist Ry > 0 and 6 > 0 such that ||J'(v)|| > 6/||v|| when-
ever |[v]| > Ry and v € J7, because otherwise there exists an unbounded
Cerami sequence. Choose ty > 0 so that ||n(t,u)|| > Ry and J (n(to,u)) —
j(n(t,u)) < ¢/8 for t > to. For n > 1 let t, > to be the smallest ¢ such
that [|n(t, u)|| = n and let &, := min { |7’ (n(t,u))| | t € [to,ts] }. From the
choice of t,,

) )
Kp 2> min = .
teliota] |0, W)l (In(tn, w)

It follows from the same argument as above that for n > 1

St )| < (b, ) = nlto,u)| < (7 (afto, w)) — T (ot )

n

< e, wll (T (0, 0)) — T (aft0,)) ) < e, )]

This is a contradiction and hence also case (iii) can be ruled out. O
Let A:={AC X" |A=—A and A is compact },

H:={h: X* - X* odd homeomorphism | J (h(u)) < J(u)Vue X"},

and for A € A set

i"(A) = Ergr{l’y(h(A) ns,)

where 7 is as in (I6) and ~ is the Krasnosel’skii genus. This is a variant of
Benci’s pseudoindex [12, 28] and the following properties are adapted from
[103, Lemma 2.16].

Lemma 3.3.7. Let A,B € A.
(i) If A C B, then i*(A) <i*(B).
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(ii) i*(AU B) < i*(A) 4+ v(B).
(iii) If g € H, then i*(A) < i*(g(A)).

(i) For every k-dimensional subspace Xy C X there exists Ry > 0 such
that Z*(Xk N BR) Z k ZfR 2 Ro.

Proof. (i) Tt follows immediately from the properties of the Krasnosel’skii

genus.
(ii) For every h € H

i"(AUB) <y(MAUB)NS,) = 7((h(A) Uh(B)) N ST)
<(R(A) N S;) +7(h(B)) =~ (R(A) N S,;) +~(B)

where in the last equality we used that h is a homeomorphism. Taking the
minimum over all 4~ € H on the right-hand side we obtain the conclusion.

(ii) Since J (g9(u)) < J(u) for allu € X, hog € H if h € H. Hence
{hog|heH} CH and therefore

miny(h(4) N S,) < miny((hog)(4)NS,).

(iv) Since the statement is obviously true for & = 0, we can assume that
k > 1. From Lemma 3.3.2, J(u) < 0 on Xj \ Bg if R is sufficiently large.
Let D := X, N Bg. Suppose by contradiction that i*(D) < k and choose
h € H such that v(h(D)N S,) < k.

If k =1, then v(h(D) N S,) = 0, i.e., h(D) NS, = @. Therefore either
|h(u)|| < 7 for every w € D or ||h(u)|| > r for every u € D. Since h(0) = 0,
the latter is ruled out. If w € 0D = Xj N Sk, recalling that J(v) > 0 for
every v € B,, we then have 0 < j(h(u)) < J(u) <0, a contradiction.

If £ > 2, fix an odd mapping

f:h(D)NS, — R\ {0}

Let U := h™'(B,N X ") N Xj. There follows that U C D\ D and hence U is
an open and bounded neighbourhood of 0 in Xj. If u € U, then h(u) € S,
and therefore f o hl|gy: OU — R*1\ {0}, contradicting the Borsuk-Ulam
theorem [109, Proposition I1.5.2], [129, Theorem D.17|. O
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Proof of Theorem 3.3.5. (a) Suppose that J has no critical values in [crq, cpq+
go] for some gy €]0,e]. Thus J has only the trivial critical point 0 in
Jemteo - Take u € JMTe0 and observe that, from Lemma 3.3.6, either
limy - n(t,w) = 0 or limy_,p,- J(n(t, u)) = —o0o. Hence we may define
the entrance time map e : JM — [0, oo by the formula

e(u) :=inf {t € [0, T(w)[ | T (n(t,u)) <cm/2}.
Take any o € ¥ such that

J(o(t)) <cm+eo foralltel0, 1],

)

where ¥ is given by (3.3.1). Since e is continuous, &(t n(e(o(t
a continuous path in X+ such that 7 (5(1)) < j( (1 )) < 0. Hen
and

25

o

cm = inf sup J(o'(t)) < sup J(6(t)) < /2.
a'€¥ ¢e0,1] te[0,1]

The obtained contradiction proves that either c,, is a critical value or for
every gg € )0, ¢] there exists a critical value in |epq, caq + €0
(b) Take > a and let

KPf={ueK|Ju)=45}.
Since there are finitely many critical orbits, there exists ¢y > 0 such that
B+e B
KnJgs_, =K.

In view of Lemma 3.3.4, there exists § €10, mZ ™[ such that B(u,d) N
B(v,0) = 0 for every u,v € K?, u # v. We show there exists ¢ €]0,¢]
such that

lim J(n(t,u) <B—¢ for every u € J51\ B(K?,9). (3.3.3)

t—T(u)~

We assume K” # (), the other case being trivial. Consider the set

Ao::{uejﬁJrgo\B(lCﬂ 9) | lm (¢, u)E/Cﬁ}

t—T(w)~
For every u € Ay we define
to(u) :==1inf { t € [0, T(u)[ | n(s,u) € B(K”,8) for all s >t },
t(u) :==inf { ¢ € [to(u), T(w)[ | n(t,u) € B(K”,6/2) }
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and note that 0 < tg(u) < t(u) < T'(u). There holds

N S

< It ) = ottt < |1V

< t(u) — to(u).

(3.3.4)

Let
pi=inf { |7 (n(t,w)] | v € Ao, t € [to(w), t(w)] }.
If p =0 then we find u,, € Ay and t,, € Jto(u,), t(u,)[ such that
I (n(tn, un)) — 0 as n — oco.

Since t,, > to(u,), we have n(t,,u,) € B(K?,§) and passing to a subsequence
we can find ug € K? and g, € G such that

G (tn, un) € B(ug, 0).

Since t,, < t(u,), we see that
Gui(tn, 1) & BUCP,6/2).

Let w,, := ug, v, := guN(tn, u,). Then w, and v, are two Cerami sequences
such that /2 < |lu, — wu|| < 6 < mi™, a contradiction. Therefore p > 0

and we take
) op
£ < min {50, g}

Now let u € 757\ B(K?,6) and suppose by contradiction that

lim  J(n(t,u)) > B —e¢, (3.3.5)

t—T(u)~

which owing to Lemma 3.3.6 yields lim, )~ n(t,u) € KP, ie., u € A,.
Since

7 (nltw).w) = 7 (o)) = -

o(u)

1 t(u)
<3 | I @)

t(u)

T (n(s,u)) <V(77(3, u))) ds



we obtain using (3.3.4)

t—T(u)~

t(u)
lim J(n(t,u))gj(n(t(u),u))§ﬁ+€—%/ )HJ’(U(S»U))HCZS

to(u
J
<B+4+e— Zp < f—c.
This contradicts (3.3.5), hence (3.3.3) holds.
Define
B = inf  maxJ(u), k=1,2,...

 AeA i (A)>k ueA

and note that from Lemma 3.3.7 all the [y are well defined, finite, and
a< B <pPy<.... Let B =P for some k > 1. If the set K? is nonempty,
then it is discrete and we can order its elements in pairs £u; and let the map
¢: KP — R\ {0} be given by ¢(+u;) = £1. From the choice of § we can
extend ¢ to B(K?,d), whence

Y(B(K”,68)) = 7(KF) < 1.

Choose ¢ > 0 such that (3.3.3) holds. Take Lipschitz continuous cutoff
functions x, ¢ such that y = 0 in B(K?,§/4), x = 1in X\ B(K",§/2),

E=1in j;f;, and £ =0 in XT\ U , where U is an open neighbourhood of

T with KNU =KP. Let 7j: R x X+ — X+ be the flow given by
O(t, u) = =x (7t w)E (it w) V (it v)
n(0,u) = u.
Then 77(t,u) = 1(t,u) as long as t > 0 and 7(t,u) € J5 5\ B(K?,§/2). Using
(3.3.3) we can define the entrance time map e: J°+\ B(K?,§) — [0, 00| as
e(u) :=inf {t € [0,00[ | T((t,u)) <B—c}.

It is standard to show that e is continuous and even. Take any A € A such
that i*(A) > k and J(u) < f+¢ for u € A. Let T := maxyeca e(u) < oo (A
is compact). Set h :=7(T,-) and note that h € H and

h(A\ B(KP,8)) c J°=.
Therefore
i"(A\ B(K?,5)) <" (h(A \ B(K?, 5))) <k-1
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and
k <i*(A) <y(B(KP,8)NA) +i*(A\ B(K?,6)) < v(KP)+k—1. (3.3.6)

Thus KP # 0 and, since v(K?) < 1, we conclude y(K?) = 1. If B, = By for
some k > 1, then (3.3.6) implies v(KP*) > 2, a contradiction. Hence we get
an infinite sequence f#; < By < --- of critical values which contradicts our
assumption that K consists of a finite number of distinct orbits. n

3.4 Properties of the energy functional

We recall that (N1)—(N3) and (F1)-(F5) hold, that ® is the same N-
function as in (F3) and that VU is its complementary function. We will check
that assumptions (I1)—(I8) are satisfied in order to apply Theorems 3.3.3 and
3.3.5.

Define

M :={(v,w) eV xW | J(v,w)0,¥) =0 for every v» € W }
and the Nehari—Pankov manifold for J
N :={(v,w) e M| u+#0and J(v,w)(v,w)=0}.

Observe that U = v+w € Nif and only if (v, w) € N. Moreover, N contains
all the nontrivial critical points of J.

Proposition 3.4.1. If (v,w) € V x W then

2 —-1_ -1
J(tvjw—l—w)—f(v,w)( 5 v, 5

w+w) < J(v,w)
for every Y € W and t > 0.

Proof. Let (v,w) € V x W, ¥ € W, t > 0. We define

D(t, ) == J(t0, tw + ) — J(5,@) — J' (5, 0) (t2 - 15 ¢ - L

o)

and observe that

D(t, ) = Rsf(x,wrw)-(tQQ_l(v+w)+t¢)

+F (2,0 +w) — F(2,t(0 + w) + ) da.
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For fixed x,v,w € R3, define the map ¢: [0, 00[ x R* — R as follows:

2

6(t,) = fla o) (G0 0+ 00 ) +F e ) F (ot u) ).
We prove that ¢(t,7)) < 0 for all ¢ > 0 and all v € R3. This is clear if
v+ w = 0, thus let v +w # 0 and define ¢ := t(v + w) + ¢. From (F4) we
have

t2

2

B(t, ) gf(a:,v+w)-( (v+w)+t(g—t(v+w)))

+%f(x,v+w)-(v+w)—F(l‘7C)

= — SRt w) (0 w) + (o w) - ¢ AP

If A > 0 is large enough, then the quadratic form (in ¢ and () above is
negative definite. Moreover, A|¢|? — F(z,() is bounded from above owing to
the superquadraticity of F' implied by (F3) and (N3). Hence ¢(t,1) — —o0
as t + || — oo and ¢ attains its maximum at some (¢,1) with ¢ > 0. If
t =0, then ¢(t,v) = ¢(0, %) < 0. If t > 0, then

Op(t, ) = f(z, v+ w) - (t(v+w)+w) —f(x,t(v+w) —Hﬁ) (v +w) =0,
Vyuo(t, ) =tf(z,v+w) — f(z,t(v+w) + 1) =0.

Using the latter equation in the former, we see that both terms in the former
are positive (because f(z,v + w) - (v +w) > 0 from (F3 and (F4)) and
f(z,v+w) -1 =0. This and (F5) imply
t?—1
o(t, ) = 5 fl@,vo+w)- (v+w)+ Flz,v+w) — Fz,t(v+w) + 9)
<0. 0

Consider J: L®* -+ R and I: L®* x W — R given by
I(v,w) :=TJ(v+w):= / F(z,v+w)dz for (v,w) € L®* xW. (3.4.1)
R3
J and I are of class C! and strictly convex in view of Proposition 3.2.6 and
(F2) respectively. We need a variant for sequences in L® of the Brezis-Lieb

lemma [34].
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Lemma 3.4.2. Let U,, € L® bounded such that U,, — U a.e. in R3. Then
lim [ F(z,U,)— F(z,U, —U)dz = / F(z,U)dx.
n R3 R3
Proof. Note that

1
/F(x,Un)—F(x,Un—U)dx:/ / iF(m,Un—U+tU)dtdx
R3 R3 Jo dt

1
:/ f(x,U, = U+tU) - Uduzdt
0 Jrs

and f(z,U, — U +tU) is bounded in LY owing to (F3) and Lemmas 3.2.2
(iv) and 3.2.5. Thus for every Q C R3

/]f(x,Un—UthU)-U]dm < |f(2, Uy — U+ #U) o [Uals. (3.4.2)
Q

From [96, Definition II1.IV.2, Corollary IIL.IV.5 and Theorem II1.IV.14], the
space L? has an absolutely continuous norm (cf. [96, Definition I11.1.13]), so
(3.4.2) yields that for every £ > 0 there exists 6 > 0 such that, if |Q] < J,
then

/]f(x,Un—U+tU)-U]dx<€
Q

for every n, i.e., f(z,U, —U+tU)- U is uniformly integrable. Using (3.4.2)
once more we see that for every € > 0 there exists Q C R? with |Q] < oo
such that

f(z,U, —U+tU) -Udz < e.
R3\Q)

As a matter of fact, since ® o [U| € L'(R?), there exists a sequence 2, C R?
such that each €,, has finite measure and

lim/ O(|U|)xrs\q, dv = lim/ @(|U|xr3\q,) dv = 0,
n R3 n R3

where in the first equality we used that ®(t) = 0 < ¢ = 0. In view of (N1)
and Lemma 3.2.2 (i), this yelds lim, [Uxgs\q,|s = 0, hence Q exists as
claimed and f(x,U, — U + tU) - U is tight. Since U,, — U a.e. on R? it
follows from Vitali’s convergence theorem that

1
/ F(x,Un)—F(x,Un—U)dx—)/ f(z,tU) - Udzxdt
R3 0 Jr3
= / F(z,U)dx. O
R3
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Now we can prove the following result.
Lemma 3.4.3. If U, — U in L® and 3(U,) — J(U), then U,, — U in L*.
Proof. We show that U, — U a.e. in R3 up to a subsequence. Since
J3(U,) — 3(U), we have
lim [ F(z,U,)dx = / F(z,U)dx. (3.4.3)
" JR3 R3

Then from (F2) we infer that for every 0 <r < R

1 U+ u
myr = inf  —(F(z,u)+ F(z,us)) — F | x, LT >0. (3.4.4)
’ x,u1,u2 €ER3 2 2
r<|u; —usz|
lul,luz|<R

Observe that from (3.4.3), Fatou’s lemma, and the convexity of I’ there holds

U,+U

1
0< limsup/ §(F<I,Un) + F(z,U)) - F <x,
R3

n

) dr < 0.
Therefore, setting
Q, ={zeR||U,~U|>rand [U,],|[U <R},

from (3.4.4) we have

1
Qg < / S (F, U + F(e,U) ~ F (x Un2+ U) dz.
R3

thus |2, — 0 as n — oco. Since 0 < r < R are arbitrarily chosen, we deduce
U, — U a.e. in R®.

In view of Lemma 3.4.2, we obtain

/F(m,Un)dx—/ F(z,U, - U)de — | F(z,U)dx
R3 R3

R3

and hence
/ F(z,U, —U)dzx — 0.
R3

From (F3) and Lemma 3.2.2 (7i3), we get |U,, — Uls — 0. O
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Proposition 3.4.4. Conditions (I1)-(18) are satisfied and there is a Cerami
sequence (v, wy,) € M at level ¢y, where

= inf J(v,w) > 0.
N (v,lwr;e/\/ (U w)

Proof. Setting X =V x W, X* :=V x {0}, and X~ := {0} x V we check
the assumptions (I1)—(I8) for the functional J: X — R given by
1
J(U7 w) = 5“1}”% - I(Uv U))
(cf. (3.1.2) and (3.4.1)). Recall that ||(v,w)||* = ||v[|% + |w|3. The convexity
and differentiability of I, (F3), and Lemma 3.4.3 yield the following.

(I1) Ilyxw € CHV x W, R) and I(v,w) > 1(0,0) = 0 for every (v,w) €
VX W.

(I2) If v, — v in V and w,, = w in W, then liminf I (v,, w,) > I (v, w).
(I3) Ifv, = vin V, w, — win W, and I(v,, w,) — I(v,w), then (v,, w,) —
(u, w).
Moreover,
(I6) There exists 7 > 0 such that inf),,=, J(v,0) > 0.

As a matter of fact, from (F3) and (N2) there exist C' > 0 (cf. the proof of
Lemma 3.2.3) such that for any v € V

70,0 = ol = [ Pleoyde> ol —C [ ol de > ol = Clol

thus (I6) is satisfied taking r sufficiently small. Note that
(I4) |Jv|lp + I(v,w) — o0 as |[(v,w)| — oo.

To see this, let || (v, wy,)|| = co. If ||v,||p — o0, then we are done; otherwise,
up to a subsequence ||v,||p is bounded and, a fortiori, so is |v,|e. This yields
|Un, + wnle > |wp]e — |vp]e — 0o, Using (F'3) and Lemma 3.2.2 (iv) we have

(o, w,) > 02/ B([vn + wn|) d — 00,

R3

This, together with the uniform strict convexity of F', implies
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(I5) If (v,w) € M, then I(v,w) < I(v,w + 1)) for every b € W\ {0}.
Next, we prove
(I7) 1 (tn(vn,wn))/t2 — oo if t, = oo and v, — v for some v # 0.

Observe that from (F'3)

I(tn(vn, wn)) / F(x, tn (v + wn))
i )] dz
2 R3 2
> 02/ Dltufvn T wnl) g, (3.4.5)
R3 2fn

/ O (t,|v, + wyl)
= C2
R

2
dx.
EYR—— v, + wy|* dx

Take Ry > 0 such that v # 0 in L?*(Bg,). In view of (N3), there exists C' > 0
such that
Co(t) >t* fort>1.

Then, writing
Br = (Br N {|vy +wy,| > 1}) U (Br N {|v, + wn| < 1}),

we have

t

@ tn n n
/ |vn+wn|2dx§0/ (tnfvn £ w |)d:p+|BR| (3.4.6)
Br R3

and I(t,(vn, wy,))/t2 = oo (up to a subsequence) if v, + w, is unbounded
in L?(Bg,R?) for some R > Ry. Now, suppose that v, + w, is bounded in
L?(Bg,R3) for every R > Ry. We can assume passing to a subsequence that

v, = v a.e. and w, — w in L (R3 R3) for some w. Given £ > 0, let

Q= {2 eR®| |va(x) + wy(z)| > € }. (3.4.7)

We claim that there exists € > 0 such that limsup,, [Q2,] > 0. Arguing by
contradiction, suppose [Q2,,| — 0 for every . Then v, + w, — 0 in measure,
so up to a subsequence v, +w, — 0 a.e., hence w,, - —v a.e. and w,, = —v
in L (R? R?). Since V X w, = 0 in the distributional sense, the same is

true of v, thus there exists £ € HL_(R?) such that v = V¢ due to [63, Lemma
1.1 (i)]. As V- (V) =V -v =0, it follows that ¢ is harmonic and so is v.
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Recalling that v € D, we obtain v = 0 as in the proof of Lemma 3.2.4. This
is a contradiction. Taking € in (3.4.7) such that limsup,, |€2,| > 0, we obtain

D(t|vn +w, P(tn|vn + wn
/ (Enfon 4w |>|Un—|—wn|2dx2/ (tnfon 4w ’)|vn+wn|2dm—>oo.
rs  L2|Uy + wy|? 2 v, + wy,|?

Finally, Proposition 3.4.1 shows that
t*—1

(I8)’ I'(v,w)(v,w) + tI'(v,w)(0,1) + I(v,w) — I(tv, tw + ) < 0 for

every t > 0, v €V, and w,yp € W,

which is a stronger version of (I8).
Applying Theorem 3.3.3 we conclude. O

Since there is no compact embedding of V into L?, we cannot expect that
the Palais—Smale or Cerami conditions are satisfied. We need the following
variant of Lions’s lemma.

Lemma 3.4.5. Suppose that v, € D is bounded and for some R > /3

lim sup / |v, |2 dx = 0. (3.4.8)
" yez?® J B(y,R)
Then
lim | ®(|v,|)dx = 0.

n R3

Proof. This follows from [76, Lemma 1.5 since ® satisfies (N2). Note that
we can take the supremum over Z3 in (3.4.8) because the radius R is greater
than the length of the diagonal of the unitary cube in R3. O

We collect further properties of I.

Lemma 3.4.6. (a) For every v € L* there exists a unique w(v) € W such
that

I(v,w(v)) = Iin I(v,w). (3.4.9)
Moreover, w: L® — W is continuous.
(b) w maps bounded sets into bounded sets and w(0) = 0.
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Proof. (a) Let v € L®. Since w € W + I(v,w) € R is continuous, strictly
convex, and coercive, there exists a unique w(v) € W such that (3.4.9) holds.
We show that the map w: L* — W is continuous. Let v,, — v in L®. Since

0 < I (vp, w(vy)) < I(vy,0), (3.4.10)

w(vy,) is bounded and we may assume w(v,) — wy for some wy € W. Observe
that by the (sequential) lower semicontinuity of I we get

I(v,w(v)) < I(v,wp) < lin}Iinf[(vn,w(vn)) < limnsup I (vp, w(vy))

< Wm I (v, w(v)) = 1(v,w(v)),

hence w(v) = wy from the uniqueness of w(v), and from Lemma 3.4.3 we
have v, + w(v,) — v+ w(v) in L®, which yields w(v,) — w(v) in W.
(b) This follows from (3.4.10), (F3), and Lemma 3.2.2 (iv). O

Let m(v) := (v,w(v)) € M for v € V. Then, in view of Lemma 3.4.6 (a),
m: YV — M is continuous. The following lemma implies that every Cerami
sequence of J in M and every Cerami sequence of J o m are bounded.

Lemma 3.4.7. If 8 > 0 and v, € V are such that J(m(’un)) < B and
lim,, (1 + [|vn||)(J o m) (v,) = 0, then v, is bounded.

Proof. Let us write m(v,) = (v,,w,) € M and suppose by contradiction
lim,, || (v, wy)|| = oo. Since w, = w(vy,), ||[(vn,w,)| — oo if and only if
lon|lp = oo. Let v, := v, /||va]lp and w,, := w,/||v,||p. Assume

lim sup / |0, |> dz = 0
" yez? J B(y,R)

for some fixed R > v/3. From Lemma 3.4.5, lim,, [5, ®(|0,]) dz = 0 and we
obtain a contradiction: recalling that J'(v,, w,)(0,w,) = 0, Proposition 3.4.1
with t, = s/||v.||p and ¥, = —t,w,, implies that for every s > 0

8 > limsup J (v, w,)

n

-1 t2+1
> lim sup J(s0,,0) — lim J'(v,,, wy,) ( n 5 U n; wn)

(F3) g2
= limsup J(sv,,0) > ——limcl/ O (s|v,]) de = —,
n 2 n R3 2
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which is impossible. Hence liminf, fB(y R) |U,|>dx > 0, where y,, € Z?
maximizes y € Z° — [, R) |0,|? dx € R. Since M and J are invariant with
respect to Z>3-translations, we may assume that

/ Bo2dz > ¢ > 0
Br

for some constant ¢ and every n > 1. This implies that, up to a subsequence,
U, =0 #0in D, v, — vin L2 (R3 R?) and v, — v a.e. in R? for some
v € D. From (F4),

2J (v, wy) — J' (Vn, wy) (Vn, W) = [z, v, + wy) - (v, + wy) de
RS

—2/ F(z,v, +w,)dz > 0,
R3

so J(vn, wy) is bounded from below and, using (F3),

J ny n ]- _ (p n n
(U w ) S §HUHH2D_CQ/ <|U +w D

o, + w,|? dx
e on F a0 T

for some o € R. Hence it suffices to show that the integral on the right-hand
side above tends to co. We can argue as in the proof of (I7) in Proposition
3.4.4. In particular, (3.4.6) holds with ©,, + w,, instead of v, + w,, and ||v,|p
instead of t,, and, if Q, is as in (3.4.7) (again, with v, 4+ w, replaced with
U, + Wy,), then lim, |©2,| > 0 along a subsequence. O

Corollary 3.4.8. Let 8 > 0. There exists Mg > 0 such that for every v, € V
satisfying 0 < liminf, J(m(v,)) < limsup, J(m(v,)) < B and lim,(1 +
|va]])J' (m(v,)) = 0 there holds limsup, ||v,| < M.

Proof. If no finite bound Mj exists, for every k there exists a sequence v €
X satisfying the assumptions above and such that limsup, |[v¥| > k. In
particular, there exists n(k) such that —1/k < J(m(vfb(k))) < B+ 1/k, which
yields 0 < liminfy J(m(vy ) < limsupy, J(m(v),,)) < B. In the same way
we prove limy, (1 + Hvﬁ(k)H)(J o m)’(vf{(k)) = 0 and limsup,, H'Uﬁ(k)H =00, a
contradiction. O
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3.4.1 Weak-to-weak* continuity

Lemma 3.4.9. If Q C R3 is a Lipschitz domain with finite measure, then
H(Q) is compactly embedded in L*(Q).

Proof. Suppose u,, — 0 in H'(Q). Then u, — 0 in L5(Q) and u, — 0 in
L?(Q) and, up to a subsequence, a.e. in . From (N2), for every € > 0 there
exists C. such that ®(t) < etb for ¢ > C., whence

/Q)(‘un‘)dz—/ @(\un\)dH/ B(|uy|) do
Q QN{|un|<C:} QN{|un|>C:}

< / D ([un]) dz + = sup fug .
QO {|un |<Cc} k

From the dominated convergence theorem and since ¢ is arbitrary, we have
Jo ®(Jun]) dz — 0 and, due to Lemma 3.2.2 (iii), |u,|e — 0. O

Proposition 3.4.10. If v, — v in D, then w(v,) — w(v) in W and, after
passing to a subsequence, w(v,) — w(v) a.e. in R3,

Proof. 1t follows from the definition (3.4.9) of w(v) that

/ f(z,om+w(v,)) zde =0= / f(z,o+w(v))-zde VzeW. (3.4.11)
R3 R3
Since v, is bounded, so is w(v,) from Lemma 3.4.6 (), hence we can assume
w(v,) — wp for some wy. In addition, since v, — v in L (R R?), v, — v
a.e. after passing to a subsequence.

Let Q C R? be bounded and let ¢ € C>°(R?), 0 < ¢ < 1, such that ( =1
in 2. From (F3) and Lemmas 3.2.2 (4), 3.2.5, and 3.4.9, there exist C' > 0
such that

0< g |/ (2,00 + w(vn)) | [vn — | da (3.4.12)

< C | (Jon + w(vp)]) | |(vn — v)¢le — 0.

Choose R > 0 such that supp( C Bg. In view of (N3), w(v,) is bounded
in L?(Bg,R?). As a matter of fact, w(v,)X{juw(w<1} is of course bounded in
L2(Bg, R?), while

/ lw(v,)]? do < C’/ O(|lw(vy,)])de < C
Br{lw(va)[>1}

BrO{|w(vn)[21}
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for some C' > 0. From |63, Lemma 1.1 (1)], there exists &, € H'(Bg) such
that w(v,) = V&,. We can assume fBR, &, dx =0, so that from the Poincaré
inequality

1€l () < ClVElr2r) < C
for some C' > 0. Hence in view of Lemma 3.4.9, up to a subsequence, &, — £
in L®(Bg) for some £ € H'(Bg). Similarly as in (3.4.12), we have

lim /Rg | f (2,00 + w(vn)) | V(] & — €] dz = 0. (3.4.13)

The limits in (3.4.12) and (3.4.13) are 0 also if f(xz, v, + w(v,)) is replaced
with f(z,v + V§). Combining (3.4.11)—(3.4.13) we obtain

/R3 (f(ﬂf?Uner(Un))—f(fU; U+V§)>~(vn—v+w(vn)—V£)Cdx — 0, (3.4.14)

where we have taken z = V((§,—¢)¢) in (3.4.11). We prove that v,+w(v,) —
v+ V& a.e. in Q). The convexity of F' implies that

U, -U,

U, +U
F([E,%) ZF('val)_}—f(aj?Ul) 2

and
U, - U,

2

Summing these inequalities and using (F2), we obtain that for every 0 < r <
R and every |U1 - UQ‘ > r, |U1‘7 |U2| < R

F (x,@) > F(x,Usy) + f(x,Uy) -

1 U +U
my R < §(F($’,U1> + F(I,Ug)) - F (Qj’ g)

2
< L0 = (@, 02)) - (U; = Uy)

where m,. g is defined in (3.4.4). Since ¢ = 1 in €, it follows from (3.4.14)
that v, + w(v,) = v+ VE a.e. in 2 as claimed. Since w(v,) — wy, we have
wo = V& and by the usual diagonal procedure we obtain a.e. convergence
to v + wp in R3. Take any w € W and observe that by Vitali’s convergence
theorem

0—/Rg<f(x,vn+w(vn)),w>dx—> (f(z,v 4+ wp),w) dx.

RB

The uniqueness of w(v) (see Lemma 3.4.6) implies that wy = w(v). O
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Although in general J’ is not (sequentially) weak-to-weak® continuous,
it is so for sequences on the topological manifold M. Obviously, the same
regularity holds for £’ and 9.

Corollary 3.4.11. If (v,, w,) € M and (v,, w,) — (vo, wp) in V X W, then
J (Un, wy,) — J (vg, wy), i.e.,

Jl(vny wn)<¢7 Qb) — J,(U07 UJ())(Qb, ¢)
for every (¢,9) € V x W.

Proof. From Lemma 3.4.6 (a) we get w,, = w(v,). In view of Proposition
3.4.10, we may assume v, + w, — vg + wy a.e. in R® (where wy = w(vy)).
For (¢,1) € V x W we have

T (U 102) (6, ) — J (v, 100) (6,10) = / (Vo — Vo) - Vo da

R3

= [ (vt w) = oo + ) 6+ ) da
R3
Arguing as in the proof of Lemma 3.4.2, we prove that

(f(@, 0 +wy) = fz,uo + wo)) - (¢ + )

is uniformly integrable and tight, hence from Vitali’s convergence theorem

J/(Un7wn)(¢7¢) — J/(UOaWO)(¢7 V). u

3.5 Proof of Theorem 3.1.1

Recall that the group G := Z3 acts isometrically by translations on X =
VY x W and J is Z*-invariant. Let

K:={veV|(Jom)(u)=0}

and suppose that K consists of a finite number of distinct orbits. It is clear
that Z? satisfies the condition (G) in Section 3.3. Then, in view of Lemma
3.3.4,

k=inf { v = ||p | J'(m(v)) = J'(m(v')) =0 and v # 0" } > 0.
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Lemma 3.5.1. Let § > ¢y and suppose that K has a finite number of dis-
tinct orbits. If u,,v, € V are two Cerami sequences for J o m such that
0 < liminf, J(m(u,)) < limsup, J(m(u,)) < B, 0 < liminf, J(m(v,)) <
limsup,, J(m(v,)) < B and liminf, |u,—v,||p < &, thenlim, |u,—v,|p = 0.

Proof. Let m(uy,) = (tn, w}), m(v,) = (vn, w?). From Lemma 3.4.7, m(u,)

and m(v,) are bounded. We first consider the case

lim |u, — vple =0 (3.5.1)

and prove that
lim ||u, — v,||p = 0. (3.5.2)

From (F3) and Lemmas 3.2.2 (ii) and 3.2.5 we have
tn = vallp = J" (m(un)) (tn — vn,0) = J' (m(0,)) (tn, — v, 0)
+ /}R3 (f(x,m(un)) - f(m,m(vn))> (U — vp) dx <

<o(1) + /R3 (‘f(x,m(un))‘ + ]f(x,m(vn)) ]) |y, — vp| d
<o(1)+ e /}R ( (Im(us) ) + @ (o)) ) s — v

<o(1) + c(|<1>'(ym(un)\) |, + @ (Im(v,)]) \w)m — e = 0

which gives (3.5.2).
Suppose now (3.5.1) does not hold. From Lemmas 3.2.2 (744) and 3.4.5, for
a fixed R > /3 there exist € > 0 and y,, € Z> such that, up to a subsequence,

/ Uy — v, |2 dr > (3.5.3)
B(yn,R)

(cf. the proof of Lemma 3.4.7). As J is Z3-invariant, we can assume y,, = 0.
Since m(u,) and m(v,) are bounded, up to a subsequence

(U, w}) — (u,w") and (v, w?) = (v,w?) inVxW (3.5.4)

n n

for some (u, w'), (v,w?) € YV x W. Since u,, — v and v, — v in L (R3 R3),
u # v according to (3.5.3). From Corollary 3.4.11 and (3.5.4) we infer that

J' (u,w') = J' (v, w?) = 0.
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Thus
liminf ||u, — v,|lp > |lu —v|p > K
n

which is a contradiction. O

Proof of Theorem 3.1.1. (a) The existence of a Cerami sequence (v,,w,) €
M at the level cy follows from Proposition 3.4.4; this sequence is bounded
due to Lemma 3.4.7. Similarly as in the proof of Lemma 3.5.1 we find v €
V\ {0} such that (v,,w,) — (v,w), (vy,w,) — (v,w) a.e. in R® (both
along a subsequence), and J'(v,w) = 0 (with w = w(v)). More precisely,
if |vple — 0, then (3.5.2) with u,, = 0 holds by the same argument. This
is impossible because J(m(v,)) — ¢y > 0. Hence (3.5.3) with u, = 0 is
satisfied and we can assume, up to translating by ¥,, that fBR |v,|? dz > e,
whence v # 0. From Fatou’s lemma and (F4),

1
N = liTan J (U, wy,) = li7an J (U, wy,) — §J/(vn, Wy) (U, W)

> J(v,w) — %J'(v,w)(v,w) = J(v,w).

Since (v,w) € N, J(v,w) = ¢y and U = v + w solves (3.1.1) due to Propo-
sition 3.2.7.
Note that here we have not assumed K has finitely many distinct orbits.
(b) In order to complete the proof we use directly Theorem 3.3.5 (b). That
(I1)-(I8) are satisfied and (M)] holds for all 3 > 0 follows from Proposition
3.4.4, Corollary 3.4.8, and Lemma 3.5.1. O
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Chapter 4

Maxwell’s and nonautonomous
Schrodinger equations with
cylindrical symmetry

4.1 Statement of the results

In this chapter, based on [51], we study the curl-curl equation
VxVxU=h(z,U) inRY (4.1.1)
and the (scalar) Schrédinger equation
a .
— Au+ U= f(z,u) inRY (4.1.2)

under cylindrical symmetry, see respectively the definitions of Dr and Xso
below. Here N > 3 (whereas [51] deals with (4.1.1) exclusively in the case
N = 3), a is greater than a certain value ag € | —00, 0], and r is the Euclidean
norm of the first K components of the point x = (y, 2) € RE x RVN-K = RV,

2< K <N, i.e.
K K
2 2 2 2 2
r :ry:rx:Zyi :in.
i=1 i=1

Of course, the curl operator V x is naturally defined only in dimension N =
3!, therefore, in order to find a suitable counterpart in higher dimensions, we

IThe curl operator is defined as well in dimension N = 2 considering R? as a subspace
of R3, but we do not take this case into account because this chapter deals only with
problems in dimension N > 3.
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use the identity
VxVxU=V(V-U)-AU, UcC*R*R?. (4.1.3)

Since its right-hand side is defined for every dimension, we define the curl-curl
operator in dimension N > 3 using (4.1.3). As a consequence, if U, V: RY —
RY are two functions with square-integrable gradients, we define as well

VxU-VxVdzx:= VU-VV -V .UV . .Vdz,
RN RN
where, with a small abuse of notation, we used - for both the scalar product in
RV*N ~ RN* and in RY (in the latter context also to indicate the divergence
operator). Note that we only defined the objects V x V x U and fRN VxU-
V x Vdz, not V x U, but this is enough to study (4.1.1). A generalization
of V x U, on the other hand, is given in 84, Section 3|.

The main result in Section 4.2 consists of the extension of the following
equivalence result between solutions to (4.1.1) and (4.1.2) to the case of
weak solutions, i.e., critical points of the corresponding energy functionals,
defined in suitable Sobolev spaces; this is done in Theorem 4.2.1. Suppose
u € C3(RY) is such that u(gz) = u(z) for every x € RY and every g € SO(2),

where
~ (g 0
g = (0 ]N_Q) € SO(N),

and define U(x) = wu(z)/|(x1,22)|(—x2,21,0). Suppose additionally that
h(z,aw) = f(z,a)w for w = |(&1, &) 7H &2, £1,0), & + &2 >0, and o € R.
Then by explicit computations one can prove that U is divergence-free and,
moreover, u solves (pointwise) (4.1.2) with a = 1in RY := RV \ {#?+23 = 0}
if and only if U solves (pointwise) (4.1.1) in RY.

Recall that DM2(RY) is the completion of C(RY) with respect to the
usual norm |Vuly and define analogously DV?(RY RY). Moreover, let

2
X::{UGDI’Q(RN)‘/ u—da:<oo}
R

N7“2

and define Xgp» as the subspace of X consisting of the functions invariant
under the usual action of SO := SO(K) x {Iy_x} C SO(N). Note that

this is equivalent to requiring that such functions be invariant under the
action of O(K) x {In_x} because for every &;,& € S"71, v > 2, there exists

76



g € SO(v) such that & = ¢g&. X is a Hilbert space once endowed with the
scalar product

(u,v) € X x X Vu - Vv—i——d:z:eR

RN

Notice that, if K > 2, then

/ @dx< 2 2/ |Vul? dr
RN T2 - K_2 RN

for every u € DV(RY), see [11], so X and DM?(RY) coincide. If K = 2,
then C°(RY) ¢ X because the quantity ¢?/r? needs not be integrable for
¢ € C*(RY). If a > —(%£52)?, then we can define an equivalent norm in X

as
||| —\// |Vu|? 4+ —u2d$

Define the functionals £: DY2(RY RY) — R and J: DY?(RY) — R as

J(u) = /RN 5 <|Vu|2 2) — F(z,u)dx

E(U) = /RN §\V x U|* — H(z,U) dx,

where F(z,u) := [ f(z,t)dt and H(z,U) := [} h(z,tU) - Uda. The first
set of assumptions about f are as follows.

(F1) f: R¥MxR — R is a Carathéodory function such that f(gz,u) = f(x,u)
for every ¢ € SO, a.e. x € RV, and every u € R. Moreover f is
ZN~E_periodic in the last N — K components of z, i.e., f(z,u) =
f(z4(0,8),u) for every u € R, a.e. z € RV, and a.e. { € ZVN 7K.

P (COT) R ()

- = 0 uniformly with respect to z € RY.

|u|—o00 |U|2*_

= oo uniformly with respect to x € R,

(F4) u f(x,u) is nondecreasing on | — 0o, 0[ and ]0, oo for a.e. x € RV,
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It is straightforward to check that J is invariant under the action of SO
and (cf. [8, Section 2|) E is invariant under the action defined in (2.0.4). The
first result in this chapter concerns the existence of solutions to (4.1.2) and
reads as follows.

Theorem 4.1.1. Suppose that a > —(%)2 and (F1)-(F4) hold. Then
there exists a ground state solution u to (4.1.2) in Xse. If, in addition, f is
odd in u, then u is nonnegative and (4.1.2) has infinitely many geometrically

distinct solutions in Xso.

By ground state solution in Xso we mean a nontrivial solution that min-
imizes J over all the nontrivial solutions in Xso. It needs not be a ground
state solution in the general sense, i.e., minimizing J over all the nontrivial
solutions in X. Two solutions are called geometrically distinct if and only
if one cannot be obtained via a translation of the other in the last N — K
variables by a vector in ZVN K,

Observe that (F4) implies f(z,u)u > 2F(z,u) > 0. When f does not
depend on y, however, we can consider sign-changing nonlinearities under
the following weaker variant of the Ambrosetti-Rabinowitz condition [5]:

(F5) There exists v > 2 and uy € R such that f(z,u)u > vF(z,u) for a.e.
2z € RVN"K and every u € R and essinf, gy« F(z,u0) > 0.

In this different setting we can prove the existence of a nontrivial solution
to (4.1.2).

Theorem 4.1.2. Suppose that a > —(%)2, (F1)-(F2) and (F5) hold, and
f does not depend on y. Then there exists a nontrivial solution u to (4.1.2)
mn Xg(f).

Observe that, in Theorems 4.1.1 or 4.1.2, every solution % can be supposed
to be nonnegative if f(z,u) > 0 for € RY and u < 0 because
0> —Jla_|?*= Va-Va_ + %aa, dr = f(z,u)u_dx
RN T RN
= f(z,—u_)u_dz >0,
RN
ie.,u_=0and u=1usy >0.

We recall that, if f does not depend on x and a = 1, then Badiale,
Benci, and Rolando [10] found a nontrivial and nonnegative solution to (4.1.2)
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under more restrictive assumptions than in Theorem 4.1.2; in particular (cf.
assumption (f;) therein), they assumed the double-power behaviour | f(u)| <
Cmin{|u[P~!,|u|9} for u € R, some constant C' > 0, and 2 < p < 2* < q.
For example, they cannot deal with nonlinearities such as (3.1.3) or (3.1.4)
(where U € R? is replaced with v € R), not even in the autonomous case
I' = 1 or replacing f with fx[o,.c[- On the other hand, we admit such
nonlinearities in Theorem 4.1.1 if I' € L®(RY) is positive, bounded away
from 0, ZN~K_periodic in the last N — K variables, and SO-invariant. If,
moreover, I' does not depend on y, then Theorem 4.1.2 admits nonlinearities
asin (3.1.4), alsoif f(z,u) is replaced with f(x, u)x{u>0y (Which is not allowed
in Theorem 4.1.1 due to (F3)). Finally, as previously mentioned, Theorem
4.1.2 admits sign-changing nonlinearities.

When K = 2, combining the equivalence result provided by Theorem
4.2.1 with Theorems 4.1.1 and 4.1.2, we can prove the following, as long as
h: RN x RNV — RY satisfies

h(-,0) = 0 and h(-,aw) = f(-,a)w for all « € R and w € S¥~1.  (4.1.4)
Note that (4.1.4) implies h and f are odd the second variable:

h(ZL‘,U) = f(CL’, 1)U = —f([E, 1)(_U) = —h(ZE, _U)7
f(:L‘, _a) = p(f(xv _a)el) = p(h($’ —0461)) = p(—f(x, a)el) = _f(x’ O‘))

where p is the orthogonal projection onto the first axis.
Let F be the space of the vector fields U: RY — R such that

Uz) = _xf (4.1.5)

for some SO-invariant v: RY — R, where 0 € RY~2, and define Dy :=
DL2(RY RY) N F.

Corollary 4.1.3. Suppose that K =2 and h satisfies (4.1.4).

(a) If (F1)-(F4) hold, then (4.1.1) has infinitely many geometrically dis-
tinct solutions in Dx, one of which is a ground state solution in Dx.

(b) If (F1)-(F2), (F5) hold and h does not depend on y, then (4.1.1) has
a nontrivial solution U € Dg.

79



Simiarly as before, by ground state solution in Dy we mean a nontrivial
solution that minimizes F over all the nontrivial solutions in Dx; also the
definition of geometrically distinct solutions easily adapts to (4.1.1).

Now we consider the problems (4.1.1) and (4.1.2) in the Sobolev-critical
case, so from now till the end of this section we assume K = 2 and

h(z,U) = |UPP 72U and f(z,u) = |ul* 2u.

Of course Theorems 4.1.1 or 4.1.2 no longer apply because (F2) does not hold.
We recall that Badiale, Guida, and Rolando [9] found a ground state solution
in Xso to (4.1.1) for a > 0 (but without further restrictions on K > 2); an
immediate consequence of this and Theorem 4.2.1 is the following.

Corollary 4.1.4. There exists a ground state solution in Dx to
VxVxU=|U??U inR"Y (4.1.6)

The main results of this chapter in the Sobolev-critical case concern the
existence of unbounded sequences of solutions. In order to achieve them, we
need to recover compactness and the first step in this direction is to introduce
this definition. From now on, we additionally assume N = 3.

Definition 4.1.5. For g1, 9. € SO(2) we denote g = (4 P ) (g1,92) €
SO(2) x SO(2). We say that U € DM(R3 R?) is SO(2 X 2)-symmetric if
and only if for every g;, g, € SO(2) and a.e. x € R3

U(rlon@))  gue)

1/J<7T(g7r*1(a:))) ()

where ¥(z) =, /—— 1+‘x|2, 7: S\ {Q} — R? is the stereographic projection, and
@ = (1,0,0,0) is the north pole.

For further remarks on Definition 4.1.5 and the symmetry introduced
therein see Subsection 4.1.1. The subspace of D?(R3 R?) consisting of
SO(2 x 2)-symmetric vector fields is denoted Dgsp(ax2). Now we can state
our main results in the Sobolev-critical case.

Theorem 4.1.6. There erists a sequence U, € Dsox2) of solutions to
(4.1.6) such that lim,, E(U,,) = oo and each U, is of the form (4.1.5).
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Clearly the property lim,, £(U, ) = oo implies that the solutions U,, are
geometrically distinct (up to a subsequence), as F is invariant under trans-
lations. Once again, we exploit Theorem 4.2.1 to have as follows.

Corollary 4.1.7. There exists a sequence u,, € Xso of solutions to
u ‘
—Au+—2 =u® inR?
r
such that lim,, J(u,) = oo and each |u,| is satisfies

un(7 (g7 @) fun)

v(rlgm(@)) VW

for every g1, g2 € SO(2) and a.e. x € R3,

Observe that Theorem 4.2.1 is used in Corollaries 4.1.3 and 4.1.4 to build
solutions to (4.1.1) from solutions to (4.1.2), while it is used in Corollary
4.1.7 to build solutions to (4.1.2) from solutions to (4.1.1).

4.1.1 Remarks on Definition 4.1.5

As previously said, the symmetry defined in Definition 4.1.5 is used to
restore compactness in the whole R? in the Sobolev-critical case. To the best
of our knowledge, the first who faced this issue was Ding 47|, who proved
the existence of infinitely many sign-changing solutions to

— Au = |ul* *u, ue DYRY). (4.1.7)

His approach is as follows: first, he proves that the solutions to (4.1.7) are
in 1-to-1 correspondence with the solutions to

N(N —2)

1 v=|v* %, ve H(SY) (4.1.8)

— Agv +
via the stereographic projection and the conformal map ), i.e., v € H*(SY)
solves (4.1.8) if and only if u = (von 1)y € DM?(RY) solves (4.1.7); the
symbol A, in (4.1.8) stands for the Laplace-Beltrami operator [6,89]. Then,
he introduces a group action in H'(S") such that the subspace consisting of
the functions invariant with respect to this action is compactly embedded in
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L¥ (SN). More in details, for & > m > 2 integers such that N + 1 = k + m,
he considers the action of O(k) x O(m) C O(N + 1) defined as

(91, 92)v(§) = v(g161, g2&2)

for g1 € O(k), g» € O(m), v € HL(SY), and SV > € = (£,&) € RF x R™.

Ding, therefore, “leaves” the Euclidean space RY and works on the sphere
S™, where the definition of the group action is more straightforward. If one
decides to work directly in R, then the action of O(k) x O(m) on H*(SV)
must be adapted to DV3(RY). This was done by Clapp and Pistoia [44]: if
v € HY(SY) is such that

U(Ehfhngz) = U(f)

for every g1 € O(k), every go € O(m), and a.e. £ € SV, and if we define
u(z) = ¢(z)v(r~'(z)), then u € DV?(RY) satisfies

()
¢<7T(g7r—1

(x))>u(7r<g7r_ (x))) = u(x)

for every g = (% o) = (g1,92) € O(k) x O(m) and a.e. x € RY, see [44,
Section 3.

Both [47] and [44] deal with scalar-valued functions. Although the argu-
ments seem to be valid also for vector-valued functions, the case studied in
Section 4.4 is slightly more delicate because we need to combine this action,
developed for the Laplace operator, with those defined in (2.0.4) and (2.0.5),
which allow to reduce the curl-curl operator to the vector Laplacian. This

is the reason why we introduce the symmetry from Definition 4.1.5, which
matches well with that induced from (2.0.4) and (2.0.5), c¢f. Lemma 4.4.1.

4.2 An equivalence result

Throughout this section we have K = 2. The reason is that it is straight-
forward to generalize the decomposition of Fix(SO) given in [8, Lemma 1]
and recalled in Chapter 2 to the case N > 3 (c¢f. Lemma 4.2.3), but not
to the case 2 < K < N. Another difficulty is that SO(v) is not abelian if
v>3.
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We recall that for g € SO(2) we denote

5= (g 113_2) € SO(N)
and SO = {7 ] g€ SO(2)}; moreover, Fix(SO) c DY(RY ,RY) is the
subspace of the vector fields invariant under the action defined in (2.0.4). We
recall also that Dy = DV2(RY RY) N F, where F is the space of the vector
fields U: RY — RY that satisfy (4.1.5) for some SO-invariant u: RY — R.
Note that Dz is a closed subspace of DV2(RY, RY) and that D C Fix(SO).
Finally, we recall the notation z = (y,z) € R? x RV"2 = RV,
The main result in this section reads as follows.

Theorem 4.2.1. Assume f satisfy (F1) and there exists C' > 0 such that
|f(z,u)| < Clul* 7t for a.e. © € RY and every u € R; assume also that
h satisfy (4.1.4). Suppose that U and u satisfy (4.1.5) for a.e. z € RY.
Then U € Dx if and only if u € Xso and, in such a case, V- U = 0 and
J(u) = E(U). Moreover, u € Xso is a solution to (4.1.2) with a =1 if and
only if U € Dz is a solution to (4.1.1).

Lemma 4.2.2. If U € Fix(S0O), then there exists U, € C*(RN RY) N
Fix(SO) such that lim,, |[VU,, — VU|y = 0.

Proof. Since U € DY?(RN RY), there exists V,, € C(RY, RY) such that
lim, |VV,, — VU|; = 0. Let

U, (1) = / 07 Valgr) duls) - / 6" Valgn) dulo).

where p is the Haar measure of SO (note that SO is compact).
For every e € SO we have

U, (ex) = /5 i 9" Va(gex) du(g) = e /S i 9"Vau(g'z)dp(g') = eU,(x),

i.e., U, € Fix(8O). Moreover, U,, € C°(RY,RY) because so does V,,.
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First we prove that |U,, —Uly« — 0. From Jensen’s inequality there holds

£
</,
B /so /RN 9" Valgz) — g"U(g2)|” da dpu(g)
= /SO /RN |Vn(gz) — U(gﬂf)|2* dz du(g)

:/ vV, — U
SO

Finally, U, is a Cauchy sequence in DV?(RY RY) because, similarly as be-
fore,

2%

U, -U / Vu(gz) — Uz) dp(g)| da

O
/]R 19"V ,u(g7) — U(2)[* da dp(g)

N

5 dp(g) = |V, = U[5. — 0.

|VUn — VUmb < ]VVn — VVm|2 — 0,
hence U,, — U in DM?(RY.RY). O

The following result was proved in [8, Lemma 1] for N = 3. Its general-
ization to the case N > 3 is easy, but we include such a proof for the reader’s
convenience. Recall that RY = RV \ {z? + 22 = 0}.

Lemma 4.2.3. For every U € Fix(SO) there exist U,, U,, U¢; € Fix(SO),
i € {3,...,N}, such that for every x € RY at which U(x) is defined

o U,(x) is the orthogonal projection of U(x) onto span{(z,x2,0)},
e U, (x) is the orthogonal projection of U(x) onto span{(—xs,x1,0)},
o U¢,(z) is the orthogonal projection of U(z) onto span{e;},

and VU ,(z), VU (z), VU¢,(x) are pairwise orthogonal in RN*N ~ RN,
ie€{3,...,N}. In particular, U=U,+ U, + 27{\;3 U,

Proof. For U € Fix(SO) we write U = (Uy, ..., Uy). Forz € RY let U,(z),
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U, (z), and U ,;(z) be the orthogonal projections as in the statement. Then

1 wUi@) + 2,Us(x) (1

Up(.ZE) = UP(I) T3 2 2|,
0 0
—9 1y
—25Uq(2) + 21Uy (2
UT(x) = UT(CU) X1 = 2 1< ) 5 1 2( ) T ’
0 r 0

UC,Z<'I) = UC’Z'<I)61‘ == U1<I>€Z

We prove that U,, U., and U;; are SO-invariant. This is trivial for U
because 2 > 3; moreover, note that

Ue) = 5 (U0 Vo) (11)),
o) = (U)o (§ ) (3)

therefore, exploiting that SO(2) is abelian,

T [*1
"9 (%)

L1
(372) = UP($)7

U, (gz) = % (Ui(z) Us(z))g"g ((1) _01> @)
S we) (Y ) (2) =

for every g € SO(2) and a.e. x € RV,

Now we prove that U,, U,, U;; € D'*(RY,R"Y). From their very defini-
tion, U,,U,,U¢; € LS(RY,RY) N HL (RY,RY). In what follows we denote
by 0;U,|gy the partial derivative along x; of U, in RY in the sense of dis-
tributions and by 9,U, the function defined a.e. in RY that represents it,

l.e.

Uy(t) = 5 (Ur() Us(2))
= 5 (W) Us(w)

/ 0;Uplpy - pdr = —/ U, 0;pdx (4.2.1)
RN RN
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for every ¢ € C°(RY, RY); similar notations are used for U, and U, ;. With
a small abuse of notation, the symbol - will stand for the scalar product both
in RN and in RV ~ RV,

It is obvious that for every 7,5 € {3,..., N} and a.e. z € RY

VU¢i(z) - VU j(x) = VU¢,(z) - VU, (x) = VU¢;(z) - VU, (x) = 0.
Moreover, by explicit computations,

VU, (@) - VU,(2) = V[U,(2)as] - V(U (@)21] = VIU(@)a1] - VIU ()]
= 25U ()00 U, (x) + 21U, (2)0:U- ()
— 21U, (2)0:U, () — 22U, (2)01 U, (x) = 0,
where the last equality follows from the fact that the SO-invariance of U,

implies 10U, = 220,U,, (and likewise for U ).
This yields

N
VU] = VU, + VU, + Y _|[VU.,[*  ae inRY,

i=3
whence for every i € {3,..., N} and every j € {1,...,N}
9;U,,0;U,,9;U.,; € L*(RY,RY),

hence the proof will be complete once we show that 0;U,|gy coincide with
the distributional derivative (along z;) of U, in R, i.e., (4.2.1) holds for
every p € C(RY,RY), and likewise for U, and U¢,;. For € > 0 consider
n. € C*°(RY,R) such that

4
ne(x) = 0 for |r| < %, Ne(x)=1forr>e, 0<n.<1, |Vn|<-.
5
Let o € C°(RY,RY) and set o, := 1.0 € C°(RY RY). There holds
o;U, - p.dx = — U, 0;p. dx
RN RN (4.2.2)

= —/RvaeUp‘ajwdsc— /RN onU, - p.
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From the dominated convergence theorem,

lim o;U, - p.dx = / 0;Uplpy - @ dx
RN

0t Jry (4.2.3)
lim neU, - Ojpdx = / U, 0,pdx.
e—=0t JrN RN

Let R > 0 such that p(z) = 0 for |x| > R and set . := BpN{r < e} and
observe that |Q.| < Ce? for some C > 0 depending only on N and R, thus

4
[ om0, par| <liol? [ 10,1a
RN 0. (4.2.4)
N+2

4 N2
< ¢l 19 3T,

or — 0

as ¢ — 07. Letting ¢ — 07 in (4.2.2) and using (4.2.3) and (4.2.4) we have
the desired result. Finally, similar computations hold for U, and U¢;. O

Let
H:={U:RY = R | U(z) = O(y) uniformly in z as y — 0 } .

Proposition 4.2.4. There holds

Dy = C.(RY,R¥) N C=(RY, RV) N H N Dy,
where the closure is taken in DV?(RY RY),

Proof. The inclusion ‘D’ is obvious since Dz is closed. Now let U € Dx.
Since U € Fix(S0O), in view of Lemma 4.2.2 there exists U™ € C°(RY, RY)N
Fix(SO) such that U" = (U%,...,U%) — U in DY3(RN, RY).

For every n, let Uy, U?, Uy, € D*(RY, RV)NFix(SO) defined in Lemma
4.2.3 and associated with U", i.e.

e UJ(z) is the projection of U"(z) onto span{(z1,72,0)},
e UZ(x) is the projection of U"(z) onto span{(—x2,21,0)},

e UZ,(z) is the projection of U"(z) onto span{e;}.
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In particular, U}, U, U, € C°(RY,RY), they vanish outside a sufficiently
large ball in RY (in fact, U, € C*(RY,RY)) and U, (z) = U (z)+ U} (z) +
Uy, (x) for every x € RY. Moreover, VU (z), VU(z), VUZ,(z) are pair-
wise orthogonal in RV*N ~ RN” for every z € RY.

This implies that U? — U in DRV, RY), hence we are only left to
prove that U” € C.(RY,RY) N H.

Since U™ € Fix(S0O), for every g € SO(2) and every z € RV 2

gU"(0,0,2) = U"(3(0,0,2)) = U™(0,0, 2),

which yields U7(0,0, z) = U3(0,0, 2) = 0 (just take g = —1I5). Moreover,

. T e — 1y
UZ(@ = U ($175E22a 0 To and Ul (z) = Un 3527$2170) Ty |,
|(ZE1,$2)| 0 \($1,$2)| 0

therefore, from the uniform continuity of U",

lim UP(z) = lim U?(z) = 0

y—0 y—0

uniformly with respect to z € R¥"?. Hence we can extend U} and U?
to RY by setting them equal to 0 on {0} x {0} x RN=2 and obtain that
U2, U7 € C(RY,RY) and U™ (z) = Uj(z) + UZ(z) + SN, UZ,(z) for every
r e RV,

To prove that UJ + U? € H, first we notice that U} + U? = U" —
Zf\ig U, € C°(R?,R?) and, using Taylor’s expansion,

e R
. (un 3 U) o z>] (v 0)+olw)
\V4 (U" — ZU”Z> (0, z)] (y O) + o(y)

as y — 0, thus U} + U € H. Finally, note that [U}| < [U} + U?|, whence
Ur € H. O

+
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From now on, u: RY — R and U: RY — RY are two functions satisfying
(4.1.5). An obvious consequence is that |u| = |U].

Lemma 4.2.5. U € Dx if and only if u € Xso; in such a case, V- U = 0.
If, moreover, f satisfies the assumptions of Theorem 4.2.1 and h(x,cw) =

flz,a)w for a € R and w = [(&1, &)1 (=&, &1,0), £+ &2 >0, then J(u) =
E(U).

Proof. Suppose that u € Xso. We show that the pointwise gradient a.e. of
U = (U, U,,0) in RY is also the distributional gradient of U in RY. As a
matter of fact, for 0, U; we have

—0 d
et
i) T1T2
- o B —.— — d
=— 0 —_— dr <
/]RN i <u(:v) —x%—kx%) o(x)dr < 0o

for every p € C>°(RY) because /RN u(x)% o(z)dr < oo for u € X.
For 0, U, similarly we get

o gt
T 1 IL'%
— _/]RN (&u(x)—\/m + u(z) ( e R )3/2>) o(z) dx

( )gp(m)dx<oo
x1+x2

for every p € C°(RY). The remaining cases are similar.
Now observe that U € L* (RY RY) N F. Moreover,

X2 T1X2

01U, = du — U e L*(RY
N e A T
and
T, 1 x? 0N
01Uy, = —01u —u — e L*(R
R e («/_x%—l—_x% (zv1+a:>3/2) =
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because u € X. Again, the remaining cases are similar and we infer U € Dx.
Now suppose that U € Dz and, due to Proposition 4.2.4, let B,, €
C.(RY RY) N C=(RY,RY) N'H N D such that lim, |VB, — VU|; = 0 and
let b,: RY — R be SO-invariant such that B, and b, satisfy (4.1.5).
We prove that b, € Xso. Of course b, € C*°(RY) and, since |B,| = |b,|,
b, € C.(RY) ¢ L?(RY) and b,(z) = O(y) uniformly with respect to z as

y — 0, therefore
b2
/ —;L dr < 00.
RN r

Moreover, VB,, € L*(RY R¥*N) where

2
1 —T9 b, r1x9  —27 0
VB,(t) = ——— | = Vbn(:zf)T + (z) r3  —ximy 0

Vi + x5 0 (27 + 23)3/2 0 0 0

and the second summand above is square-integrable because

T1To —x% 0
3 —xmy 0
0 0 0/ |onun

1
(27 + 23)%/

T 1
i) (IQ —X1 0) =

/2 2’
0 RNxN I1+.T2

where | - |gvxn stands for the matrix norm in R¥*¥. Tt follows that Vb, €
L2(RN,RY), thus b, € Xso.

Since lim,, |b, — u|y« = lim,, |B,, — Ul = 0, it is enough to prove that b,
is a Cauchy sequence in X, therefore we compute

1
HGER

— b)) (by, — by)

r2

dx

b,
b — b2 = /RN V(b — b) - V(by — b) +

= | V(B,~By,) V(B,~B,)dz=|V(B, ~B,); =0
RN
as n, m — oo.

Next, since u € Xgso, as in the first part we have that the pointwise
divergence a.e. of U is also the distributional divergence of U, hence V-U = 0
follows from explicit computations

Finally, observe that if u € Xso and U € Dy satisfy (4.1.5), then [Ju]|*> =
IVU[3 = |V x UJ3 and F(z,u(z)) = H(z,U(z)) for a.e. z € RV, O
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Note that J is invariant under the action of SO and FE is invariant under
the action defined in (2.0.4): the former is trivial, while a proof of the latter
can be found in [8, Section 2].

Proof of Theorem 4.2.1. The first part follows directly from Lemma 4.2.5.
As in |8, Proposition 1|, we have that Dr = { U € Fix(SO) | SU = U } and
that E(SU) = E(U) for every U € Fix(S0O), where S is defined in (2.0.5).

Finally, if V € Dz and v € X0 satisfy (4.1.5), then arguing as in Lemma
4.2.5 there holds

VxU-Vdex:/

RN

VU~Vde:/

Vu-Vv+u—gdx
RN T

RN
and

/Rsh(x,U(a:)) .V(I)dm:/wh@g <_O>

_ /R (s u@) o) d,

thus the conclusion follows from Theorem 1.5.1. OJ

4.3 The Sobolev noncritical case

In this section, we prove Theorems 4.1.1 and 4.1.2. Throughout this
section we assume f satisfies (F1) and (F2). The following lemma is proved
in [76, Proposition A.2|.

Lemma 4.3.1. Suppose that u, € D"?(RY) is bounded and SO-invariant
and for every R > 0

lim sup / u? dr = 0. (4.3.1)
B((0,z),R)

n ,eRN-K
Then
lim O (uy,)dxr =0

n RN

for every continuous function ®: R — [0, 00| such that

i 26) — o 26 g

2¢ Tq]2*

2%

(4.3.2)

&ﬁ0|5

|ﬂ4xm|8
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We need the following results as well.

Lemma 4.3.2. Let 1 <p<2*<qg<oo. Ifue L*(RY), then

uxgu<ayld Tuxqus1yl5 < Jul3..

Proof. There holds

2%
2*

/ "X <1y de S/ |u*" X<ty do < |u
RN RN

and
/ [P X fju)>13 dr < / Ul X (u>1y do < |ul3-. O
RN RN

Lemma 4.3.3. Suppose that u,, v, € DV?(RY) are bounded and SO-invariant
and that u, satisfies (4.3.1) for every R > 0. Then

lim | f(z,v,)uy,| dx = 0.

n RN

Proof. Let 1 < p < 2* < ¢ < o0, define O(t) := 0|t| min{s?~! 577!} ds, and
note that @ satisfies (4.3.2). (F2) implies that for every € > 0 there exists
C. > 0 such that for every t € R and a.e. € RN we have |f(z,t)| <
g[t|¥ ~1 + C.|®'(t)|. Moreover

[t = [ 10wl de+ [ 800 e do
RN RN RN
= A, + B,.

Concerning the first integral A,,, Lemmas 4.3.1 and 4.3.2 imply that, for some
C >0,

AnZ/ |Un|p_1X{|vn|>1}|Un|X{|un>1}dfﬁ+/ VT X lon <1 Un X {un 51} d
RN RN

= <|”n><{|vn|>1}|£’1 + \\Un|q’1><{|vn\s1}|<p71>/p) [nX {11

p
<C (]an{|vn|>1}!§_1 + Ian{wgl}IZ(p‘”/p) (/R D(uy,) da:)

N

< sl 5 ([ et dr) 0
k RN
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_p_
because (|0n]171) "X (jun1 <1y < [Va| X fjon <1}
Similar computations hold for the second integral B,,, therefore we have

2%
2*

lim sup/ |f(z,vp)u,| de < esup |vg
RN k

2*—1
2+ sup |uy
n k

and conclude letting e — 0%. O

In order to prove Theorem 4.1.1 we aim to use the abstract critical point
theory from Section 3.3, in particular Theorems 3.3.3 and 3.3.5 (b). We need
to prove that assumptions (I1)-(I8), (G), and (M)] for every B > 0 are
satisfied. For simplicity, we set

I(u) = / F(z,u)dx foru e Xso,
RN
while
NZZ{UEXS(Q\{O} | J'(u)u:()}
is the Nehari manifold. Such conditions in our setting read as follows.
(T1) I € CY(Xs0) and I(u) > I1(0) = 0 for every u € Xso.
12) If u, — u, then liminf, I(u,) > I(u).

13) If w, — w and I(u,) — I(u), then u, — u.

(12)
(13)
(I4) ||ul| + I(u) — oo as ||u|| — oo.
(16)

I6) There exists § > 0 such that inf J(u) > 0.

uEX50,||ul|=08

I
(tn) — 00
t2

(I7) If t,, — oo and wu,, — ug # 0, then

(13) t?2—1

I'(w)u + I(u) — I(tu) <0 for every u € N and every ¢t > 0.

(G) ZN~K acts on Xsp by isometries and (ZY 5 xu)\ {u} is bounded away
from u for every u € Xo. Moreover J is Z¥~.invariant and Xso is
ZN~E_invariant.

(M)§ (a) There exists Mz > 0 such that limsup, ||u,| < Mg for every
U, € Xso such that 0 < liminf,, J(u,) < limsup,, J(u,) < S and
lim,, (1 + [Juy||)J’ (u,) = 0.
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(b) If J has finitely many critical orbits, then there exists mg > 0
such that, if u,,v, € Xso are as above and there exists ng > 1
such that ||u, —v,|| < mg for n > ng, then liminf, ||u, —v,| = 0.

We omitted (I5) because it is an empty condition. The action of Z¥ % on
Xso is given as follows: zxu(z) :=u(z+ (0, 2)) for z € ZV K and u € Xso.
ZN=K x4 is called the orbit of v and if, in addition, u is a critical point of J,
then ZN=K xu is a critical orbit.

Note that (I1)—(I4) and (G) are obviously satisfied (recall that (F4) im-
plies F > 0), while (I6)—(I8) and (M)] will be verified in the next lemmas.
We begin with (16)—(I8).

Lemma 4.3.4. (a) There exists o > 0 such that for every 0 < § < dy
inf{ J(u) | v € Xso and ||u|| =9} >0

(b) Suppose f satisfies (F3). If t,, — 0o and u, — ug € Xso \ {0}, then

1
lim — F(x,tyu,) de = oo.
" tn RN

(c¢) Suppose f satisfies (F4). For every u € Xso and everyt >0

2 —1
2 RN

fla,w)uds + /

RN

F(x,u)dx—/ F(z,tu)dx <O0.
RN

Proof. (a) From (F2) and the embeddings X — DM2(RY) < L2 (RY), there
exists C' > 0 such that for every u € Xso

2 < Cllufl*,

/ F(z,u)dr < Clu
RN

whence
2*

1
J(w) = Sllul” = Cllu

and the statement holds true for §, < 1.

(b) Since Xso is locally compactly embedded into L*(RY), up to a sub-
sequence u, — ugp a.e. in RY. Moreover, there exists ¢ > 0 such that
limsup, [Q,| > 0, where Q, = {z €R" | |lu,(2)|]| > ¢}, for otherwise
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u, — 0 in measure and consequently, up to a subsequence, a.e. in RV,
From (F3)

1 F(x,t F(x,t

- F(x,tnun)dx:/ Mlunlwxzﬁ/ de%oo
tn RN RN tn | Un | Qn tn | Un |
as n — oo.

(¢) For fixed z € RY and u € R we prove that ¢(t) < 0 for every ¢ > 0,

where )
b(t) = © - L @ wu+ Flau) — Pz, tu).

This is trivial for u = 0, so suppose u # 0. Note that ¢(1) = 0, so it is enough
to prove that ¢ is nondecreasing on [0, 1] and nonincreasing on [1, co[. This
is the case in view of (F4) and because

§() = tf (. w)u — f(o, tuyu = t|U|U<f (z.u) _ f<x,w)>

|ul |tul
for t > 0, therefore ¢(t) < 0 for every t > 0 as ¢ € C'([0, o0). O
The following lemma shows that (M)5 holds for every § > 0.
Lemma 4.3.5. Suppose f satisfies (F3) and (F}).

(a) For every B > 0 there exists Mz > 0 such that limsup,, ||u,| < Mg
for every u, C Xso such that J(u,) < B for n > 1 and lim,(1 +
[[unl])J"(un) = 0.

(b) If the number of critical orbits of J is finite, then there exists k > 0
such that, if u,,v, € Xso are as above for some 8 > 0 and there exists
no > 1 such that ||u, — v,|| < K for n > ng, then lim, ||u, — v,|| = 0.

Proof. (a) Let u,, € Xo as in the assumptions. Suppose that u, is unbounded
and define 4, := u,/||u,||. Passing to a subsequence we can assume that
lim,, |u,|| = oco. Similarly to the proof of Lemma 4.3.3, for every ¢ > 0 there
exists C. > 0 such that

/ Fla, ) de < elin|Z + Cod(),
RN
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where ® is defined therein. If 4, satisfies (4.3.1) for every R > 0 (hence the
same holds for su,, s > 0), then in view of Lemma 4.3.1

n

limsup/ F(z, suy,)
RN

for every & > 0, hence lim,, [,y F(z, sti,) dz = 0. Then applying Lemma
4.3.4 (c¢) with u = u,, and t = s/||u,|| we obtain, up to a subsequence, that
for every s > 0

t2—1
S > limsup J(u,) > limsup J(st,) — lim 2——J"(u, )u,
= limsup J(su,) > — — lim F(z,suy,)dr = —,
n 2 n RN 2

a contradiction. Hence lim,, fB (0.2 |un\ dx > 0 up to a subsequence for
some R > /N — K and z,, C ZN K, Where 2, Maximizes z — fB 0.2).5) |, |? d.
Exploiting the ZV~X_invariance, we can assume that

/ |, |* dz > ¢
Br
for n > 1 and some ¢ > 0.

There follows that there exists © € Xso \ {0} such that, up to a subse-
quence, 4, — % in X and , —> u in LIOC(RN) and a.e. in RY.

From (F4), 2J(u,) — J'(un)un = [on f(2, un)ty — 2F (2, uy,) dz > 0, thus
J(uy) is bounded and due to (F3) we obtain

1 F
o) = L) 1 / F@) boon o
RN

|, |2

which is a contradiction. This shows that u, is indeed bounded. If by
contradiction there exists no upper bound Mg, then for every k € N there
exists u¥ € Xgso as in the statement such that limsup, Huk|| > k. Then,
as in Corollary 3.4.8, it is easy to build a subsequence u* (k) € Xso that is
unbounded, again a contradiction.

(b) Assume that there are finitely many critical orbits of J. From (G) we
easily see that

= inf {|ju —v| 1 u # v and J'(u) = J'(v) =0} > 0.
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Let u,,v, be as in the statement. In view of (a), they are bounded. If
Jan f(@,un) (uy—vy) dx or [ f(x,v,)(up—vy) dz do not converge to 0, then
in view of Lemma 4.3.3 and the Z"~%_invariance there exist R > /N — K
and € > 0 such that

|y, — vp|? dx > €.
Br
We can assume that u,, — v and v, — v in X, so u # v. Hence J'(u) =
J'(v) = 0 and consequently

liminf ||u, — v,]| > ||lu —v|| > &,
n

in contrast with the assumptions.
Therefore it follows that

lim f(z,un)(u, — v,) de = lim f(z,v)(up —vy,) dz =0

n JrN n JrN
and, finally,
[t = vall* = T (wn) (= vn) = T (vn) (0 — v3)

-|-/RN(f(x,un)—f(m,vn))(un—vn)da:%(). O

Proof of Theorem 4.1.1. Note that A contains all the nontrivial critical points
of J. Applying Theorem 3.3.3 we obtain a Cerami sequence u,, € Xso at
the level ¢ :=infy J > 0. Lemma 4.3.5(a) implies that there exists u € Xso
such that u,, — w up to a subsequence, thus J'(u) = 0.

If by contradiction [pn f(z,un)u, dz — 0, then similarly to the proof of
Lemma 4.3.5 (b) we infer that u,, — 0, in contrast with J(u,) — ¢. Hence,
again similarly to the proof of Lemma 4.3.5 (b), u # 0.

Fatou’s Lemma and (F4) imply

1 1
¢ =lim J(u,) = lim J(u,) — §J'(un)un = lim §f(x, U Uy, — F(z,u,) dx

n RN
> 1f(:z:,u)u—F(ac,u) dr = J(u) —lJ’(u)u: J(u) > c.
v 2 2

Now assume f is odd in u, which implies that J is even. The existence
of infinitely many geometrically distinct critical points of J follows directly
from Theorem 3.3.5 (b). As for the fact that the ground state solution is
nonnegative, since J(v) = J(|v|) and J' (v)v = J'(Jv])|v| for every v € Xs0,
we obtain that |u| is again a ground state solution. O
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Lemma 4.3.6. Suppose that f does not depend ony and satisfies (F5). Then
there exists w € Xso such that [on F(z,w)de > 1 [on [V.w]? do.

Proof. For every R > 3 we define a continuous function ¢r: R — R such
that ¢g(t) = 0 for [t| < 1 and for [t| > R+ 1, ¢gr(t) = up for 2 < |t| < R
and ¢ is affine for 1 < [¢t| < 2 and for R < |[t| < R+ 1. Then let wg(x) :=
or(|y])dr(]2]). Observe that wr € Xse and there exist constants Cy, Cy > 0
such that

F dz > C1RY essinf F
/RN (z,wgr) dz > Cy ZGGSIEA}I}K (2, u0)

— CyRN™Y sup  esssup F(z,u)
R<|u|<R+1 zeRN—-K

— Cy sup esssup F(z,u)
1<|u|<2 zeRN K

and

/ Vowl? < CRN.
]RN
Then the statement holds true for R > 1. O

Proof of Theorem 4.1.2. First we prove that J has the mountain pass geom-
etry. Let w € Xgp as in Lemma 4.3.6. From Lemma 4.3.4 (a), there exists
0 < < ||w]| such that inf { J(u) | v € Xp and ||u|| = } > 0. Moreover, for
every A > 0 we have

1 a
1 1
K RN§]VZw\2—F(z,w) dr — —00

as A — 07. Consequently, the existence of a Palais-Smale sequence u,, € X
for J|xs, at the mountain pass level ¢ > 0 follows. Such a sequence is
bounded because (F5) holds: for every n > 1

1
c+ 1+ |lunll = J(un) — ;Jl(unxun)

= (3= )l + [ 2t = P e (5= 3) .

Now, suppose by contradiction that (4.3.1) holds for every R > 0. Fix
R > /N — K such that (4.3.1) holds with the supremum being taken over
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ZNE. Since F and (z,u) — f(z,u)u satisfy (4.3.2) uniformly with respect
to 2 € R¥"X from Lemma 4.3.1 and arguing as in Lemma 4.3.3 we obtain

1 1

¢ =limJ(u,) — =J (uy)u, = lim —f(z,up)un, — F(z,u,)dx =0,
n 2 n RN 2

which is a contradiction. Then there exist R > VN — K and ¢ > 0 such

that, up to a subsequence,

/ u?dr > ¢ (4.3.3)
B((0,20),R)

where z, € ZNK maximizes 2z fB(( )|un|2d:v. Since J is invariant

0,2),R
with respect to ZN¥~K translations, up to replacing u, with u,(- — z,) we
can suppose that z, = 0. Since u, is bounded, there exists ©u € Xgp such
that w, — u in X, which in turn implies that J'(u) = 0 and that u,, — u in

L?(Bg) and a.e. in RY; in particular, u # 0 because (4.3.3) holds. O

Proof of Corollary 4.1.3. The proof follows from Theorems 4.1.1, 4.1.2 and
4.2.1. ]

4.4 The Sobolev critical case

In this section, we prove Theorem 4.1.6; moreover, not only do we assume
K = 2 (for the same reasons as in Section 4.2) but we also assume N = 3
(which a fortiori forces us to have K = 2). The reason is that in Lemma
4.4.3 below we make use of the explicit structure of SO(2), i.e.

50(2) = { (s —smad | e L
S1n & COS &

We recall that throughout this section 2* = 6,

1 1
B(U) =+ |V><U|2dx——/ U de,
2 R3 6 R3
1 u? 1
J(u) = = R
(u) . |Vul + gdo 6/R3u x

The only exception to the restriction N = 3 is Corollary 4.1.4, which we
prove here.
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Proof of Corollary 4.1.4. The proof follows from [9, Theorem 1] and Theo-
rem 4.2.1. ]

Let m: S* \ {Q} — R3 be the stereographic projection, where Q =
(0,0,0,1) is the north pole, and let

2
: R3 R.
Yrx € |_>”|x|2+1€
1

m(€) = ——(£1,82,83), £ = (£1,6,8, &),

1-&
m(x)

Explicitly,

1

= W(2$172x272x37 2 = 1),z = (21,22, 23).

Recall that g = (§9) for g € SO(2), SO = {g]|g€SO(2)}, and
Dso(2x2) is the subspace of DV?(R? R?) of SO(2 x 2)-symmetric vector fields
according to Definition 4.1.5.

Lemma 4.4.1. Dso2x2) C Fix(S0O).

Proof. Let g1 € SO(2) and define g := (g1, [2) € SO(2) x SO(2). Note that
gn(z) = 77 (Giw)

for every x € R3, therefore

Y(x)
w<7r (g7 (x))

Lemma 4.4.2. The embedding Dsox2) — L°(R? R?) is compact.

g U(z) =

>U<7r(g7rl(w))> - %U(m) — U(Giz). O

Proof. For every U € Dgp(2x2) define V() = g((:_((gg)))) for ¢ € S\ {Q}.

Note that V € H'(S? R?®) and, similarly as in [44, Lemma 3.1], |[VU]y =
||V||H1(S3,]R3) and |U|6 = |‘VHL6(R3,R3)7 where

3
IVl = [ I90VE -+ IVEaV,
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is the norm in H'(S?,R?) and V, is the gradient on S* [6,89]. Therefore
U — V is an isometric isomorphism between DV?(R3 R3) and H'(S? R?)
and between L5(R? R?®) and L(S* R3). Note that, since U is SO(2 x 2)-
symmetric, then V(g§) = g1 V(€) for every g = (g1, g2) € SO(2)xSO(2) and,
consequently, |V|] is SO(2) x SO(2)-invariant, or equivalently O(2) x O(2)-
invariant.

Let U, € Dsoxz) such that U, — 0 in Dpzx2). Then V, — 0 in
H'(S?,R?) and, up to a subsequence, V. — 0 a.e. in S3; this implies that
'V,,| = 0in H'(S?) and so, in view of [47, Lemma 5], |V,,| — 0 in L5(S?).
Hence V,, — 0 in L5(S? R?) and so U,, — 0 in L%(R3 R?). O

For U € Fix(SO) recall from Lemma 4.2.3 the definition of U,, U,, and
UC,i; 1€ {3,,N}

Lemma 4.4.3. IfU € Dgo(zxg), then Up, U.,-,U< € DSO(2><2)-

Proof. We first prove that U, € Dsp(2x2). Let a; € R, g; = (COS‘“ _Sma") €

sina; cosa;

SO(2), i € {1,2}, and set g = (4 gog). We want to prove that

)) U, <7r(g7r_1(x))) — U (2) (4.4.1)

provided
¥(z)

o (g7 ()
We compute the two sides of (4.4.1) separately. We use the convention

that R?® = R3*! and treat the scalar product in R? as matrix multiplication.
As for the right-hand side we have

>U<7r(g7rl(:r;))> = g U(x).

~ —x2 —x2 —xo cos ] —x1 Sin o —To
%1 < Jé)l > UT(.Z‘) ( 9%1 ) <7xgsina1+x1 cos a1 ) UT<(L’> < %1 >
-~ 0
g1 U (z) = 2 2 - 2 2
T+ 5 T+ x5
—IQUl (ZE) + IlUQ ([E) —x2 cos o] —x1 sinoag

= 3 5 ( —xo sin a1 +x1 cos aq ) .
T+ 75 0
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Let us write m# = (% ) As for the left-hand side we have

¢(x )>U <7T(g7rfl(x)))

—wz(gvr Y T<7T ) —7r2(97r_‘11(fﬂ))
¢<x> 1 97f 7T1(97T0 ()

@Z)(W(gﬂ—l(x))) e (g7r Y(z)) + 73 (97 (z))
—ma(gn—1(x)) - —m2(gn(z))
( m(gio—l(x)) ) U7 (z)g1" ( ﬂl(ggro_l(x)) )

w3 (g1 (x)) 4+ 73 (97 (x))

Let us compute

2x1 cos a1 —2x2 sin aip
1 . 1 2x1 sin a1 +2x2 cos ap
g (ZL‘) - ‘x|2 +1 2z3 cos an—(|z|2—1)sinae | »
223 sin ag+(|2|2—1) cos as
1 1 2x1 cos 1 —2x2 sin a1
m(gr (z)) = _ 211 sina1+2rp cosar | |
|22 + 1 — 2z3sinag F (|2]2 — 1) cos ag \ 23 cos az—(|z|>—1) sin

Ui (z)cosar1—Uz(z)sina T
UT(ZL‘)E]ET = (Ui(x)sinoqlJrU;(x)cosozi) ,

Us(x)
UT(x) ~T *sz(gﬂ__ll(l")) - 2(—332U1 () + 21Uy (;1:))
g mlm @) |z]2 4+ 1 — 2x3sinag — (Jz|2 — 1) cos ay’

and
4a% + 43

(lSL’|2 + 1 —2z3sinag — (|x]?> + 1) cos a2)2’

(g (@) + w3 (g7 (2)) =
so for the left-hand side we have
—mo(gn~ 1(96 —ma(gr—(z))

( 1 (g7 (2)) )UT( )91 ( 1 (g7 (2)) >
0 0
T ( ) + 73 (gﬂ Wz ))
—l'gUl (ZL’) + $1U2( ) (—wg cosa —x1 sinag )

—xo sin a1 +x1 cos aq
ry + 73

and (4.4.1) holds.
Similar computations hold for U,, so U, € Dsoxz). Finally, U =
U - Up —U, € Dgo(gxg). ]
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Note that E|p, = L|p, in view of Lemma 4.2.5, where L: D"?(R3 R?) —
R is defined as

1
L(U) = 5 -

1

VU dx — —/ |U|% da.
6 Jgs

We set y = Dgo(gxg) nF.

Lemma 4.4.4. Y is infinite dimensional.

Proof. Let ¢ = (9') € SO(2) and let X, resp. Z, be the subspace of
Dso(2x2) consisting in the vector fields U such that

U(zx) = —= [ z2 |, resp. U(x) = u(x)
0

= O O

for some SO-invariant u: R* — R. In order to prove that ) is infinite
dimensional, we build an isomorphism between X and ) and an isomorphism
between X' and Z. The conclusion will follow from the fact that Dso2x2) is
infinite dimensional and that, in view of Lemmas 4.2.3 and 4.4.3, we get the
decomposition Dspaxo) = X SV D Z.

For every U € X define U(z) := U(ez). It is clear that U € Y and that
U+ Uis an isomorphism.

Now consider U € X and let u: R?® — R be SO-invariant such that
U(z) = @ (%é ) Define U(x) := u(x) (?). By similar arguments to those
used in the proof of Lemma 4.2.5 it is easy to check that U € DV?(R3 R?).
Finally, explicit computations show that U is SO(2 x 2)-symmetric (hence
U € 2Z) and trivially U + U is an isomorphism. O

Proof of Theorem 4.1.6. Lemma 4.4.1 implies that )} C Dz; moreover, Y
is closed in DY?(R3,R?) and infinite dimensional by Lemma 4.4.4. Since
U — 3 o7 is a linear isometry between D"*(R?,R?) and H'(S? R?) and
between L°(R3 R3) and L°(S?,R?), one easily checks that F|p, is invariant
under the action of SO(2 x 2). Hence every U € ) is a solution to (4.1.6) if
and only if it is a critical point of E|y owing to Theorem 1.5.1.

We want to make use of |95, Theorem 9.12|. From the embeddings ) C
DY2(R3 R?) C L5(R?, R?), there exists § > 0 such that

inf { E(U)| UeYand VU, =61} >0
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(cf. the proof of Lemma 4.3.4 (a)). In addition, if Y C )Y is a finite di-
mensional subspace, then the norms |V(-)|2 and | - |¢ are equivalent in Y,
thus there exists R = R(Y) > 0 such that E(U) < 0 for every U € Y with
|UJg > R. We are only left to prove that FE|y satisfies the Palais—Smale
condition at every positive level, therefore let U, € ) be a Palais—Smale
sequence for E|y at some ¢ > 0. Similarly to the proof of Theorem 4.1.2
we prove that U, is bounded, hence there exists U € ) such that, up to a
subsequence,

U, -~ U in D"*(R* R?) (4.4.2)

and, in view of Lemma 4.4.2,
U, — U in L%(R* RY). (4.4.3)
Since lim, E|},(U,) = 0, from (4.4.2) and (4.4.3) we obtain

0 = lim E'(U,)(U) = |[VU|; - |U[S (4.4.4)

and, since U, is bounded,

0 = lim £'(U,)(U,) = 1im |VU,|3 — |U[S. (4.4.5)
From (4.4.4) and (4.4.5) we have lim,, |VU, |y = |VU]s,, which, together with
(4.4.2), yields lim,, U,, = U in DV?(R3,R3). ]
Proof of Corollary 4.1.7. 1t follows from Theorems 4.1.6 and 4.2.1. O
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Part 11

Constrained problems
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Chapter 5

Introduction to Part 11

In Part IT of this Ph.D. thesis, we study the existence of least energy
solutions to the Schrodinger system

—Au1 + )\1U1 = 81F(u)

. in RY (5.0.1)
—Aug + Agug = g F(u)
paired with the constraint
/ wlde =p; Vje{l,...,K}, (5.0.2)
RN

where N, K > 1, py,...,px > 0 are given, (\1,..., \g) € RE and F: RY —
R is a nonlinear function. Problems as in (5.0.1) appear when one seeks

standing wave solutions ®(z,t) = (e~ (z), ..., e uk(z)) to the time
dependent Schrédinger system
0P

i AD = g(|0))® (5.0.3)
ot

(in which case one has F'(u) = F(|u)) for some u = (uy, ... ,ug): RY — RE

and (A\1,...,\g) € RE.

An important feature of (5.0.1) is that the values \; are part of the
unknown, being the Lagrange multipliers associated with the L?-constraint
(5.0.2). Solutions to (5.0.1)—(5.0.2) or similar problems are known in the
literature as normalized solutions and have raised much interest in the last
decades. The importance of such constraints is due to quantities related to
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solutions to (5.0.3) that are conserved in time (see, e.g., [38,39]), i.e., the
energy

J(u) := /]RN %|Vu|2 — F(u)dx = /RN %Z |Vu;|* — F(u) dx (5.0.4)

and the masses
/ u?dx, jed{l,...,K}.
RN

Moreover, the masses have a precise physical meaning: they represent the
power supplies in nonlinear optics [4, 102] and the total number of atoms in
Bose-Einstein condensation [67,92].

When K =1 and

1 » . o 4
one can solve (5.0.1) with A = \; fixed (e.g., A = 1) and then, denoting by
u such a solution, consider proper a, y > 0 such that au(u-) solves (5.0.1)-
(5.0.2) for some X € R.

Concerning the problem when A is fixed, the situation appears to be rather
understood, at least in the case of K = 2, positive solutions, and I’ of power
type. In this direction, we refer to [13,14,41,71-74,98,101,106,107,126,127],
see also the references therein.

As for the case when A is part of the unknown and F' is not homogeneous
or K > 2, much depends on whether the energy functional J: H'(RV)X — R
restricted to

S = { u € HY(RM)X

/RNz@da:Z@ Vi € {1,...,K}}, (5.0.5)

where J(u) is defined in (5.0.4), is bounded from below or not. Such a
property depends on F', which is not surprising, and on p = (p1,..., k),
which is possibly less expected. In the literature, the case when J is bounded
from below for every p is known as mass-subcritical or L?-subcritical, while
the case when J is unbounded from below for every p is know as mass-
supercritical or L*-supercritical. The case when the behaviour of J from
below actually depends on the parameter p is referred to as mass-critical or
L?-critical. If F is of power type, then these three cases correspond to the
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exponent 2 < p < 2* being, respectively, less than, greater than, or equal to
the threshold value 2.

The simplest case, hence the first that was investigated, is the mass-
subcritical one, because solutions can be looked for as global minimizers of
J|s. This is the strategy adopted by Stuart [112], for the scalar case K =1,
and Lions |70], for the general case K > 1: the former exploits tools from
bifurcation theory (hence giving results also about this topic) from previous
work of his [110,111,113], the latter provides necessary and sufficient con-
ditions for minimizing sequences of J|s to converge (in particular, sufficient
conditions for infs J to be achieved) and then discusses when such equiv-
alent conditions hold. In fact, Lions deals with the mass-critical case too,
because one of the sufficient conditions for infs J to be achieved is that p is
large (cf. [70, p. 299]). More precisely, he always requires a mass-subcritical
behaviour at infinity limj, . F(u)/|u/** = 0, but the assumption of a mass-
subcritical behaviour at zero lim,_o F'(u)/|u|*# = oo can be traded with the
mass being large, together with other hypotheses.

Concerning the mass-supercritical (nonhomogeneous) case, the first work
is, to the best of our knowledge, by Jeanjean [59]. Unable to apply a di-
rect minimization method, he finds a solution exploiting the mountain pass
geometry of the energy functional together with a characterization of the

mountain pass level and a splitting result (or, when N > 2, the compact
embedding of radial functions H ;(RY) C LP(RY), 2 < p < 2%).

After these seminal results, the field of normalized solutions raised more
and more interest in the PDE community and much work on it has been
done, studying single equations and systems, in bounded domains and in all
of RV, using the most various techniques. It is impossible, or at the very least
extremely audacious and demanding, to keep track of all the developments
had in four decades of Mathematics, therefore we will limit ourselves to some
relevant papers. As for single equations in RY we mention [1,21,22, 24,26,
27,32,33,37,39,43,60,61,99,104, 105], while concerning systems of equations
in RY we mention [16, 17,21-23, 54, 55, 82, 85, 87,99, 100]. In particular,
|21-24,55,61| deal with the issue of multiple solutions. Problems as (5.0.1)
but in bounded domains are investigated in [50, 86, 91] (single equations)
and [87,88,125] (systems).

A common difficulty when studying (5.0.1)—(5.0.2) is that the embedding
HY(RY) < L*(R") is not compact, as remarked in Subsection 1.1.1, not even
when considering particular subspaces, which implies that a weak limit point
of a sequence in § needs not belong to S. This issue, which is of course closely
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related to the strong convergence of such sequences, is also connected with
the sign of the components w; of the limit point and /or of the corresponding
Lagrange multipliers A;. Such issues have usually been investigated with
more or less involved tools such as the strict subadditivity and monotonicity
of the ground state energy map [60,61,64, 104] or additional properties of
Palais-Smale sequences [17,59,60,104| (roughly speaking, the ground state
energy map associates p with the least possible energy that a solution to
(5.0.1)—(5.0.2) can have and is defined rigorously in Sections 6.3 and 7.3). In
addition, in the mass-supercritical setting, several of the papers mentioned so
far make use of a complex topological argument by Ghoussoub [52] based on
the o-homotopy stable family of compact subsets of M (such a set is defined
in (5.0.7)).

Here we propose a new, simpler approach, which overcomes both the issue
of the strong convergence in L?(RY) and that of the elaborate tools used to
deal with it. This approach was introduced by Bieganowski and Mederski [32]
for K =1 in the mass-supercritical regime, then extended to the case K > 1
by Mederski and the author [82]; it was also adapted to the mass-(sub)critical
setting by the author [99].

Instead of considering the set S, we take into account

D= { u € HY(RM)K

/RNu?dep§ Vj € {1,...,K}}. (5.0.6)

Clearly, S C D; moreover, S = 0D if K =1 and § C 9D if K > 2 because
in this case

K
apzuplX"'XDj,lXSjXDj+1X"'XDK,
j=1

with the obvious definitions

Dj::{uEHl(RN)‘/ quxgpi},
RN

S; ::{uEHl(RN)‘/ qua::pi},
RN

which, in our approach, is what makes the difference between the cases K =1
and K > 2.

From the lower semicontinuity of the norm, it is clear that every weak
limit point of a sequence in D stays in D. In the mass-subcritical case, as

109



well as in the mass-critical one under additional assumptions, the functional
J|p is still bounded from below and we easily obtain a minimizer; this is the
case studied in Chapter 6. The price to pay, of course, is that we need to
prove that such a minimizer actually belongs to S, which requires further
assumptions when K > 2; nonetheless, this is still more direct than the
arguments used in most of the papers previously mentioned.

In the mass-superctitical setting, dealt with in Chapter 7, the functional
J|p is a fortiori unbounded from below, hence additional tools are called for
in order to still obtain least energy solutions. It is possible to prove (see
Section 7.1 for more details) that, if (A, ) is a nontrivial solution to (5.0.1),
then u belongs to the set

M = { u e HY(RM)X\ {0} ‘ / |Vul?dr = N H(u)dz } . (5.0.7)
RN 2 Jrn

where H(u) := VF(u) - u — 2F (u), therefore it makes sense to consider the
functional J|rnp. Fortunately, this functional is bounded from below and
we can apply a constrained minimization argument to obtain a minimizer.
Under mild assumptions, M is shown to be a natural constraint in the sense
that every minimizer of J|ynp is in fact a critical point of J|p. As in the
mass-subcritical and -critical cases, we need to prove that the minimizer
we have obtained lies in S and this is done under further hypotheses. The
difference is that M is not weakly closed, therefore, when we consider a
(weakly convergent) minimizing sequence of J|pnp, we need to project the
limit point onto M again and make sure such a projection belongs to D.

A second advantage of working with D instead of S is that the Lagrange
multipliers \; are nonnegative. This result is based on Clarke [45] and basi-
cally relies on two facts: the critical points we consider are minimizers (of J|p
in the mass-subcritical and -critical cases, of J|ynp in the mass-supercritical
case) and the set D is defined via inequalities. There are at least two reasons
why this is an advantage: the first is that the sign of the Lagrange multipliers
has often to do with important aspects, as previously remarked, and indeed
we do make use of such information also in our proofs; the second is that,
in case one wants to prove the strict positivity, the case \; = 0 for every
j €{1,...,K} is easier to rule out than the case \; < 0. In addition, the
strict positivity is important from non-mathematical points of view too, as
there are situations in physics, e.g., concerning the eigenvalues of equations
describing the behaviour of ideal gases, where the chemical potentials \; of
the standing waves have to be positive, see, e.g., [67,92].
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Since the nonnegativity of ); is used both in Chapter 6 and 7, we state
and prove the aforementioned result in this introductory chapter.

Proposition 5.0.1. Let H be a real Hilbert space and f,¢;, v, € CH(H),
je{l,...,m}, ke {l,... ,n}. Suppose that for every

ze()e;70) N (0)
j=1 k=1
the differential

is surjective. If ¥ € H minimizes f over
{zeE|¢gj(xr)<0Vj=1,...,mand Yp(x) =0Vk=1,...,n},

then there exist (\;)7, € [0,00[™ and (oy)j_; € R such that
F1@) + D NG + ) oxti(z) = 0.
j=1 k=1

Proof. From [45, Theorem 1, Corollary 1] there exist 7 > 0, (\;)7; €
[0, 00[™, and (o%)7_; € R™, not all zero, such that

@)+ Y M@ + Y (@) 0. (5.08)

If 7 > 0, then we can divide both sides of (5.0.8) by 7 and, up to relabelling
Aj and oy, conclude the proof, hence assume by contradiction that 7 = 0, i.e.

> NOE) + D o (z) = 0. (5.0.9)
j=1 k=1

If ¢;(z) < 0 for some j € {1,...,m}, then of course \; = 0, hence, up
to considering a (possibly empty) subset of {1,...,m} in (5.0.9), we can
assume that ¢1(Z) = -+ = ¢, () = 0 and A\yp41 = -+ = Ay, = 0 for some
0 < mp < m, where my = 0 denotes that \; = 0 for all j € {1,...,m} and
mo = m denotes ¢;(Z) =0 for all j € {1,...,m}. Then the differential

(01(T), .., O (B), W(T), ... 00 (T)) s E — R™OH"
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is surjective and so, for every j € {1,...,mqo} (resp. k € {1,...,n}), there ex-
ists y € H such that ¢;(7)(y) # 0, ¢;(7)(y) = 0 forevery i € {1,...,mo}\{j}
and ¥ (z)(y) = 0 for every k € {1,...,n} (resp. 93 (Z)(y) # 0, ¥i(Z)(y) =0
for every i € {1,...,n} \ {k} and ¢}(7)(y) = 0 for every j € {1,...,mq}).
This and (5.0.9) imply A\; = 0 for every j € {1,...,mo} and o4, = 0 for every
ke {1,...,n}, a contradiction. O

Note that both the statement of Proposition 5.0.1 and its proof remain
valid if the functions v;’s are removed from them.

Finally, we conclude this chapter recalling the Gagliardo—Nirenberg inter-
polation inequality (in a less generic form, which however is enough for our
purposes), which plays a basic role in Chapters 6 and 7.

Theorem 5.0.2. Let p €]2,00[ if N € {1,2} orp €]2,2*] if N > 3. Then
there exists Cnp > 0 such that

lul, < C’N7P\Vu]gp|u]§_6p for all w € H*(RY),
1 1
where 6, := N <— - —).
2 p
Observe that, in Theorem 5.0.2,

<2 ifp <2y,
opp Q=2 if p =2y,
> 2 ifp>2#.
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Chapter 6

Autonomous Schrodinger
equations in the mass-critical and
-subcritical cases

6.1 Statement of the results

In this chapter, based on [99], we study the problem

—AUj + /\jUj = 8JF(U)
S uF dz = p3 jed{l,...,K} (6.1.1)
()\j,uj) cR x HI(RN)

with N> 1 and 1 < K < 24. Here p = (py1,...,px) €]0,00[F is pre-
scribed, while (A, u) = (A1,..., Ak, U1, ... ug) is the unknown. The nonlin-
earity I satisfies the following assumptions, which correspond to the mass-
(sub)critical case.

(FO) F € CYRE), F > 0, and there exists S > 0 such that |VF(u)| <
S(|u| + |u|?> 1) for every u € RX.

F
(F1) neo := limsup ()

|u|—o0 |u’2#

< OQ.

. F(u)
(F2) }g% |ul?

=0.
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(F3) no := liminf F(u)

it pe =0

In (F3) the case ny = oo is allowed. Let us recall that the functional
J: HY(RM)X — R defined in (5.0.4) is well defined and of class C! in view
of (F0). When N > 5 and K > 2 (in fact, K = 2 because K < 24), we
consider the following assumption for a function f: [0, co[— [0, col.

(P) There exists ¢ < N/(N — 2) such that liminf, ,o+ f(¢)/t? > 0.

We choose to tackle problem (6.1.1) by means of relative compactness
in the LP(RY) norm, 2 < p < 2*, of bounded sequences in H*(RY), while a
different strategy will be used in Chapter 7. When N > 2, let $) be a subspace
of H'(RY) that embeds compactly into LP(RY) for every p €]2,2*[ and such
that every critical point of J|gx is a critical point of J. In particular, the role
of § will be played by either $), or, if F' is even, §), (recall their definitions
from Subsection 1.1.1). When N = 1, in the spirit of Theorem 1.1.7 we
will always take ) = $,. Since we deal with minimizing sequences, if F' is
even, then we can replace each element of such a sequence with its Schwarz
rearrangement and still obtain a minimizing sequence.
Recalling the definitions of S and D, given in (5.0.5) and (5.0.6) respec-
tively, we define
G=SNH and D:=DNH

and we will write &,, ©, (resp. &,, ©,) when $ =, (resp. H = §,). Our

main results read as follows.

Theorem 6.1.1. Assume that K =1, (F0)-(F3) hold, and

e N O, < 1, (6.1.2)
2m0p" N Oy, > 1. (6.1.3)

(a) If N > 2, then there exists a solution (\,u) €]0,00[x&, to (6.1.1)
such that J(u) = infp, J < 0. If, moreover, ny = oo, then the same holds
replacing &, and D, with & and D respectively.

(b) If F is even, then there exists a ground state solution (X, u) €]0, co[x &,
to (6.1.1) such that J(u) < 0 and u is nonnegative, radially nonincreasing,
and of class C*.
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Since, as we will see later (cf. Lemma 6.2.1), J|p is bounded from below,
by ground state solution to (6.1.1) we mean a solution (A, u) such that J(u) =
minp J. Note that this is more than just requiring J(u) = ming J, which,
on the other hand, appears as a more “natural” condition. As for nonradial
solutions, we have as follows.

Proposition 6.1.2. If N =4 or N > 6, K =1, F is even, (F0)-(F3) and
(6.1.2) hold, and ny = oo, then there exists a solution (u,v) €]0,00[xX&, to
(6.1.1) such that J(v) = infg, J < 0.

Note that under the assumptions of Proposition 6.1.2 there exist two
distinct solutions to (6.1.1): (A, u) €]0, 0o[x&,, which is also a ground state
solution, and (u,v) €]0, 00[xX&,,.

When K > 2, |p| replaces p in (6.1.2) and (6.1.3). In this case the
following holds.

Theorem 6.1.3. Assume that 2 < K < 24, (F0)-(F3) and (6.1.2)-(6.1.3)
hold, L > 1 is an integer, and for every ¢ € {1,...,L} and every j €
{1,..., K} there exist F}, ﬁ}j € CY(R) even, nonnegative, and nondecreasing
on [0, 00] such that ﬁj,g(O) =0 and

K

F(u) =Y Fi(w)+ Y [ Freluy).

j=1 =1 j=1

If1 < N <4 orif N>5 and each Fj|jo [ satisfies (P) (not necessarily with
the same q), then there exists a ground state solution (\,u) €]0, 00K x&,
to (6.1.1) such that J(u) < 0 and each component of u is positive, radially
nonincreasing, and of class C2.

It is clear that a necessary condition for (6.1.2) and (6.1.3) to hold si-
multaneously is that 19 > 1,. This is what holds in the L2-subcritical case,
where 779 = oo and 7, = 0. At the same time it rules out the L%-critical case
when F'is of power type. On the one hand, since (6.1.1) does have a solution
with F(u) = |u|?# /24 for one specific value of p, we know that the conditions
in Theorems 6.1.1 or 6.1.3 are not sharp, at least to ensure an existence result
for some p; on the other hand, if (6.1.2) and (6.1.3) both hold, then we can
find a ground state solution to (6.1.1) for uncountably many values of p even
when the behaviour of F' is L?-critical both at zero and at infinity. Observe
also that 19 = oo is a necessary condition for Theorem 6.1.3 to hold if N > 5.
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The restriction K < 24 is actually a necessary condition arising from
(F'3) and the fact that ﬁm(t) =o(t) ast — 0 for every k € {1,...,L} and
j€{1,..., K}, in turn owing to that Ek is even and differentiable at 0.

We provide some examples for F', beginning with the case K = 1. A first
model for the nonlinearity is

for some v > 0, ¥ > 0 and 2 < p < 24, in which case one has 7y = oo and
Neo = V/24. A second model is a sort of counterpart of the first one, i.e.,

Jul
F(u) = min{t*# '} dt (6.1.4)
0

with 2 < p < 24, in which case one has 1y = 1/24 and 7., = 0.
Now define F*: [0, 00[— R by F*(0) = 0 and

(-2 ifo<t<l
Bb+2t—-3-13) if <t <1

Frt)=q —t*+2ct—1-20b+1) ifl<t<c
F*(2¢c —1t) if c <t <2¢
0 if t > 2c

with b = 1/In2 and ¢ = b(b + 2)/4 + 1 and let F(u) := F*(Ju|). Then
(F0)—~(F3) hold with 79 = oo and 7, = 0. One can also modify the previous
example in order to have 79 < oo by defining

= ifo<t<1
#
t—1+i- if 1 <t<?2
Fr(t) = - +5t =5+5-  if2<t<}
F*(5—1t) if 3 <t<5
0 if ¢ > 5.

Notice that, in both examples, F™* is not monotone, therefore such examples
do not suit the case K > 2. Finally, for the case when both 7. and 7, are
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finite and positive, an example is

2
i if 0<|u <1
#
F(u) =< |ul - 1+ i if 1< |ul <2 (6.1.5)
u|“# :
22|#|,12# +1-— i if Ju| > 2.

Concerning the case K > 2, similarly as before a model for the nonlin-
earity is

K _ K K
V; v, . s I
P =3 (2P + 2t ) +a Tt + 5] p
j=1 \°# P; j=1 j=1
for some vj, o, > 0, ; > 0, 7r;,7; > 1, and 2 < p; < 24 such that a+3 > 0,
Z]K:l r; =24, and 2 < Zj{:1 7; < 24. When N > 5 (which implies K = 2),
we need to add the term
U 1Y 2N — 2
— | + Zus|?, 2 < qr,g0 < , Uy, Vg >0,
5 42 N —2

(then we can allow 7; = 0). In this case, again one has 7y = co. If & = 0, then
Noo = Max,—1_ g Vj/24; if K =2, a >0, and v; = 0 for every j € {1,2},
then 7., = a,/r?r?ﬂi# (see Subsection 6.1.1 for more details on such

computations).
Finally, one can take F; and Fj; as in (6.1.4) or (6.1.5), with additional
restrictions on Fj similarly as before if N > 5.

6.1.1 Some explicit computations

Proposition 6.1.4. Let K > 2 andv; > 0, j € {1,..., K}, and define

F(u) = ZVJ'\UJ'\2#-
F(u)

Then limsup —-= = max v;.
|u|—o0 |u| # Jj=1...K

LOf course, the case a = 3 = 0 is still allowed, but then the system (6.1.1) is uncoupled.
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Proof. By taking u; = 0 for every j € {1,..., K} but one we easily obtain

K
F

lim sup (;“L) > max v;. Since F(u) < max ijyqu#’ it suffices to
|u]—o0 || ?# j=1,..K j=1,..K 74

77777

7=1
prove that for every u € R¥

(|U1|2#+"'+|UK|2#)1/2# < (u§+---+uf<)l/2,

To this aim, we will prove that the function ¢: ]0, co[—]0, 0o[ is decreasing,
where () := (bt + --- + bt.)Y/! for some by, ..., bg > 0. From

t t
TS L C R

o0 =00
we have that ¢/(t) < 0 is equivalent to
biln(bh + -+ bh) + -+ b In(Bh + - - + b)) > b Inbl + -+ bl Indl,
which is true because In is increasing. ]

Proposition 6.1.5. Let ry,75 > 1 such that r1 + 7o = 24 and define

Fu) = | sl ™.

F
Then lim sup |T—Zz = \/T{lrgg/Zi#.
u

|u|—o0
F "
Proof. Observe that, for us # 0, yu@ = (%), with o(t) == m.
2
71,72
Since max ¢ = ¢ ( ﬂ) = %, there holds
2 2,7
ritrh? i F(u , F(u Tt
12#2 > lim sup ‘U(P’Z > limsup \uﬁ%‘z = 12#2 ) [
2# |u| =00 ur=+/r1 /rauz 2#

|uz|—o0

6.2 Proof of the results

Henceforth, we will always assume that (F0) holds and we will make use
of it without explicit mention.
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6.2.1 The scalar case K =1

Lemma 6.2.1. If (F0)-(F2) and (6.1.2) hold, then J|p is coercive and
bounded from below.

Proof. From (F1) and (F2), for every ¢ > 0 there exists ¢. > 0 such that
F(u) < ccu® + (e 4 noo)|ul?*# for every u € R. In view of Theorem 5.0.2, for
every u € D we have

1 2
() 2 5| Vul = celulf = (£ + o) Jul]
1
> S|Vl = cp® — (e 4+ noc)p N Ot |Vl

1 2
= (5 —(e+ noo)p”NCNZ#) Vulj — c.p?,

hence the statement holds true for sufficiently small e. m

Remark 6.2.2. Lemma 6.2.1 still holds for K > 2 because HuHT = |ul,,
1 <r<oo, and ‘V|u|’2 < |Vul,, hence one can use Theorem 5.0.2 with |u.

For uw € HY(RM)\ {0} and s > 0 let s x u(x) := sM?u(sz). Note that
lule = |5 * uls.

Lemma 6.2.3. If (F0), (F3), and (6.1.3) hold, then infp, J < 0. If, more-
over, 1y = 00, then infg J < 0.

Proof. Fix u € © \ {0} and note that

1 F(SN/zu)
2 2
J(S*u):s /RN§|CU| _—(SN/2)2# dl’

F N/2
If ng = oo, then lim M

=0t Jgr (V%)% dx = oo. If ny < oo, then

. 1 9 F(SN/QU) 1 9 9
“IWVul2 — —~—___~ ZIVul? = #
hmsup/N |Vul (sV/2)2 dr < /N 2\ ul no|u|“# dx,

s—0t

hence the statement holds true if v € ®©, and

1
5 /RN |Vul? dz < ng /RN |u|*# d. (6.2.1)
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Let w € $, be the unique positive radial solution to —Av + %U =v*# 1in

RY [62]. Then (cf. [128]) w is such that

2
wly™ = —F
and equality holds in the Gagliardo—Nirenberg interpolation inequality (The-

orem 5.0.2). If we define u(z) := w(tx) for some ¢t > 0, then v € ©, and
(6.2.1) become, respectively,

wl} < a®" and  £|Vwl3 < 2n0lw]y?. (6.2.2)

Now, with the help of the properties of w, it is easy to check by direct

V1+2/N ol

computations that (6.2.2) holds if and only if ¢ € NG 1+2/N,

Remark 6.2.4. Lemma 6.2.3 still holds for K > 2 because7 if we set W €
H' RME as W = (w/VK,...,w/VK), then |W|, = |wl,, 2 < p < 2%,
and VW], = |Vw|a, therefore we can define u(z) := W(tz) and conclude
likewise.

Lemma 6.2.5. Assume that (F0)-(F2) and (6.1.2) hold.
(a) If N > 2, then infg J is achieved.
(b) If F is even, then infg, J is achieved and ming, J = minp J.

Proof. Let u, € © such that lim, J(u,) = infg J. In view of Lemma 6.2.1
there exists u € ® such that, up to a subsequence, u, — v in H'(R") and
U, = u a.e. in RY as n — oo.

(a) Since N > 2, then w, — u in L**(R") and lim, [,x F(u,)dz =
Jan F(u) dz due to (F1), (F2) and [34, Theorem 1|, whence

i%fJ = lim J(u,) > J(u) > i%f J.

(b) Since F is even, choosing ) = ), we can replace u,, with its Schwarz
rearrangement v and we obtain another minimizing sequence for J|p, with
the additional property that each w; is radially nonincreasing. Then from
Theorem 1.1.7 we infer again that u, — u in L*(RY) and conclude as in
point (a). As for the last part, let v, € D such that lim, J(v,) = infp J.
Then, similarly as before,

inf J < J(v,) > J(v)) > minJ > inf J. O
D O, D
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Proof of Theorem 6.1.1. (a) In view of Lemmas 6.2.3 and 6.2.5 there exists
u €D (if ny < oo, then necessarily ® = D,) such that J(u) = infp J < 0. In

Proposition 5.0.1 (the version without the functions ¢’s) we put m = K =1,
H=29,f=J and ¢ = ¢, =|-|3 — p*>. Then there exists X > 0 such that

—Au+ Au= F'(u).

Note that A = 0 if u € D. Assume by contradiction that A = 0. Since u
satisfies the Pohozaev identity

(N—2)/ |Vul*dr = 2N F(u)dx

RN RN

we have 0 > J(u) = |Vul3/N, which is impossible, hence (A, u) solves (6.1.1).
(b) Since F'is even, the argument of the proof of Lemma 6.2.5 yields that

the minimizer u of J|p, obtained in point (a) is nonnegative and radially

nonincreasing and that (), u) is a ground state solution. Since u € W2P(RY)

for every p < oo (cf. Section 1.4), we can use the argument of [30, Lemma
1] and obtain u € C*(RY). O

Remark 6.2.6. In the assumptions of Theorem 6.1.1, every minimizer of J|g
lies in G.

Proposition 6.2.7. Let the assumptions of Theorem 6.1.1 (b) hold and let
(A, u) be given therein. If F is nondecreasing on [0,00[, then uw > 0. If,
moreover, there erists to > 0 such that F'(t) < Mt for every t € [0,to] and
F'(t) > At for every t €]ty, 0], then u is radially decreasing.

Proof. The first part follows from the maximum principle [49, Lemma IX.V.1].
Assume by contradiction that u is constant in the annulus A := {r; < |z| <
ro} for some ro > r; > 0. Then 0 = —Au = F'(u) — A in A and so —Au < 0
in  := {|z| > 1} because u is radially nonincreasing. At the same time u
attains its maximum over Q at every point of A. This is impossible because
u|q is not constant. O

Proof of Proposition 6.1.2. The argument is the same as in the proof of The-
orem 6.1.1 (a) with = $,,. O
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6.2.2 The vectorial case K > 2

We begin this section with the equivalent of Theorem 6.1.1 (a) for K > 2.
Note that we can only ensure that the minimizer v belongs to 9D, while we
need more assumptions in order that v € S; in particular, we do not know if
we can make use of the Schwarz rearrangements, which is also what prevents
us from dealing with the case N = 1.

Proposition 6.2.8. If N > 2 and (F0)-(F3) and (6.1.2) (6 1.3) hold, then
there exists (\,u) € [0,00[%x0D, such that max;_
infp, J < 0, and for every j € {1,..., K}

—AUJ‘ + )\juj = @F(u)

-----

If, moreover, ng = oo, then the same holds replacing ®©, with ®.

Proof. Owing to Remarks 6.2.2 and 6.2.4, Lemmas 6.2.1, 6.2.3, and 6.2.5
(a) still hold for K > 2. Then we proceed as in the proof of Theorem 6.1.1

(a). O
Note that Proposition 6.2.8 is valid for every K > 2. The next result is
inspired from [53].

Lemma 6.2.9. Let f: [0,00[— [0,00][ be a continuous function that satisfies
(P) and such that f(t) > 0 if t > 0. Then the problem

—Au> f(u)
u>0 (6.2.3)
u € C3(RN) N L*°(RY)

does not admit positive solutions.

Proof. We can assume ¢ > 1. If w is a solution to (6.2.3), then there exists
C = C(u) > 0 such that f(u(z)) > Cuf(z) for every z € RN. Then we
argue as in [94, Proof of Theorem 8.4] and obtain u = 0. O

Lemma 6.2.10. Let L be a positive integer and, for every ¢ € {1,...,L},
let k(€) > 2 be an integer as well. Define k := maxy_y, . k((). For ev-
ery ¢ € {1,...,L} and every j € {1,...,k({)} let }7}75: [0, 00[— [0, 00] be
nondecreasing and define F:RF 5 R as

ZH Z|Uzj 1§i1<"'<ik(5)§];’.

(=1 j=1
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For every { € {1,...,L} and every j € {1,...,k({)} assume that ]:;M is in-
creasing or that it is continuous with F;,(0) = 0. Then for every measurable
w: RN — RF that vanishes at infinity there holds

/R Flu)de < /R Ry,

Proof. By linearity, we can suppose L = 1 and relabel k(1) = k = k and

F;1 = F;. Assume preliminarily that each F} is increasing. From [66, Theo-

rem 1.13] we have

k E e
Fyfusl) do = F dt; d
/RNH ]<|uj|) v /Rer[l/o X{Fj(‘uj|)>tj}(x) 5 al
o0 ) k
= XiF (. yop () dTdty -+ dity
/0 /0 /RNJ‘I_[I {F;(Jus)>t;} 1

and similarly

b oo o) k
Fi(u* da::/ / / X7 (wryop 2 () dr dty - - - dty,
/Rsznl ]( ]> 0 0 Rlejl {Fy( ]-)>t]}( ) 1
oo o) k
=) X ot () s -
/o /0 /RNJ'EII {Fj(Juz))>t;} 1

because
{Fj(up) > t;} = {u; > F ' (t5)} = {luy| > F7 ()Y = {Fi(Juy]) > t;}7,
therefore it suffices to prove that, for every A;,..., A; C RY measurable

with finite measure,

k k
X4, (v)dr S/ xax(x)dx,
/H @< [ Tl

Up to relabelling the sets, we can assume that |A;| < --- < |Ag|, whence
A} C--- C Ay and so | NI Ay < |Ay| = |Af] =[N, A
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Now assume that some Z:;j’s are continuous with Z:;J(O) = 0. We want to
prove that, as in the previous case, {ﬁj(uj) >t} = {]5](|u]|) > t;}*. Since
ﬁ [0, 00[— [0, oo] is nondecreasing and F; 5(0) = 0, following, e.g., [96, p. 10]
we can define the generalized inverse function F 3 : [0, 00[— [0, 00[ as

FY(t) :=inf{s >0: fj(s) > t}.

J

Then it suffices to prove that {E(v) >t} ={v> }7}_1(25)} for every t > 0
and every measurable v: RY — [0, co[ that vanishes at infinity. Observe that
f’j_l(t) =o0 if t > Z:;j (v(z)) for every z € RY and, in that case, both sets
above equal the empty set, hence we can assume that ¢ < esssup Fj o v.

Let z € RN such that F(v(z)) > t. Since Fj is continuous and F;(0) = 0,
there exists s > 0 such that ¢ < ﬁj(s) < l?j(v(x)) Then }?j_l(t) < s and,
since ﬁ] is nondecreasing, s < v(z). Now let z € R such that v(z) > E_l(t).
From the properties of infima, there exists s > 0 such that ﬁ](s) > t and
v(z) > s. Since Fj is nondecreasing, Z:;](v(x)) > f}(s) O

Proposition 6.2.11. Assume that (F0)-(F3) and (6.1.2)—(6.1.3) hold and
let L > 1 and 2 < k(¢) < K be integers, £ € {1,...,L}. If, for every
te{l,...,L} and every j € {1,...,k({)}, there exist F F 1 € CHR) even,
nonnegative, and nondecreasing on [0, 00] such that FM(O) =0, Fi|jo,00] s01-
isfies (P) (not necessarily with the same q) if N >5, and

F(u) = ZFJ ZH o(ug,), 1<0p <0 <) <K,

then there exists (A, u) € [0, 00[%X x0D, such that max;—; _xX\; >0, J(u) =

infg, J = infp J <0, and for every j € {1,..., K}

-----

—AUJ‘ + )\juj = @F(u)

Moreover, for every j € {1,..., K}, either uj = 0 or |uj|o = p;. In the latter
case, \; > 0 and u; is positive, radially nonincreasing, and of class C*.

Proof. Owing to Remarks 6.2.2 and 6.2.4 and Lemma 6.2.10, Lemmas 6.2.1,
6.2.3, and 6.2.5 (b) still hold for K > 2. Moreover, u € Wlif(RN)K for all
p < oo (cf. Section 1.4), therefore we can argue as in the proof of Theo-

rem 6.1.1 (b) and obtain that there exists (\,u) € [0, 00[X x0D, such that
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.....

—AUJ‘ + )\jUj = @F(u)
Let j € {1,..., K} such that \; = 0 (which, in particular, is the case if
lujla < pj), which yields —Au; > Fj(u;) > 0. If N € {3,4}, then u; €
L%(RN) and so u; = 0 from [57, Theorem A.2]. If N > 5, then u; = 0 from

Lemma 6.2.9. That u; > 0 follows from the maximum principle [49, Lemma
IX.V.1]. O]

Proof of Theorem 6.1.3. In view of Proposition 6.2.11 we only need to prove
that u; # 0 for every j € {1,..., K} (recall that u; = 0 if A\; = 0). Assume
by contradiction that it does not hold. Up to changing the order, we can
suppose that ux = 0. For every j € {1,..., K} define

1
Bw) = [ 51Vl = Fw)ds, we @)

’Dr(j):{weﬁr / wzdxgp?}.
RN

Of course, —Au; + A\ju; = Fj(u;) and, from Lemmas 6.2.1 and 6.2.3, —00 <
¢; :=infp () J; <0 for every j € {1,..., K'}. Moreover,

and

K-1

K—1
T(w) =Y Ji(u) =) ey
j=1 j=1
Since }Aﬁjjg >0 for every j € {1,...,K} and ¢ € {1,..., L}, we have J(w) <

ZJ[.; Jj(w;) for every w = (wy,...,wg) € H*(RY)¥, thus

K K-1
c; >infJ = > 4
Mozt = Jw = Yo
j=1 j=1
whence cx > 0, a contradiction. O

Remark 6.2.12. In Theorem 6.1.3 we cannot allow more k(¢)’s as in Propo-
sition 6.2.11 because, in that case, we no longer know whether J(u) =
Z]K:_ll Ji(u;) when ug = 0 and the proof above does not apply. Never-
theless, it applies to rule out the case u; = 0 for all j € {1,...,k(¢)} but
one, for every ¢ € {1,...,L}.
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Remark 6.2.13. In the assumptions of Theorem 6.1.3, every minimizer of J|o,
with nonnegative components belongs to &;.

6.3 On the ground state energy map
In this section, for p = (p1, ..., px) €]0,00[K we denote explicitly

S(p) :={ue H' R | |u], = p; for every j € {1,...,K} }
D(p) :={ue H' (RY)" | |u|, < p; for every j € {1,...,K} }
m(p) = inf { J(u) |ue€D(p)}.

Proposition 6.3.1. Assume that (F0) is satisfied and let A be the subset of
10, 0o[X where (6.1.2) and (6.1.3) both hold. We have as follows.

(i) m: ]0,00[F = RU{—oc} is nonincreasing, i.e., if 0 < p; < p; for every
je{l,..., K}, then m(p) > m(p).

(i) Assume (F1)-(F3) are satisfied. If F is even (when K = 1) or as in
Proposition 6.2.11 (when K > 2), then m|4 is continuous.
(ii1) If (F1)-(F3) are satisfied and ny = oo, then lim m(p) = 0.

lp|—=0+
(iv) If (F3) is satisfied and ns, = 0, then p}i_l)ﬂoo m(p) = —oo; in particular,

lim m(p) = —oc0 if K = 1.
pP—>00

(v) If, for all p € A, there exists a minimizer of J|p(,) and every minimizer
of J|p(y belongs to S(p), then m|4 is decreasing, i.e., if 0 < p; < p;
for every j € {1,..., K} and px, < py, for some k € {1,..., K}, then
m(p) > m(p). The same holds true if, for all p € A, there exists a
minimizer of J|p(,) with nonnegative components and every minimizer
of J|p(py with nonnegative components belongs to S(p).

Proof. (i) It is obvious from the definition of m.

(i1) Note preliminarily that, under these assumptions, for every p € A
there exists a minimizer of J|p(,. Let p",p € A such that p* — p (note
that A is open). Let u™ € D(p") such that J(u™) = m(p") < m(p/2). Up
to replacing u™ with (u™)*, we can assume u" € 9,. Since u" € D(2p), from
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Lemma 6.2.1 and Remark 6.2.2 there exists u € D(p) such that v™ — u up
to a subsequence, whence arguing as in Lemma 6.2.5

m(p) < J(u) < lin%linf J(u") = limninfm(p"). (6.3.1)

Next, let v € D(p) such that J(v) = m(p) and define v" := (pfv;/p;)i, €
D(p"). Then v"™ — v and so

m(p) = J(v) = lirlgn J(v") > limsup m(p"). (6.3.2)
The continuity of m follows from (6.3.1) and (6.3.2).

(111) Note that (6.1.2) holds for every sufficiently small p. Fix ¢ > 0. Let
A3 p" — 0 and u" € D(p") such that J(u™) < m(p"™) + e. In particular,
u" — 0 in L2(RM)X and ™ € D(p) for some p €]0,00[, therefore u™ is
bounded in H'(R™)X due to Lemma 6.2.1 and Remark 6.2.2. This, together
with (F1), (F2), and Theorem 5.0.2, yields [,y F'(u")dz — 0, which implies
liminf, J(u") = liminf, |[Vu"|3/2 > 0, whence, in view also of Lemma 6.2.3
and Remark 6.2.4, 0 > limsup, m(p") > liminf, m(p") > —e. Letting
e — 0" we conclude.

(iv) Note that (6.1.3) holds for every sufficiently large p. Fix p € A, u €
D(p)\{0} and note that [,y F(u)dz > 0from (F3). Forevery j € {1,..., K}

.....

lim, a,, = 0, u" € D(p"), and

m(p") < J(u") = % (ai/N/ EIVUP dx —/ F(u) dx) — —00.
a, RN 2 RN
(v) Let p, p € A as in the statement. Clearly m(p) > m(p) from item (7).
If m(p) = m(p), then there exists u € S(p) C D(p) \ S(p) such that J(u) =
m(p) = m(p), which is impossible. The same argument applies to the version
of item (v) that involves minimizers with nonnegative components. O

Remark 6.3.2. (a) If we assume N > 2 instead of F' even or as in Proposition
6.2.11, then Proposition 6.3.1 (i7) remains valid if m(p) is replaced with
inf { J(u) | u € 9, and |u;j|s < p; forall j e {1,..., K} }.

(b) The assumptions of Proposition 6.3.1 (v) are satisfied by those of
Theorem 6.1.1 (b) or Theorem 6.1.3. Similarly as in point (a), if m(p) is
replaced with inf { J(u) | u € $, and |u;|y < p; for all j € {1,..., K} }, then
the assumptions of Proposition 6.3.1 (v) are satisfied by those of Theorem
6.1.1 (a).
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Chapter 7

Autonomous Schrodinger
equations in the
mass-supercritical case

7.1 Preliminaries and statement of the results

In this chapter, based on [82], we study problem 6.1.1 together with the
auxiliary problem

—A’LLj + )\jUj = ajF(U)

S uF dz < p3 jed{l,...,K} (7.1.1)

()\j,Uj) € R x HI(RN)
with N > 3 and K > 1. As in Chapter 6, p = (py,...,px) €]0,00[F is
prescribed and (A, u) = (A1,..., Ak, u1,...,ux) is the unknown. Denoting
f=VF,H(u):= f(u)u—2F(u) foru € RX and h := VH, the assumptions
about the nonlinearity correspond to the mass-supercritical case and are as
follows.

(FO) f and h are continuous and there exists S > 0 such that | f(u)|+|h(u)| <
S(lul + [u* 7).

|##

(F1) n :=limsup
u—0 |U

(F2) tim LW _

|u|—o00 ]u|2# a

< 00
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Flu) _

(F3) lim

|u|—o00

(F4) 2,H(u) < h(u) -u
(F5) (24— 2)F < H < (2" — 2)F.
(F6) There exists ¢ € RY such that H(¢) > 0.

Note that (F5) implies F, H > 0 and that, if (F'2) and (F5) hold, then so does
(F6). Let us recall the definitions of J, S, D, and M given by, respectively,
(5.0.4), (5.0.5), (5.0.6), and (5.0.7); in particular, let us provide a motive for
the set M. Clearly, if (\,u) € RE x HY(RY)X is such that

—Au; + Nju; = 0;F for every j € {1,..., K},
then it satisfies the Nehari identity

/ |Vu|2+Z/\]u] VF(u)-udr =0. (7.1.2)

7=1

Moreover, since, in that case, u € W2P(RN)X for every p < oo (cf. Section

1.4), (X, u) satisfies also the Pohozaev identity

|Vul? + Nu? — 2°F(u) dr = 0. 7.1.3
| v+ Z (119

By a suitable linear combination of (7.1.2) and (7.1.3) we can get rid of the
unknown quantity A and have that every solution satisfies

N
M(u) = /}RN |Vul? — EH(U) dxr =0,

so that M = { uw € H'(RV)¥\ {0} | M(u) =0 }. Recall also that J and M
are well defined and of class C! from (F0). Moreover, it is easily checked that

M # 0; as a matter of fact, for every u € H'(RV)" such that [,y H(u)dz >
0 let us define
N f ~ H(u)dx
R:=R, := = >0
\/2 Jan ]Vu] dx
so that u(R-) € M. Now, in view of (F6) and arguing as in |30, page 325,
for every r > 0 there exists w € Hy(B,)NL>°(B,) such that [,y H(u)dx > 0.

In fact, we have the following.
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Proposition 7.1.1. If (F0) and (F6) hold, then M C HY(R™)X is a sub-
manifold of class C* and codimension 1.

Proof. Let u € H'(RY)® such that M'(u) = 0, i.e., u solves —Au = Zh(u).
Then u satisfies the Pohozaev identity [,y |Vul* — QUJVV—;)H(u) de = 0. If
M (u) = 0, then we infer |Vuly = 0. O

We introduce the following relation:

Let f1, fo: RE — R. Then f; < f, if and only if f; < f, and for every
e > 0 there exists u € RE |u| < ¢, such that f,(u) < fo(u).

For better outcomes we will need a stronger variant of (F4), denoted (F4,=),
where the inequality < is replaced with <.

The first result, which concerns the auxiliary problem (7.1.1), reads as
follows.

Theorem 7.1.2. Suppose (F0)—(F5) hold and
2°C¥y N < 1. (7.1.4)

(a) There ezists u € MND such that J(u) = inf pqp J. Moreover, u is a
K-tuple of radial, nonnegative, and radially nonincreasing functions provided
that F' is of the form

K

F(u) = Fi(u)+ Y B[] lwl™, (7.1.5)
=1 j=1

j=1

where L > 1, Fj: R — [0,00) is even, rj, > 1 orrjp =0, B > 0, 24 <
Zf.il rie < 2, and for every { there exists j1 # jo such that rj ¢, 7j,0 > 1.

(b) If, moreover, (F4,=<) holds, then u is of class C* and there exists
A € [0,00[% such that (\,u) is a ground stale solution to (7.1.1).

Since J|s is unbounded from below, by ground state solution to (7.1.1) we
mean a solution (A, u) such that J(u) = minpqp J. Likewise, by ground state
solution to (6.1.1) we mean a solution (\,u) such that J(u) = minyep J.
Note that, similarly to Chapter 6, this is more than just requiring the “more
natural” condition J(u) = minyns J.

From on, when we say that F' is of the form (7.1.5), we also mean the
additional conditions on Fj, B, and r;, listed in Theorem 7.1.2 (a); in addi-
tion, when K = 1, we agree that 5, = 0 for all £ € {1,..., L}. Observe that
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F of the form (7.1.5) satisfies (F4) if and only if each F; satisfies the scalar
variant of (F4) for all j € {1,..., K}. If, in addition, F} satisfies (F4,=<) for
some j, then F satisfies (F4,<) as well.

More can be said if N € {3,4}.

Theorem 7.1.3. Assume that (FO0)-(F3), (F4,<), (F5), and (7.1.4) are
satisfied, F' is of the form (7.1.5), and N € {3,4}. Then there exist u €
MNID of class C* and X € [0, 00[* such that (u, \) is a ground state solution
to (7.1.1) and each w; is radial, nonnegative, and radially nonincreasing.
Moreover, for every j € {1,...,K} either u; = 0 or |ujla = p; and, if
u; # 0, then \; > 0 and u; > 0. In particular, if u € S, then A €]0, co[X
and (A, u) is a ground state solution to (6.1.1).

If K =2, L =1, and the coefficient of the coupling term is large, then
we find ground state solutions to (6.1.1).

Theorem 7.1.4. Assume that (FO)-(F3), (F4,<), (F5), and (7.1.4) are
satisfied, N € {3,4}, K =2, and L = 1. If F is of the form (7.1.5), each
F; is nondecreasing, and 11 + roq > 24, then for every sufficiently large
B > 0 there exist u € M NS of class C* and \ €]0,00[* such that (\,u) is
a ground state solution to (6.1.1) and uy,us are positive, radial, and radially
NONINCreasing.

Regarding possible examples of scalar functions Fi, F; we refer to (E1)—
(E4) in [32]; in particular, we can deal with

. . I/ .
Fy(u) = gl + g, gy >0, € {1,2),
Dj #

where n = max{vy,15}/24 > 0 due to Proposition 6.1.4.

7.2 Proof of the results

We begin this section with two preliminary lemmas, whose proofs are
omitted because the reasoning is the same as for the scalar case K = 1,
provided in [32, Lemma 2.1| and [80, Theorem 1.4] respectively.

Lemma 7.2.1. Let Fy, Fy € C(R¥) and assume there exists C > 0 such that
|Fy(u)] + [ Fa(u)| < C(Jul® + |u|*") for every u € RE. Then Fy <X Fy if and
only if Fy < Fy and for every u € HY(RV)X \ {0}
/ Fi(u) — Fy(u) dz < 0.
RN
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Lemma 7.2.2. Let u® € HY(RM)X be bounded. Then there exist sequences
(@), € H{(RM)E and (y*™)22, C RY such that y*" = 0, lim,, [y — "] =
0 if i # j, and for every i > 0 and every G: RY — [0, 00[ of class C* such
that

lim % = lim @ =0

w0 ful? jul=oo ful?

there holds

u"(-+y"") =@ asn— oo (7.2.1)

lim |Vu"]2dx:Z/ \VﬁjIQda:—i—lim/ Vo Pde (7.2.2)
n RN =0 RN n RN

limsup/ G(u")dx = Z/ G(u')dr,  (7.2.3)
RN o JrY

n

where v*"(x) = u"(r) — Zj':o @ (x — yim).

Henceforth, we will always assume that (F0) holds and we will make use
of it without explicit mention. Recall also that (F6) holds if both (F2) and
(F5) do.

Lemma 7.2.3. Assume that (F0), (F1), (F5), (F6), and (7.1.4) hold. Then
inf { [Vul; |ue MND} > 0.

Proof. From Theorem 5.0.2, for every € > 0 there exists c. such that for
every u € MND

N
Vul; = — H(u)dr < 2 (c.|u
2 Jaw

" 2% 2
-9 (CEHU 5t (5+77)Hu|\2];>

" * 2% 2
<2 (o |Vlully + (e + )C oY [V ]ul]3)
Vul} + (e + n)Ciy ol IV ul})

>+ (e +m)lulzy)

<2 (05012\;,2*

ie.
0 < 2°c.CX 0| Vuly + (2°(e + n)CJQ\,IYQN|p|4/N —1)|Vul3
Taking e sufficiently small so that

2*(e + O, oY < 1

we conclude. N
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Similarly to Chapter 6, for u € H*(RY)X\ {0} and s > 0 define sxu(x) :=
sV 2u(sz) and @(s) := J(sxu). Recall that |s % u|y = |uls.

Lemma 7.2.4. Assume that (F0)-(F2), (F4), and (F5) hold and let u €
HYRN)®\ {0} such that
[Vul3

-
2|U|2z

(7.2.4)

Then there exist a = a(u) > 0 and b = b(u) > a such that each s € [a,b] is a
global mazimizer for ¢ and ¢ is increasing on |0, a[ and decreasing on |b, oo|.
Moreover s xu € M if and only if s € [a,b], M(s*u) > 0 if and only if
s €]0,a[ and M(s*u) <0 is and only if s > b. If (F4,=<) holds, then a = b.

Note that (7.1.4) implies (7.2.4) provided that u € D.

Proof. Notice that from (F1)

2 N/2
[ o P
o(s) = /]RN 5 |Vul s dx — 0

as s — 07, while from (F2) lim,_,, ¢(s) = —oo. From (F1) for every ¢ > 0
there exists ¢. > 0 such that

F(u) < (e +n)ul* + c.lul*,

therefore,

]_ * *
o(s) > 52(/ ~|Vul® = (n + &) |ul** daz) — .8 / |u|*" dz > 0
RN 2 RN

for sufficiently small ¢ and s. It follows that there exists an interval [a,b] C
10, 00[ such that ¢|(, ;) = max . Moreover

N H N/2
¢'(s) = 5/ |Vul? — 5(8—u) drx
RN

siV+2

and the function (572
H(s% 4y
S 6]0, OO[|—> - W dx
is nondecreasing (resp. increasing) due to (F4) (resp. (F4,<) and Lemma

7.2.1) and tends to co as s — oo due to (F2) and (F5). There follows that
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¢'(s) >0if s € (0,a) and ¢'(s) < 0if s > b and that a = b if (F4,=<) holds.
Finally, observe that

N H N/2
s¢'(s) :/ 32|Vu|2—5¥dx:M(s*u). O
RN S

Lemma 7.2.5. If (F0)-(F2), (F4), (F5), and (7.1.4) are verified, then J is
coercive on M ND.
Proof. First of all, note that, if u € M, then due to (F5)

() = J(u) — %M(u) _ /R ) gH(u) _ Flu)dz >0

and so, a fortiori, J is nonegative on M ND. Let u" € M N D such that
[u™|| = oo, i.e., lim, [Vu"| = oo, and define

sp = VU3t >0 and w" = s, xu"
Note that s, — 0, [w]|z = [u}]> < p; for j € {1,..., K}, and |[Vw"[; = 1, in

particular w” is bounded in H'(R™)X. Suppose by contradiction that

lim sup max/ |w"|* dx > 0.
B(y,1)

n yeRN

Then there exist y* € RY and w € H'(R")X such that, up to a subsequence,
w(- +y") = w # 0 in HY(RY)X and w"(- + y") — w a.e. in RY. Thus,
owing to (F2),

0< J(u™) S%_/R F(u") dx—l—sNH/RNF(un(snx))dx

|Vur|3 v |Vur2 T2 "

1 r ;N/Q n
_ S,{IV+2/ F(S—N/Qw’n) _ _/ (8 w )|wn’2# diE
RN R

- n 5 —N/2

1
2 N |Sn wn|2#

1 F(s2 " (@ +y™))
‘5‘/]1{

~ |w™(x + y™")|** do — —oo.
© s rwn (@ 4 ) e

It follows that

n yeRN

lim max/ lw"*dx =0
B(y,1)

134



and so, from |70, Lemma 1.1], w™ — 0 in L*¥(R™)X. Since
stxw™ =u" € M,

Lemma 7.2.4 yields

2

J™) = J(s; P xw™) > J(sxw") = % — sV /]RN F(SN/zw”(sx)) dx

n

for every s > 0. Taking into account that

lim F(SN/Qw”(sa:)) dxr =0,

n RN

we have that liminf, J(u™) > s?/2 for every s > 0, i.e., lim, J(u") = oo.

[]

Lemma 7.2.6. If (FO)-(F2), (F4), (F5), and (7.1.4) are verified, then

inmeD J > 0.
Proof. We prove that there exists a > 0 such that

[Vul3

Vuls < o = J(u) > 2, (7.2.5)

- 2N

From Theorem 5.0.2 and (7.1.4), for every € > 0 there exists ¢. > 0 such that

[ F@do < .8 [Vul + (e +n)CR, 1ol Vul
R

. . 1 1
< <c50§2* Vuld 72+ O, ol + 5~ N) |Vul.
Choosing
B 1 1 o 1
TN, oy Y T aNecr, )7
N24 1P (4Nc. N2

we obtain, provided |Vu|s < «,

1 1
<(r_ 1 2
/RNF(u)dx_ (2 2N)|Vu|2
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2
and so J(u) > % Now take u € M N D and o > 0 such that (7.2.5)

holds and define

- d *
§:= and w:= s*xu.
[Vuls
Clearly |w;|s = |uj|o < pj for j € {1,..., K} and |Vw|y = a, whence in view

of Lemma 7.2.4 v ‘2 )
wl; «
- ) O
N —anv Y

Lemma 7.2.7. If (F0)-(F5) and (7.1.4) hold, then inf pqp J is attained.

J(u) = J(w) 2

Proof. Let v* € M N D such that lim, J(u") = infypJ. Then u” is
bounded due to Lemma 7.2.5 and, in view of Lemma 7.2.2, we find (4)32, C
HYRM)X and (yim)2°, € RY such that (7.2.1)-(7.2.3) hold. Let

I:={i>0:4" #0}

and suppose by contradiction that I = (). Then, since u" € M N D, there
holds

N
lim |Vu"| dx = lim 5 Hu")dr =0

n RN RN
owing to (7.2.3), which contradicts Lemma 7.2.3. Now we prove that
N

RN

H(ai)d:pz/ V' |? do (7.2.6)

RN
for some 7 € I. Assume by contradiction that

N A A
— H(ﬂl)dx</ V' |* do

2 RN RN

for every i € I. Then from (7.2.2) and (7.2.3) we have

N > A
lim sup > H(u") dx = limsup /RN |Vu™|? > E /]RN Vi |?
" i=0

n RN

— N : N
> Z — H(@')dx = limsup — H(u") dx,
= 2 Jmy

n RN
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a contradiction. Let @ = 4" satisfy (7.2.6) for some ¢ € I. Then there exists
R > 0 such that a(R-) € M and again from (7.2.6) we indeed know that
R > 1, whence u(R-) € D. Hence Fatou’s Lemma yields

: . . Lo
Anf < J(a(R)) = J(a(R)) — g M(a(R)) do
1 N N
_ v ~\ ~ < limi o ny n
. 4H(u) F(u)dx_llmnlnf/IRN4H(u) F(u")dx
o w1 e o
= hmnlnf J(u") — §M(u ) = hn}lmf J(u") = /&lr%fp J,
ie, R=1and J(a) = infpmnp J. O

Lemma 7.2.8. Assume that (F0)—(F5) and (7.1.4) are verified and F is of
the form (7.1.5). Then infynp J is attained by a K-tuple of radial, nonneg-
ative and radially nonincreasing functions.

Proof. Let & € M N D such that J(a) = infynpJ be given by Lemma
7.2.7. For simplicity, let us denote, for every j = 1,..., K, u; := 4} and
u:= (uy,...,ux). Let a = a(u) be determined by Lemma 7.2.4. Since

M1 xu)=M(u) < M(u) =0,

in view of Lemma 7.2.4 we have that a < 1 and, consequently, M (a*a) > 0.
Let

=l,..,
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Then, from Lemma 6.2.10,

1
i < = —
Al/{I}%J_J(a*u) J(a*u) dM(a*u)

j=1
L L WAL K
- 31 H(Se-2) ) T
=1 j=1 Jj=1
</ ZK:CLQ 11 \Vﬁ-]2+i EH'(CLN/QU) Fi(a™?a;) | dx

=1 j=1 j=1
1
- i) — — < 0) < J(@) = i
J(ax1u) dM(a*u)_J(a*u)_J(u) Al/%pr,
ie., J(axu)=infyep J. O

Lemma 7.2.9. (a) Assume that (F0)-(F3), (F4,%), (F5), and (7.1.4) hold
and let u € MND such that J(u) = inf pqp J and w; is radial, nonnegative,
and radially nonincreasing for every j € {1,...,K}. Then u is of class C*.

(b) If, in addition, N € {3,4} and F is of the form (7.1.5), then u € OD.
Moreover, for every j € {1,..., K} either u; =0 or |uj|s = p;.

Proof. (a) In Proposition 5.0.1 we put m = K, n = 1, H = HY(RV)E,
f=J,¢;,=1 —pjz for all 1 < j < K, and ¥; = M. Then there exist
(A1, .., Ax) €]0,00[% and o € R such that
N
— (1 —20)Au; + A\ju; = 0;F(u) — agﬁjH(u) (7.2.7)

for every i € {1,..., K} and u satisfies the Nehari identity

K
/ (1—20)|Vu + 3" Au? + Jgh(u) u— f)-udr =0, (7.2.8)
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If 0 =1/2, then (F4,=), (F5), and (7.2.8) yield
N N
0> /]RN Zh(u)-u—f(u)-udx:/RN Zh(u) cu— H(u) — 2F(u) dx

N
> / EH(U) —2F(u)dx >0,
RN

a contradiction. Hence o # 1/2 and u satisfies also the Pohozaev identity

L[ N
/RN(l —20)|Vul? + Z)\] ul+2 ( S H(u) - F(u)) dr =0. (7.2.9)
Combining (7.2.8) and (7.2.9) we obtain

(1—20)/RN |Vu]2dx+g RNUN (%h(u)u—]—](u)) —H(u)dzr =0

and, using the fact that u € M,

(1-20) [ H(u) dx+/

RN R

oN (%h(u) . H@)) ~ H(u)dz =0,

that is,
a/ h(u) -u—24H(u)dr =0,
RN

which together with (F4,<) yields 0 = 0. Since u € W2P(RM)X for all
p < 00, we can argue as in the proof of [30, Lemma 1] and have that u is of
class C2.

(b) Suppose by contradiction that A\; = -+ = Ag = 0, which is the case
when |u;| < p; for every j. From (7.2.8) and (7.2.9) (with ¢ = 0) there

follows
fu) - u—2"F(u)dx = 0. (7.2.10)

In view of (F5)
for all z € RY. Since Fj satisfies the scalar variant of (F5), 2*F} (u;(x )) >
fi(u;(z))u;(z) for every j € {1,..., K} and note that

L K L
SN CICED DN | (e
=1 j=1

(=1 k=1 Jj=1
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hence, from (7.2.11), the equalities above are actually equalities. On the
other hand, for every ¢ € {1,..., L}, Zj; rje < 2%, which yields 3, = 0 or
H]K:1 |uj(x)|" = 0 for every x € RY, thus

2°Fj (uj(x)) = f;(u;(x))u;(x)

for every j € {1,..., K} and every z € R".

Now fix j € {1,..., K} such that u; # 0. Since u; € H'(RY), there exists
an open interval I C R such that 0 € T and 2*F};(s) = f;(s)s for s € I. Then
Fj(s) = c|s]*" for some ¢ > 0, s € I, and u; > 0 solves —Au; = 2*c|u;|* ~2u;,
Hence u; is an Aubin—Talenti instanton, up to scaling and translations, which
is not L-integrable because N € {3, 4}, see |7,124].

Suppose that there exists v € {1,..., K — 1} such that, up to changing
the order, |uj|y < pj forevery j € {1,...,v} and |u;|y = p; for every j € {v+
1,...,K}. Arguing as before, there exist 0 = Ay = -+ = A, < Apy1,..., Ax
such that

—Au; =0;F(u), je{l,...,v}

—Auj—l—)\juj:ajF(u), jE{V+1,...,K}.
Since F} satisfies the scalar variant of (F5), s €]0,00[— Fj(s)/s** € R is
nondecreasing, hence F} is nondecreasing as well for all j. Then, the first
v equations in the system above yield —Awu; > 0 for j € {1,...,v}. Since
we L¥2(RY)K ag N € {3,4}, [57, Lemma A.2| implies u; = 0 for every
j €{1,...,v}. Notice we have proved that A\; = 0 implies u; = 0, hence, in
particular, A\; > 0 for every j € {v +1,...,K}. ]

Remark 7.2.10. We point out that, if (F0)—(F3), (F4,<), (F5), and (7.1.4)
hold, u € M ND, and J(u) = inf \ynp J, then we can show that u € 9D for
any dimension N > 3 provided that H =< (2* — 2)F holds. As a matter of
fact, observe that (7.2.10) contradicts H < (2* —2)F and Lemma 7.2.1. This
gives a somewhat alternative proof of Lemma 7.2.9 (b).

Proof of Theorem 7.1.2. Point (a) follows from Lemmas 7.2.7 and 7.2.8. Now
we prove point (b). From Lemma 7.2.9 (a), u is of class C?, while from
Proposition 5.0.1 there exist (A1,...,A\x) € [0,00[% and ¢ € R such that
(7.2.7) holds and o = 0 as in the proof of Lemma 7.2.9 (a). O
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Proof of Theorem 7.1.5. 1t follows from Lemma 7.2.9 (b), Theorem 7.1.2 (b),
and the maximum principle [49, Lemma IX.V.1] (the implication u; # 0 =
A; > 0 is proved as in the proof of Lemma 7.2.9 (b)). O

Lemma 7.2.11. Suppose that K =2, L =1 and the assumptions in Lemma
7.2.9 (b) hold. If ri1 + 121 > 2N and By is sufficiently large, then u € S.

Proof. Since L = 1, we denote (31, 111, 721 by [3, 71, 72 respectively. Suppose
by contradiction that u; = 0 or uy = 0, say u; = 0, which implies that
|ug|a = pa. We want to find a suitable w € S such that

J(a*xw) < Al/[I%fD J, (7.2.12)
where a = a(w) is defined in Lemma 7.2.4 (note that a(w) = b(w) because

(F4,=<) holds), which is impossible. First we show that infaqp J does not
depend on 3. Consider the functional

1
Joove HRY) 5|vv\2 — F(v)dz eR

RN

[ rn<a)
RN

M, = {veﬂl(RN)\{O} ’ /RN Vol de = g/RNHQ(U)}.

and the sets

D, :

{v € H'(R")

Observe that J(0,v) = J,(v) for v € HY(RY). Moreover, (0,v) € D if and
only if v € D,, and (0,v) € M if and only if v € M,. In particular,

: _ _ S
/\lxt%fDJ J(0,u9) = Ju(ug) > inf J,

M NDi

. >
1nf{J(0,v)|(O,v)GMﬁD}_Al/lr%fDJ,

i.e., infynp J = inf o, p, Js, and the claim follows because J,, D,, and M,
do not depend on £.
In view of Theorem 7.1.3 for K = 1, there exists v € M, N9OD, such that

Jo(v)= inf J,= inf J= inf J,.
M.ND, MAD M,NID,
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Note that © does not depend on . Define w = (wy,ws) = ("—117,17). From
Lemma 7.2.4, a = ag is implicitly defined by

N/2 N/2 N/2
Vol dr N F’(aﬁ/ wl)aﬁ/ wy — 2F1(a5/ wy)
RN 2 RN CLN+2
B
F’(ag/ZwQ)ag/ Wo — 2F2(CLJBV/2U)2>
N+2
@

+ B(r + 1y — 2) N(ri+r:=2)/2- 211);1 wy? dx

N(ri+ra—-2)/2—2 N

> B(r1 + 12 — 2)ag witwy? dx,
2 RN
hence there exist C' > 0 not depending on S such that
0 < Bay "R < 0 (7.2.13)
whence
lim ag = 0. (7.2.14)

B—00

Since ag xw € M, we have from (F5)

2
J(ag * w) /—Ha/g*w) F(ag*w)dx < /F(aﬁ*w)dx
N 2 RN

/ F1 (ag/le) + Fg(ag/ng)
= ~ dx
+ Qﬁag(nﬂrmﬂ / witwe? dax,
N — 2 RN ! 2

therefore (7.2.12) holds true for sufficiently large 5 owing to (F1), (7.2.13),
and (7.2.14). N

Remark 7.2.12. The proof of Lemma 7.2.11 shows that, under the assump-
tions of Theorem 7.1.4, every ground state solution (A, u) to (7.1.1) is such
that u € S, hence a ground state solution to (6.1.1).

Proof of Theorem 7.1.4. 1t follows directly from Lemma 7.2.11 and Theorem
7.1.3. O
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7.3 On the ground state energy map

In this section, for p = (p1, ..., px) €0, c0[X we denote explicitly

S(p) == {ue H' (RY)" | |uj|, = p; for every j € {1,..., K} }
D(p) == {ue H' R")" | |u|, < p; for every j € {1,...,K} }
m(p) :==1inf{ J(u) |u e M ND(p) }.

Proposition 7.3.1. Assume that (F0) is satisfied and let A be the subset of
10, 0o[X where (7.1.4) holds. Then m: 10, 00[K— RU{—0c} is nonincreasing
and. If (FO)—(F5) are satisfied, then m|4 is continuous and

I = 0.
|p\133+m(p )= oo

If (F0)-(F5) are satisfied and every ground state solution to (7.1.1) belongs
to S(p) (e.qg., if the assumptions of Theorem 7.1.4 are satisfied), then m|4 is
decreasing.

Here, ‘nonincreasing’ and ‘decreasing’ have the same meaning as in Propo-
sition 6.3.1.

Proof. The monotonicity of m is obvious. Fix p € A and let A 5 p" — p
(note that A is open). Let u” € MND(p") C MND(2p) such that J(u™) =
m(p") < m(p/2). In view of Lemma 7.2.5, u™ is bounded and so, arguing as
in Lemma 7.2.7, there exists u € D(p) \ {0} such that, up to subsequences
and translations, u" — u in Hl(RN) u" — wa.e. in RV, and R > 1, where
R = R, > 0 is such that u(R-) € M. Fatou s Lemma and (F4) yield

m(p) < J(u RN/ F(u)dxg/RN TH) ~ Fu) dr
<l1m1nf/ ZH(U ) — F(u )dx—hmlan( ") = liminf m(p").

n n

Now let w € M N D(p) such that J(w) = m(p). Denote w! := plw;/p; and
consider w" = (wf,...,whk) € D(p"). Due to Lemma 7.2.4, for every n there
exists s,, > 0 such that s, xw™ € M. Note that

N Vel T
N [ H(s2*(phwi/pr, ... pwi/px))
9 sN+2

:/ ]Vw"]2dx—>/ |Vwl|? dz.
RN RN
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If lim sup,, s, = 00, then from (F2) and (F5) the left-hand side of (7.3.1) tends
to oo up to a subsequence, which is a contradiction. If liminf, s,, = 0, then
from (F1), (F3), (F5) and (7.1.4) and arguing as in Lemma 7.2.3 we obtain
that the limit superior of the left-hand side of (7.3.1) is less than |Vw|3,
which is again a contradiction. There follows that, up to a subsequence,
Sn, — s for some s > 0 and s xw € M. In view of Lemma 7.2.4,

limsup m(p") < li}Ln J(sp *wy) = J(sxw) = J(w) =m(p)
and the continuity of m|4 is proved.
Let p* — 0% and v € M N D(p") such that J(u") = m(p™). Denote
5y = |Vur|5 !t and w™ := s,xu™ and note that s 'xw™ = u" € M, |[Vu"|y = 1
and
"3 = [u"]z = p"]* = 0

as n — oo. In particular w" is bounded in L* (RV)X and so

_2 N
w5, < w7 [w"|3 =0

as n — oo. Then, in view of (F1) and (F3), for every s > 0

F N/2,, n
T I G
n RN Cl
and, consequently,
2 F(sN/2m 2
J™) = J(s;t xw™) > J(skw") = % — /RN (STNIU)dx = % +o(1),
whence lim,, J(u") = oc.
The last part is proved similarly to Proposition 6.3.1 (v). ]
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Chapter 8

Maxwell’s and nonautonomous
Schrodinger equations

8.1 Introduction and statement of the results

In this chapter, we provide a new outcome that somewhat joins Part I
and the previous chapters of Part II together, i.e., we prove the existence of
solutions to the problem

V x VxU+ AU = ¢(U)
Jn [UP dz = p? (8.1.1)
(\,U) € R x H'(RY,RY)

with N > 3, where, as usual, p > 0 is prescribed and (A, U) is the unknown.

The proof is carried out in two steps: first, we use the same machinery as
in Chapter 4 to reduce the differential operator in (8.1.1) to —A under suit-
able symmetry assumptions about g, then we utilize the results in Chapters 6
or 7 in the case K = 1, which is possible because the function U: RY — R¥
in (8.1.1) is treated as a single vector-valued function rather than an N-tuple
of scalar-valued ones (i.e., we have a single L*-constraint) and so (8.1.1) is
formally equivalent to its scalar counterpart. Moreover, by an equivalence
result in the spirit of Theorem 4.2.1, we also obtain solutions to the problem

—Au—i—ﬁjL)\u:f(u)
fRN u? dx:p2 (8.1.2)
(A, u) € R x (Hl(]RN)ﬁX),
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where x = (y,2) € R? x R¥~2 and X is the same as in Section 4.1.
Recall, again from Section 4.1, the condition (4.1. 4) (Where h is replaced
with g), the definitions of SO and F, and define F(u) := [ f(t) dt, G(U) :=

[ g(tU) - Udt, Hr := H'(RY,R¥) N F, and

/ |U|2dep2},

RN

/N U2 dx = p? } = 0Dx.
R

We recall as well the definitions of £, and $ from Subsection 1.1.1 and
introduce

D}'Z:{UEH}‘

S]:Z:{UEH]:

9 ={Uec H R R")|eU=U(e) forall e € SON) },
| eU =Ule:) for all e € SO(2) x SO(N —2) }.

Finally, adapting the definitions from previous chapters to this context, we
define

1
E:UeHr— | S|VxUP—G(U)dr R,

RN

N
M = {UGH;\{O} '/ IV x UPde = — H(U)dm},
RN 2 RN
where H(w) = g(w) - w — 2G(w), w € RY. Our results about (8.1.1) read as
follows. We begin with the mass-(sub)critical case.

Theorem 8.1.1. If N > 4, g satisfies (4.1.4), F satisfies (FO)-(F3) from
Chapter 6, (6.1.2) holds, and ng = oo, then there exist A > 0 and U € SrNH:
such that (X, U) is a solution to (8.1.1) and E(U) =infp,ns: £ < 0.

We have no results about $f because £ N F = {0}. It follows from
the fact that each function in $; N F is both divergence-free, from Lemma
4.2.5, and curl-free, from [15, Theorem 1.1]*, therefore trivial as it belongs
to DY2(RY,RY). As a consequence, Theorem 8.1.1 does not work for N =
3 because we cannot use SO(3) to recover compactness, which makes it
physically irrelevant. As for the mass-supercritical case, the following holds.

'In this reference, O(3) is used, but the argument perfectly applies to SO(N), N > 3.
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Theorem 8.1.2. If g satisfies (4.1.4), F satisfies (F0)-(F3), (F{,%), (F5)
from Chapter 7, H < (2* — 2)F, and (7.1.4) hold, then there exist A > 0
and U € M N Sg such that (\,U) is a solution to (8.1.1) and E(U) =
iIlmeDf E > 0.

Concerning (8.1.2), recall from Section 4.1 the definition of Xg» and
define HSO = XS(’) N Hl (RN) and

DSO::{UEHSO / UZCLTSPQ}»
RN

Sso = { u € Hsp / u?dr = p2 } = 0Dsp,
RN

2
Q= {ue Hso / \Vu]Q—i-u— - Ef(u)u—l—NF(u)dx:O}.
RN > 2

Theorem 8.1.3. (a) Assume N =4 or N > 6. If F' is even and satisfies
(F0)-(F3) from Chapter 6, ng = oo, and (6.1.2) holds, then there exist A >
0 and u € Sso N Ny such that (A, u) is a solution to (8.1.2) and J(u) =
instomf)s J < 0.

(b) If F is even and satisfies (F0)—(F3), (F4,=<), (F5) from Chapter 7,
H < (2" —2)F, and (7.1.4) hold, then there exist A > 0 and u € QN Sso
such that (A, u) is a solution to (8.1.2) and J(u) = infonpg, J > 0.

8.2 Proof of the results

We begin with some results analogous to those from Section 4.2. Let
U: RY — RY and u: RY — R satisfy (4.1.5), A € R, and p > 0. Tt is
obvious that U € §7 if and only if u € $s. Although the nonlinearities in
(8.1.1) and (8.1.2) are autonomous, for the sake of completeness we state the
following theorem for functions f and ¢ which depend also on .

Theorem 8.2.1. Assume f: RY x R — R is a Carathéodory function and
there exists C > 0 such that f(ex,u) = f(z,u) and |f(z,u)] < C(Jul+|ul* 1)
for every e € SO, a.e. x € RN, and every u € R; let also g satisfy (4.1.4).
Then U € Hz if and only if u € Hso and, in such a case, V- U = 0 and
E(U) = J(u). Moreover, (A\,U) is a solution to (8.1.1) if and only if (A, u)
is a solution to (8.1.2).

147



When N = 3, this follows from |31, Theorem 1.1], while the generalization
to the case N > 3 is trivial in view of Lemma 4.2.3. In particular, one has
Ul = |u], [V x Ul = |[VU|y = |Vuls, [en G(U)dz = [on F(u)dz, and
Jen 9(U) - Udz = [pn f(u)udz, which immediately implies the following
property.

Proposition 8.2.2. Assume f: R — R is continuous and there exists C' > 0
such that | f(u)| < C(|u|+ [u* ~1) for every u € R; let also g satisfy (4.1.4).
Then U € M if and only if u € Q.

Remark 8.2.3. The set Q is obtained as the counterpart of M for the problem
(8.1.2). Nonetheless, one can obtain it directly from the Nehari and Pohozaev

identities corresponding to (8.1.2). As a matter of fact, arguing as in Section
1.4, if (A, u) is such that

—Au—l—%—l—)\u:f(u) in RY,
Y
then it clearly satisfies the Nehari identity

2
/ |Vul|® + u_2 + Mu? dr = f(w)udz. (8.2.1)
RN ] RN

In addition, if u € W2P(RYN) for every p < oo (or, in general, arguing heuris-

tically), then 1 is a critical point of the functional

€0, 00f J(u(t)) + g /N (tz) de € R,

i.e., after explicit computations,
2
/ (N —2) (\Vu\z + ﬁ?) + ANu? — 2N F(u) dx. (8.2.2)
RN Y
Finally, as in Section 7.1, combining linearly (8.2.1) and (8.2.2), we obtain

, u? N
Vul* + — — - f(u)u + NF(u) dx = 0.
RN |y 2
Now we prove the main results of this chapter. Since the proofs are
similar to those from Chapters 6 and 7, they are just sketched. Recall Palais’s
principle of symmetric criticality (Theorem 1.5.1) and that V x V x U =
—AU for every U € Hr due to Theorem 8.2.1.
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Proof of Theorem 8.1.1. We prove as in Lemma 6.2.1 (see also Remark 6.2.2)
that E|p,ng: is coercive (and bounded from below) and consider a minimiz-
ing sequence U, € Dz N $H; for E|p,ng:, which is therefore bounded and,
up to a subsequence, U, — U in HYRY RY) for some U € Dy N H.
Then, as in Lemma 6.2.5, we have that [,y G(U,)dr — [,y G(U)dz and
so E(U) = infp,ns: £. Moreover, as in Lemma 6.2.3, E(s x V) < 0 for
Ve DrnH:\{0} and 0 < s < 1, thus £(U) < 0. Finally, as in the proof of
Theorem 6.1.1, there exists A > 0 such that V x V x U+ AU = ¢g(U) in RY
and, if A =0, then £(U) > 0, hence A > 0 and, consequently, U € Sz N H,
i.e., (A, U) is a solution to (8.1.1). O

Proof of Theorem 8.1.2. We prove as in Lemma 7.2.5 that E|ynp, is coer-
cive and consider a minimizing sequence U, € M N D for E|ynp,, which
is therefore bounded. Then, as in Lemma 7.2.7, we have that U, — U
up to subsequences and translations for some U € M N Dx such that
E(U) = infpmnap, £. Moreover, E(U) > 0 arguing as in Lemma 7.2.6.
Next, a similar argument to Lemma 7.2.9 and Remark 7.2.10 yields that
U € 0Dx = Sx and there exists A > 0 such that V x V x U + AU = ¢g(U),
i.e., (A, U) is a solution to (8.1.1). O

Proof of Theorem 8.1.3. Tt follows from Theorem 8.2.1 and either Theorem
8.1.1 (item (a)) or Theorem 8.1.2 and Proposition 8.2.2 (item (b)). O

Remark 8.2.4. Assume f and g are as in Proposition 8.2.2 and let (\,u) €
R x Hgo be a solution to (8.1.2). If we define U from w using (4.1.5), then,
in virtue of Theorem 8.2.1 and Lemma 4.2.5 respectively, (A, U) € R x Hr is
a solution to (8.1.1) and V x V x U = —AU. Consequently, (A, U) satisfies
the Pohozaev identity (corresponding to (8.1.1))

N
/ IV x Uf*dr = —/ 2G(U) — \|[U|? dz
RN N—2 RN

and so, again from the same arguments as in Theorem 8.2.1, (A, u) satisfies
(8.2.2). This last property is definitely not trivial because, due to the singular
term u/|y|?, a solution @ € H'(RY)N X to the differential equation in (8.1.2)
(for some A € R) needs not belong to W2 (RY) for every p < co.
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